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Abstract. Water distribution networks (WDNs) exhibit nonlinear hydraulic
dynamics due to pipe friction, fluid inertia, and water compressibility. This
paper evaluates the accuracy of linear and discrete time approximants of a
benchmark nonlinear WDN, modelled using the Elastic Water Column
(EWC) approach. For this benchmark, three types of approximants are used:
a linear continuous-time model, a nonlinear discrete-time model, and a linear
discrete-time model. These approximants are compared with the original
nonlinear continuous-time model, using the following criteria: the Integral
Absolute Error (IAE), the Integral Square Error (ISE), the Integral Time
Absolute Error (ITAE), the Integral Time Square Error (ITSE), and the
Infinity Norm Error (INE).

1 Introduction

Water distribution networks require accurate mathematical models for simulation,
monitoring, optimization, and control. The Elastic Water Column (EWC) model provides an
efficient representation of hydraulic transients by accounting for fluid inertia and
compressibility while avoiding excessive complexity (see [1], [2]). For control applications,
linear approximants and discrete time models are often used, revealing the importance of
studying their accuracy. In the present work, the models of three approximants are computed
from an EWC-based nonlinear WDN model. Upon using several appropriate performance
criteria, these three models are compared to the original nonlinear one, quantifying how
accurately they reproduce the system dynamics. The motive of this comparison is the use of
these three models in the development and implementation of observer based soft sensors for
the estimation of nonmeasurable system variables of WDNs (see [3]-[5]).
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2 Dynamic Model of the WDN Introduction

2.1 Nonlinear Model

The benchmark network considered in this study consists of three reservoirs, six pipes,
three internal nodes, and three external nodes (see [5]). According to [5], the nonlinear model
of the WDN is described, in the following descriptor nonlinear state space form:

£ ¢ (x) 4 Bu(r)+ ME(1)+SE (1) M

where x=[x - x] is the state vector, u=[u, u, u,] is the input vector

c";:[gﬂ fz]r, is the measurable disturbance vector, ¢ =g¢,; is the non-measurable

disturbance and y:[)’l y4]T is the output vector, where
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and where I, denotes the « x« identity matrix and 0,,, denotes the ax  zero matrix.

L= diag{Lj} € R™ | is the inductance matrix of the network, R = diag{Rj} e R is the
resistance matrix of the network, C =diag{CJ.} e R™® is the capacitance matrix of the

network. The elements of the system matrices are analytically presented in [5].

2.2 Linear Approximant

In the present section, a linear approximant [5] is obtained around appropriate operating
points. Let u; (j =1,2,3) be the nominal values of the inputs, let §, and &, be the nominal
values of the measurable disturbances, let £ be the nominal value of the non-measurable

disturbance, let X, (j=1,...,9) be the nominal values of the state variables and let y, (

j=1,..,4) are the nominal values of the outputs. Furthermore, let ¥, X,u and & be the
vectors of the nominal values of the outputs, state variables, inputs and measurable

disturbances. The operating vector of the system’s dynamics is denoted as o = (ﬁ,E, ¢ ,)_() .

Therefore, the linear approximant of the nonlinear model (1) is the following
E%éx(t) =3, (X)Ox(1)+ BSu(r) + MSE(1) + S (1) @
where Ox is the response of the above linear system, for Su=Au=u-u, 5§ =AE=§—§

and 8, =Al =¢-C, that approximates Ax=x-X around the operating point
0= (ﬁ,E, g:,i) and J_(X)=0f (X)/0X . For detailed description of J_(X) see [5].
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2.3 Nonlinear and Linear Approximant Discrete Time Models

Based on the results of Subsections 2.1 and 2.2, the explicit Euler method (see [6]) will be
used to approximate time derivatives. Particularly, let ﬂ(t) be a continuous differentiable

signal. The time derivative of /1(1,‘) is approximated by l(t) = (l(k + 1) —/I(k)) /T , where

T. is the sampling period. Using this formula and applying series of computations upon (1)

and (2) it can be verified that the nonlinear discrete time approximant and the linear discrete
time approximant of the nonlinear model of the WDN are of the form

x(k+1)=E" (Tf(x(k))+Ex(k)+T,Bu(k)+T,Mg(k)+T.S¢ (k)), 3)
Ox(k+1)=E"[(T.J, (X)+E)5x(k)+ T,BSu(k)+T,ME(k)+ TS5 (k) ]|, (4)

Explicit Euler is a first-order numerical time integration method that can be used for linear
and nonlinear dynamical systems if their solutions exhibit a sufficient degree of smoothness
within a particular interval. The most attractive feature of this method is its simple
formulation, providing inexpensive computations, as the solution at a new time point is
obtained using already available data. Nonetheless, explicit Euler is conditionally stable. For
linear systems, the sampling period depends upon the system’s time constant. For nonlinear
systems, this constraint applies locally and may vary during simulation. In any case, the
discretization scheme requires sufficiently small sampling period to capture key dynamics
and maintain numerical stability.

3 Model Comparison Metrics

Up to this point, four dynamic models of the WDN have been presented: a) the original
nonlinear model (NL), b) the continuous-time linear approximant (LIN), ¢) the discrete-time
nonlinear approximant (DNL), and d) the discrete-time linear approximant (DLIN). To assess
how closely the last three models approximate the behaviour of the first model, their
responses will be compared under identical input signals and using the following metrics (see
[7]-[11]): a) IAE, b) ISE, ¢) ITAE, d) ITSE, and e) INE. Evaluating the approximant models
according to the above error metrics a more comprehensive and robust evaluation is derived,
as each metric focuses on an independent aspect of the discrepancy with respect to the
original nonlinear model. IAE and ISE measure the total difference between responses, with
the second one being more penalizing for large errors. The ITAE and ITSE account for the
time of when errors occur, giving greater weight to those from longer times and therefore
showing differences in transitory vs settling behaviour. Finally, the INE registers the maximal
instantaneous deviation from target which is critical as it detects worst-case errors that might
be masked by integral measures. The use of these metrics in combination allows comparison
that considers the cumulative accuracy, the large error sensitivity, the time dependency and
peak deviation to provide a fairer assessment of the LIN, DNL and DLIN approximants.

Let (xNL )j (t) be the continuous time response of system variable j determined by (1)

for t e [0, T.. ] Let (xuzv )j (t) be the response of system variable j determined by (2), for
te [0, Tmax]. Let (xDNL )j (k) be the response of system variable j determined by (3), for
ke {0, N } . Let (xDUN )j (k) be the response of system variable j determined by (4) for

ke{0,N}, where N=|T, /T, |. Furthermore, define (e,,) (k)=(x,, )j (kT))-%,,

J J

(eLn )j (k) =(xy. )j (AT, )= (1 )j (£T,), (eom )j (k) :(xNL)j (AT, )= (%pn. )j (k).
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N
(epun ), (k) =(xy. ), (KT,) = (xpp ), (K) . The metrics are defined as J,;, =TSZ|97 (k)|,
k=0

N N N
J[SE,;/ = Tszey (k)z > JITAE,y = T.;zzk|e}/ (k)| > ']ITSE,y = Tvzzkey (k)z > JINE,}/ =
k=0 k=0 k=0
max |ey (k)|, where y = {NL,L[N ,DNL, DLIN } The percentile metrics are defined as
ke{0,.,N}
G,,=(,, 17, )x100% , where p={IAE,ISE,ITAE,ITSE,INE} and q={LIN,DNL,
DLIN}

4 Simulation Results

The parameters and nominal values presented in [S] will be used. The sampling periods were
T =10" [sec] . The inputs were in the ranges 27 [m] <y, < 33[m] , 6.3[m] <u, < 7.7[m] ,

4.5[m]<u, <5.5[m], 0.0018]m’/s <& <0.0022[ m’/s |, 0.0027[m’/s]<&, <0.0033
[mz/s] and 9x107* [mB/S] £§§0.0011[m3/s] The simulation results show that all

approximant models reproduce closely the response of the original nonlinear WDN model
throughout the examined operating region. For the continuous-time linear approximant, the

mean percentage values of the criteria IAE, ISE, ITAE, ITSE and INE are 13.6-107%,
5.1-10%%, 17.3-107°%, 8.2-10*% and 0.0181% , respectively, while the corresponding

maximum values are 2.925%o , 1.106%o0, 0.5063% , 0.2210% and 0.4001% , respectively.
The discrete-time linear approximant presents practically identical behavior, with mean

values 0.0137% , 0.00051% , 0.0173% , 0.00082% , and 0.0182% , and maximum values

0.2924% , 0.1106% , 0.5063% , 0.2210% and 0.4002% , respectively. Thus, discretization
of the linear approximant introduces no noticeable degradation with respect to the
continuous-time linear case. The nonlinear discrete-time approximant gives the smallest
discrepancies with respect to the original nonlinear model. Its mean percentage values for the
IAE, ISE, ITAE, ITSE and H_ criteria are 1.9:10%%, 1.9-107%, 2.2:10*%, 3.3-107%

and 2.4-107%, respectively, while the corresponding maximum values are only
4.89-10°%, 1.3-107°%, 1.31-10°%, 4.8-10°%, and 2.69-107%. Overall, all errors

remain well below 1%, with the largest observed value being approximately 5.063%o .
Hence, the obtained results confirm the high accuracy of all three approximants, while also
showing that the dominant source of error is the linearization and not the discretization
procedure.

5 Conclusions

In this paper, the accuracy of linearized and discretized approximants of a nonlinear
WDN, being modeled, using the Elastic Water Column approach, has been evaluated. Three
approximate models have been derived and compared with the original nonlinear system,
using IAE, ISE, ITAE, ITSE and infinity norm criteria, over a range of operating conditions.
The results have shown that all approximant models closely reproduce the behavior of the
original nonlinear system. The values of all performance criteria remained low, throughout
the operating region examined, indicating insignificant approximation errors. In addition, the
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continuous-time and discrete-time versions of both the nonlinear and linear models have
exhibited nearly identical responses, demonstrating that the selected discretization method
introduces negligible additional errors. Overall, the study confirms that the continuous time
linear approximant and the discrete time approximants preserve the essential dynamics of the
WDN and can be reliably used for simulation, observer design, control, and optimization
applications.
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