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Abstract. In this article, a new nonlinear optimal control method is proposed

for 3-DOF overhead cranes with variable hoisting payload, used in berthing

and installing sea-submerged water-supply tubes for arid islands. The dynamic

model of this robotic crane undergoes first approximate linearization around

a temporary operating point that is updated at each iteration of the control

algorithm. The linearization takes place through first-order Taylor series ex-

pansion and through the computation of Jacobian matrices. For the approxi-

mately linearized model of the overhead crane with variable hoisting and water-

submerged payload an H-infinity feedback controller is designed. For the com-

putation of the feedback gains of the H-infinity controller an algebraic Riccati

equation is solved at each time-step of the control method. Global stability is

proven through Lyapunov analysis.

1 Introduction

Overhead cranes with underwater payload are used in ships and offshore platforms for

performing underwater installations and the assembling of submerged equipment [1], [2].

Among related applications one can distinguish the berthing and positioning of water-supply

tubes on the seafloor, so as to transfer drinking water to arid or semi-arid islands from the

nearby mainland. The control and stabilization problem of the overhead crane with variable

hoisting and water-submerged payload is nontrivial due to strong nonlinearities, effects of

hydrodynamic forces and underactuation in the system’s state-space model [3]. This robotic

crane has 3 degrees of freedom defined by the position of the trolley, the length of the hoist

rope and the swing angle of the payload [4], [5]. At the same time, it is underactuated because

of receiving only two control inputs, namely the actuation of the trolley and the variable ten-

sion of the hoist rope [6]. The aim of the control problem is to bring fast the trolley’s position
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and the length of the hoist rope at the targeted reference values and also to suppress rapidly

the oscillations of the payload [7]. Among results on nonlinear control for this robotic crane

one can distinguish methods on command input shaping, sliding-mode control, and neural

adaptive control [8]. The article presents new results on nonlinear optimal control for over-

head cranes with variable hoisting and water-submerged payload [9], [10]. The method uses

approximate linearization of the crane’s dynamics through Taylor series expansion [11], [12]

[13]. To compute the stabilizing feedback gains of the H-infinity controller an algebraic Ric-

cati equation has to be repetitively solved in each sampling instance. The stability properties

of the control algorithm are proven through Lyapunov analysis [9], [10].

2 Dynamic model of the robotic crane

The diagram of the overhead crane with variable hoisting and water-submerged payload is

given in Fig. 1. The 2D crane moves on the plane defined by the coordinates system OoXoZo

and transports an underwater object. The parameters of the system are defined as follows: mt:

is the mass of the trolley, mp: is the mass of the payload, I: is the moment of inertia of the

payload, x: is the displacement of the trolley, l: is the hoist rope length, θ is the sway angle of

the payload, FB: is the buoyancy (lift) force of the payload, Fdx: is the viscous force on the

x-axis of the payload, Fdl: is the viscous force along the hoist rope that connects the payload

with the trolley, Md: is the viscous force due to payload rotation, mrx: is the inertial resistance

coefficient along the x-axis, mrl: is the inertial resistance coefficient along the hoist rope, Ir:

is the inertial resistance coefficient due to payload rotation [1], [9]. The control inputs of the

overhead and submerged payload system are u1: is is the force applied to the trolley and u2:

is the tension of the hoist rope provided by a motor which is mounted on the trolley. There

are viscous-induced forces and moments, as well as additional inertial resistance (e.g added

mass and added moment of inertia). The additional inertial resistance is described by the

following relations: [1]

Figure 1. Diagram of the overhead crane with water-submerged payload
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In the above equation mrx is the inertial resistance coefficient along the x-axis, mrl is the

inertial resistance coefficient along the hoist rope, Ir is the inertial resistance coefficient

due to payload rotation, and ρw is the density of the water. Moreover, vx = ẋ is the

velocity of the trolley, vl = l̇ is the velocity of the stretched rope, vθ = l̇θ + lθ̇ is the

angular velocity of the payload which is equivalently noted as d
dt

(lθ). Additionally, Cdx,

Cdl, Cdθ are drag (friction) coefficients, while Apx, Apl, Apθ is the projected area of the

payload corresponding to the x, l and θ dimensions. [1], [9]. To obtain the dynamic model

of the overhead crane with water-submerged payload, Euler-Lagrange analysis has been used.

Next, the dynamic model of the overhead crane with variable hoisting and water-submerged

payload is written in the following matrix form:
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µx ẋ + 2mp l̇cos(θ)θ̇ − mplsin(θ)θ̇2 + 1
2
ρwApx ẋ|ẋ|Cdx
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Next, by defining the state vector of the robotic crane as q = [x, l, θ]T , the control inputs

vector as u = [u1, u2, 0]T , the inertia matrix as M(q), the Coriolis forces vector as C(q, q̇) and

the gravitational forces vector as G(q), one has that the dynamic model of the crane is written

in the concise form

M(q)q̈ + C(q, q̇) +G(q) = u (3)

Next, the Coriolis vector C(q, q̇) and the gravitational forces vector G(q) are merged into one

single vector N(q, q̇) = C(q, q̇) + G(q). Thus, one obtains, the following form of the crane’s

dynamic model

M(q)q̈ + N(q, q̇) = u (4)

The inverse of the inertia matrix M(q) is denoted as M−1(q), while the subdeterminants of

matrix M are given by Mi j. Using the inverse of the inertia matrix M(q) the dynamic model

of the overhead crane with variable hoisting and water-submerged payload is

q̈ = −M−1(q)N(q, q̇) + M−1u (5)

In particular, by defining the state variables x1 = x, x2 = ẋ, x3 = l, x4 = l̇, x5 = θ, x6 = θ̇, one

obtains
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3 Approximate linearization and control of the robotic crane

Through the Taylor series-based linearization process, the initial nonlinear state-space model

of the system ẋ = f (x) + g(x)u is brought to the equivalent linearized form

ẋ = Ax + Bu + d̃ (7)

where A, B are the Jacobian matrices of the system and d̃ is the vector of the cumulative

disturbances which affect the system

A = ∇x[ f (x) + g(x)u] |(x∗,u∗) ⇒

A = ∇x f (x) |(x∗ ,u∗) +∇xg1(x)u1 |(x∗,u∗) +∇xg2(x)u2 |(x∗ ,u∗)
(8)

B = ∇u[ f (x) + g(x)u] |(x∗,u∗) ⇒B = g(x) |(x∗,u∗) (9)

Then, the optimal feedback control law is given by

u(t) = −Ke(t) (10)

with K = 1
r
BT P where P is a positive definite symmetric matrix which is obtained from the

solution of the Riccati equation

AT P + PA + Q − P( 2
r
BBT − 1

ρ2 LLT )P = 0 (11)

where Q is also a semi-positive definite symmetric matrix. The worst-case disturbance is

given by d̃(t) = 1
ρ2 LT Pe(t). The global stability properties of this sequential optimization and

control method are proven through Lyapunov stability analysis [9], [10].

The tracking error dynamics for the overhead crane with water-submerged payload is writ-

ten as ė = Ae + Bu + Ld̃ while the Lyapunov function is defined as V = 1
2
eT Pe [9]. By

differentiating in time and after intermediate operations one gets
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2
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Using the Riccati equation of Eq. (11) and the feedback control of Eq. (10) one obtains
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Moreover, using the inequality [9]
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and after intermediate operations one arrives at the H-infinity tracking performance condition
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2
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The integration of V̇ from 0 to T gives 2V(T ) +
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there exists a positive constant Md > 0 such that
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∫ ∞

0
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dt is bounded. Moreover, V(T ) is bounded and from

the definition of the Lyapunov function V as V = 1
2
eT Pe it becomes clear that e(t) will be also

bounded since e(t) ∈ Ωe = {e|e
T Pe≤2V(0) + ρ2Md}. According to the above and with the

use of Barbalat’s Lemma one obtains limt→∞e(t) = 0. Finally, by selecting ρ2 < ||e||2
Q
/||d̃||2,

the condition about bounded integral of the square of the disturbances vector d̃ is relaxed and

a global stability condition is obtained.
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4 Simulation tests

The values of the parameters of the model were according to [1]. For instance, the mass of

the trolley was mt = 15.0kg, the mass of the payload was mp = 12.0kg and the mass of

the hoist-rope was mh = 1.0kg. The values of the state variables of the robotic crane were

measured in SI units. The obtained simulation results are depicted in Fig. 2 to Fig. 3.
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Figure 2. Tracking of setpoint 1 by the 3-DOF robotic crane with the use of nonlinear optimal control:

(a) convergence of state variables x1 to x3 (blue lines) to the associated setpoints (red lines) and esti-

mated values provided by H∞ Kalman Filtering (b) convergence of state variables x4 to x6 (blue lines)

to the associated setpoints (red lines) and estimated values provided by H∞ Kalman Filtering.
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Figure 3. Tracking of setpoint 1 by the 3-DOF robotic crane with the use of nonlinear optimal control:

(a) variations of the control inputs u1 and u2 (blue lines) (b) variation of the tracking error variables ei,

i = 1, 2, 3 associated with the state variables xi, i = 1, 3, 5.
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5 Conclusions

Using Euler-Lagrange analysis the dynamic model of the 3-DOF robotic crane has been for-

mulated in matrix form. The robotic crane’s state-space description has undergone approxi-

mate linearization with the use of first-order Taylor series expansion. To obtain the stabilizing

feedback gains of the H-infinity controller an algebraic Riccati equation had to be solved se-

quentially at each iteration of the control algorithm. Global stability conditions have been

given.
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