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Abstract. The present paper deals with the discrete-time soft sensor design
problem for estimating chlorine concentration in water distribution networks
using a limited number of available measurements. The nonlinear dynamic
model of a benchmark water distribution network (WDN) is linearly
approximated around selected operating points, and a bank of full-order
Luenberger-type observers is designed in discrete time. The observer gain
matrices are determined through a metaheuristic parameter optimization
procedure, combined with robust pole placement considerations, while
spheroidal target operating areas are used to support safe switching among
observers during transitions. The performance of the proposed scheme is
illustrated through computational experiments.

1 Introduction

To ensure that the quality of drinking water in a WDN remains acceptable, it is important to
keep the concentration of residual chlorine, that serves as a protection against
recontamination and regrowth of microorganisms (see [1]-[6]), in appropriate margins. The
concentration of residual chlorine depends on the point of the network and time, as it is
affected by the changing flow conditions, residence time, and chemical processes taking
place in the fluid and pipe walls. Several critical parts of the network remain unmeasured,
motivating the development of soft sensors capable of estimating chlorine concentration
using available measurements and an appropriate dynamic model of the WDN. This paper
deals with the discrete-time soft sensor design problem for estimating chlorine concentration
in water distribution networks, based on linear approximants of the nonlinear network model,
using a limited number of available chlorine measurements. A bank of full-order Luenberger-
type observers whose gains are obtained through metaheuristic parameter optimization and
robust pole placement is proposed, while safe switching among observers is enabled through
spheroidal target operating areas. This paper extends the soft sensor design methodology
presented in [5] to a new network configuration, incorporating simultaneously the additive
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objective for the observer gains to reduce the sensitivity of the assigned poles to perturbations
in the system matrices.

2 Dynamic Model of the WDN

In the present section, the dynamic model of a benchmark water distribution network,
formulated as a nonlinear state-space model, will be presented. The network consists of four
tanks connected through circular pipes to a common junction node. At this node, an
aggregated water outflow is considered, representing the water demand of another part of the
network (see Figure 1). For the model derivation, the water will be assumed to flow from
Tank 1 toward the common node and from the common node toward Tanks 2, 3, and 4.

Tank 4

=T

Fig. 1. Water distribution network schematic

2.1 Nonlinear Model

Following the procedure described in [4-6], the nonlinear dynamic model of the WDN
presented in Figure 1 is of the form

Ex= F(x,u) (D
where
T T
X = [xl x13] = |:Q| o 0O 0, H, Cii Co Gy G Gy Gy Gy C4,2]
w=lu, - u] :[H]* H, H, H, O, cO]T, F(x,u)=[;//. (x,u)]ele,

EeR™, y (xu)=A4g(u—x;)/ L —x f(x,D,&)/ (24D,), y,(x,u) = A,g(x, -
up )/ Ly =55 f (%3,D5,8,)/ (24,D,), 7, (x.u) = A,g(x; —1; )/ Ly =3 f (%, Dy, )/
(243D5) 5 7, (xou)= A8 (xs—u, )/ Ly —x; f (x,,D,,6,)/ (24D, ), 75 (x,u) =
b (x,—x, —x,—x, —us)/(AgL), 7, (x,u)=8x (u6—x6)/(D12Llfz)—kbx6,



MATEC Web of Conferences 421, 01003 (2026) https://doi.org/10.1051/matecconf/202642101003
MoCWS 2026

7y (x,u) = 8x, (x —x7)/(D12L17r)—kbx7 s 7 (x,u) =8x, (x, —xg)/(D;Lzﬁ)—kbx8 ,
) =8(x —xg)/(Dzszﬁ)—khx9 s 7o (6,u) =8x, (x, —xm)/(DfLyr)—kbxw
7 () =8(x,—x, )X, / DiLw —k,x,,, 7, (%) =8x, (x, —xlz)/(DZLMI)—kbx12 ,

Vs (x20) =8(x, =3 )x, /(DI Loz )~ kyxy, f(Q.D.6)=A[ &/ D+ Drayp/ (40p)]"
and where H, (i=1,...,4) is the pressure head imposed by tank i , being an actuatable input
to the system, O, is the flow rate in pipe i, O, is the aggregated outflow, ¢, ; is the chlorine
concentration at section j of pipe i, ¢, is the influent chlorine concentration to the network
from tank 1, Z, and D, are the length and inner diameter of pipe i , 4, =zD] /4, &, is the
absolute roughness of pipe i, g is the gravitational acceleration, b is the pressure wave
speed, p and u are the density and dynamic viscosity of the water, &, is a first order
chlorine reaction rate, while 4, and A, are positive friction model parameters. In general, £

is equal to the 13x13identity matrix /,,. For observer design purposes, the hydraulic

subsystem will be considered be static (see [5]), i.e., E = diag{OSxS,Is} .

2.2 Linear Approximant

Following [5], and applying series of computations, a linear approximant of the nonlinear
model (1) may be produced. Let u; (j=1,...,6) be the nominal values of the inputs of the
system and X, (i=1,...,13) be the corresponding nominal values of the state variables.
Furthermore, let & and X be the vectors of nominal values of the inputs and the state
variables. The operating vector of the system’s dynamics is denoted as the pair o = (ﬁ ,X ) ,

where its elements satisfy the equality F()_c 7] ) =0, . It can be proven that this equality is

13x1 ©
always solvable with respect to X and hence, there is a nonlinear mapping of & to X of the
form X = o (i) . The linear approximant of the nonlinear model (1) is evaluated to be of the

form ESx = 2(%,5)5x+5~’()_c,b7)5u , where 6x is the response of the linear approximant
for ou = Au =u —u , that approximates Ax =x—Xx around the operating point o = (LT , X ) ,

,:I(f,ﬁ):al“(x,u)/éx and é(f,ﬁ)z@l"(x,u)/@u

_ . Considering the nonlinear

u=i ,x=x u=i ,x=X

mapping between the nominal values of the inputs and state variables, the linear approximant
can be rewritten as EJx=A(it)Sx+B(u)ou, where A(u)= 1"1(0'(17),17) and
B(u)= E(a(ﬁ),ﬁ) . Applying a series of computations, it can be verified that
5q'=Aq(L_t)5q+Bq(L7)5u 2)

where g = [8q,  &q,] =[6x, - 6x,] . Under zero-order-hold assumptions, the
exact discrete-time model at sampling instants # = k7, , where k € N and T, e R", is

Sq(k+1)=4,(u)6q(k)+ B, (u)Su(k) (3)
where

4,() = exp(4, ()T
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T,

B,(u)= ;[exp(Aq ()z) B, (ir)dz .

The measurable variables are only the chlorine concentrations at the exit of pipes 2, 3, and
4. Thus, the measurable output vector is 5y(k)=C,5q(k), where non-zero elements of

Cd = |:(Cd )i,j:| € R3X8 are (cd )1,4 = (cd )2,6 = (Cd )3,3 =1

3 Soft Sensor Design

In this section, a soft sensor for estimating chlorine concentration is designed. The proposed
soft sensor is based on discrete-time full-order Luenberger-type observers, which are
developed for preselected sets of operating points and are expressed in the following form:

3:5G(k+1)=(4, (@)~ L(i1)C, )64 (k)+B, (i) u(k)+L(w)Sy(k) ; 6G(0-)=54, (4)
where L (i) e R™. The elements of L are to be selected by the designer such that the
observer error dynamics are stable. Let

po(z)=det(zl,— 4, () +L(&)C,), p,(z)=det(zI, - 4, (i)) )
(i=1,...,8) be the roots of p,(z) and 7, (i=1,...,8) be the roots of p (z).
Without loss of generality, assume that
( )A(7] <]z a]) G=1.....8).

In the present approach, the observer gain elements will be selected so that the H, norm of

Let 7

0,1

<|m

- 0,i+1

T

0,1

the resolvent matrix of the error dynamics of the observer is minimized, under the constraints
(Oﬁﬂ'w. <1)/\(7r J )

0,i+l > 7/+ﬂ-n,i)/\(ﬂ-n,i < ”51

where y € R". Clearly, the above minimization under constraints problem is highly

nonlinear. For this reason, to determine the observer gains, an algorithm like the one
presented in [7-9] will be used.

Regarding the pole placement problem, it can readily be verified it solution, with
respect to the observer gain matrix elements, is not unique. To reduce sensitivity of the
assigned poles to perturbations in the system matrices, the robust pole placement algorithm
in [10] will be used. Once the observer gains have been computed, the next task is to
characterize the target operating area of the resulting observer. For this purpose, the six-
dimensional spheroidal approach introduced in [4] is adopted. Define the spheroid

i[(’;/ _ﬁ/)/ﬁ./]z =R,

where u; denotes the steady-state value of u; during a stepwise transition and R is the

radius of the spheroid. The target operating area is then obtained by determining the largest
admissible spheroid radius for which every transition from the nominal operating point to a
new steady-state point contained within the spheroid yields a steady-state estimation error
below a prescribed bound, let ¢

Within the six-dimensional operating space, the intersection between two target
operating areas associated with different operating points provides a region in which both
corresponding observers can operate with acceptable accuracy. Thus, if the intersection turns
out to be non-empty, then transitions from any point in a specified target operating region to
any point in the intersection can be done with precision while maintaining the observer used
for the region. Moreover, the required transition process becomes possible in two stages,
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assuming that the starting point belongs exclusively to the first target operating region, while
the end point belongs exclusively to the second one. First, the system is driven toward a point
in the common intersection while the observer associated with the first target operating area
remains active. After the intersection has been reached, the active observer is switched to the
observer corresponding to the second target operating area. A switching strategy analogous
to that proposed in [4] may be employed for this purpose.

4 Simulation Results
To demonstrate the performance of the soft sensor, let
L =300[m], L, =250[m], L,=600[m], L, =350[m], D, =0.1[m], D, =0.1[m],
D, =0.06[m]. D, =0.06[m] . &, =0.35[mm] (j=1....4), g=9.81[m/s’ ],
p=999.1[Kg/m’ |, 1=0.0011[Pas], k, =2.8-10°[s" |, b=600[nvs], 4 =0.11[-],
2, =68[-], &, e =0.35[%], T, =15[s], » =10"".

For demonstration purposes, it is be assumed that u,, u,, u, and u, remain constant at
u, = S[m], u, :3[m] , U, :l[m] and u; = 10 [m3/s]. Furthermore, suppose that it is
desirable to move from an initial point u, =20.3668[m], u, =0.0672[mg/L], to a final point
u, =28.3872[m], U =0.6408[mg/L]. To achieve this transition, consider the sets of
operating points: a) i, = 25[m] Sy = O.l[mg/L] ,b) u= 25[m] U= O.Z[mg/L] , and ¢)
u,=25[m], u;=0.5[mg/].

Following the observer design procedure presented in the previous section, for the

above operating points the target operating areas are as presented in Figure 2. After a series
of computations, it can be verified that

a) the initial point belongs to area 1, but not to areas 2 or 3,

b) the final point belongs to area 3, but not to areas 1 or 2,

c) the intersections between areas 1 and 2, as well as between areas 2 and 3, are non-
empty, and

d) the intersection between areas 1 and 3 is empty.

According to the procedure described in the previous section, the transition from the initial
point to the final point will be performed through two intermediate points, one located in the
intersection of areas 1 and 2, and another located in the intersection of areas 2 and 3. These

intermediate points are selected as a) u, =25[m], u, =0.13[mg/L], and b) u, =25[m],
ug =0.28[mg/L].

As already mentioned, the observer gain matrices can be determined using a
metaheuristic algorithm like that in [7-9]. Regarding the performance of the soft sensor, for
the nodal chlorine concentration estimation, which is a critical variable since it is driven to

aggregated outflow / consumption, it can be verified that its estimation is very accurate (see
Figure 3). Over the complete simulation horizon, the mean absolute error and root-mean-

square error were 1.39x107> and 2.95x107, respectively. The largest errors occurred during
the transient response following changes in the operating point, particularly during the
transition toward Point 4, where the observer temporarily underestimated the chlorine
concentration. However, as convergence is approached, the steady-state estimation error
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became minimal, resulting in visually identical response. Similar results, regarding the
accuracy of the estimation also hold for the remaining estimated variables.
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5 Conclusions

In the present paper, a discrete-time soft sensor design approach for chlorine concentration
estimation in WDNSs has been proposed. The soft sensor was based on full-order Luenberger-
type observers developed for discrete-time linear approximants of the nonlinear WDN model
at selected operating points. The corresponding observer gains were determined through a
metaheuristic parameter optimization procedure combined with robust pole placement
considerations. In addition, spheroidal target operating areas are used to characterize the
admissible operating area of each observer and to enable stepwise safe switching during
transitions between different operating conditions. The successful operation of the soft sensor
was demonstrated through computational experiments. Future research will focus on
extending and implementing the proposed approach in more complex configurations, as well
as on employing advanced optimization algorithms for the computation of observer gains.
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