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Abstract. This paper outlines linear and nonlinear systems, presenting some key features of each 
while pointing out the major problems brought by the nonlinearities into control applications. 
Linear systems exhibit proportional and additive relationships and are comparatively easier to 
model and control. On the contrary, the nonlinear systems possess complex and unpredictable 
patterns, thus often forcing their simplification. Linearization, performed via Jacobian-based 
approximations and feedback linearization, is very important in allowing the application of linear 
control strategies to be employed for nonlinear systems. The paper presents proportional-integral-
derivative (PID) control and Computed torque control (CTC) as the major control methods for 
manipulation, showing the corresponding design principles and also discusses other control 
techniques in brief. 

Keywords: Linear Systems, Non-linear systems, Control techniques 

1 Introduction 

Control systems can be understood with a simple analogy. Imagine a person trying to catch a ball; in this 

scenario the person’s eyes are sensors which sense crucial information in this case the position and trajectory of 

the ball; the brain is the controller which receives the signals from the eyes and uses this information to 

command the actuator, which in this case is the hands of the person to catch the ball. So, control systems can be 

defined as a device which commands some plant to act in a way so as to get the desired result. 

When designing a control system, it has been observed that design of control systems for linear systems is 

relatively easy as compared to for non-linear systems. This is because non-linear systems are mathematically 

complex and computationally expensive to analyse [1]. But a major concern is that majority of the systems 

needed to be controlled are in fact non-linear systems and thus, they are first linearised before any control 

strategy is applied on them.  

A comprehensive study of the major differences between a linear and nonlinear control system, covering the 

major features that distinguish the two systems from each other has been provided here. 

 

The reasons for the prevalence of nonlinear behavior in real-world systems are further investigated, namely 

physical constraints, dynamic interactions, and environmental factors that account for the non-linearity in 

engineering systems [2]. Finally, problems posed by nonlinear dynamics in the way of control design, pointing 

out that a simplification of such systems would be a necessity for successful implementation of control methods 

has been discussed [3]. 
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2 Challenges in control systems 

2.1 Occurrence of non-linear systems 

Before understanding different ways to linearize non-linear systems it is important to understand why there are 

non-linear systems. As per Yu et. al. [4], non-linear systems occur due to the presence of non-linear elements 

within a system or network, where the input and output are not superimposed and uniform. This non-linearity 

leads to behaviours that are fundamentally different from external excitations, causing small changes in 

parameters to result in qualitative changes in motion. The failure of the superposition principle in such systems 

contributes to their complexity, variability, and the rich diversity observed in the material world. Also, 

according to Stewart et. al. [5] non-linear systems occur because complex behaviour can arise from simple 

mathematical models, particularly when the dynamics involve interactions among many elements. In non-linear 

dynamics, the interplay between linear and non-linear components can lead to phenomena such as bifurcations 

and chaos, where small changes in parameters can result in significant changes in behaviour. The emergence of 

low-degree-of-freedom systems on a macroscopic scale from large numbers of microscopic elements also 

contributes to the occurrence of non-linear systems.  

 

2.2 Linearisation of non-linear systems 

Linear systems are characterized by mainly 2 properties [6]. Namely, superposition and homogeneity. 

Superposition is defined as in (1), and homogeneity is defined as in (2) where f(x) is defined as a function of x. 

𝒇(𝒙𝟏 + 𝒙𝟐) = 𝒇(𝒙𝟏) + 𝒇(𝒙𝟐)                                                                                                            (1) 

 

𝒇(𝒂 × 𝒙𝟏) = 𝒂 × 𝒇(𝒙𝟏)                                                                                                                  (2) 

 

Now that we have a basic understanding of linear systems it is important to understand why is linearisation 

needed for non-linear systems. According to Perduková et. al. [7] linearization is essential for control systems as 

it simplifies the analysis and design process of nonlinear systems, enabling the application of established linear 

control techniques. To understand it in a basic manner it is to be understood that for applying majority of the 

control techniques to a system it is necessary that the system’s equation can be written in a state-space form 

which is as shown in (3).  

𝐱̇ = 𝐀 × 𝐱 + 𝐁 × 𝐮                                                                  

𝐲 = 𝐂 × 𝐱 + 𝐃 × 𝐮                                                                                                                       

 

(3) 

 

In the state-space representation, A represents the system matrix, B signifies the control input matrix, C 

indicates the output matrix, and D stands for the feedforward matrix. It can be inferred that only linear systems 

can be represented in state space form. State-space representation is discussed in detail in this paper because it 

allows the user to handle both Single Input Single Output (SISO) as well as Multi Input Multi Output (MIMO) 

cases in most of the scenarios. 
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Moving on, there are various ways of linearising a non-linear system such as Taylor Series Expansion, Jacobian 

Matrix and Feedback linearisation respectively. According to Nečasová et. al. [8]  Taylor series expansion 

linearizes nonlinear problems by transforming them into autonomous systems of ordinary differential equations, 

allowing for effective parallelization and comparison with state-of-the-art solvers. To make use of Taylor series 

expansion (4) can be used as the primary equation. 

𝐟(𝐱) = 𝐟(𝐱𝟎) +  
𝛛𝐟

𝛛𝐱
|𝐱ୀ𝐱𝟎

 (𝐱 − 𝐱𝟎)                                                                                              (4) 

According to Skopec et. al. [9], the Jacobian matrix for linearizing nonlinear equations is derived from the 

predictive Jacobian matrix, which quantifies how changes in inputs affect state predictions. Equations (5) and 

(6) can be used to explain how Jacobian matrices work where, A,B,C,D are Jacobian matrices. 

𝐱̇ = 𝐟(𝐱, 𝐮)      𝐲 = 𝐠(𝐱, 𝐮)                                                                                                            (5) 

 

∆𝐱̇ = 𝐀∆𝐱 + 𝐁∆𝐮        ∆𝐲 = 𝐂∆𝐱 + 𝐃∆𝐮                                                                                       (6) 

 

Also, one thing which needs to be understood for Taylor Series Expansion and Jacobian Matrix methods of 

linearisation is that they can only linearise the non-linear system about an operating point and in case the system 

leaves the bound of this operating point then the equation of the linear system derived from the above 2 methods 

will not work in controlling the plant as they will need to be recalculated again. This problem can be tackled by 

making use of the feedback linearisation technique. 

Feedback linearization is defined as a linearization technique in which the non-linear terms of the system are 

cancelled out by feedback control making the system a linear system effectively [10]. It uses nonlinear state or 

input transformations to cancel the nonlinearities of the system.  Key steps to implement feedback linearisation 

technique include identifying nonlinear terms in the equations and defining a new input that compensates for 

these terms. 

3 Control Strategies 

In practical sense control techniques involve the use of sensors to gather actual real time data of the system, pass 

it forward to the controller which compares the desired response with actual response and passes a control signal 

such that the system achieves the desired result. The aim of this paper is to discuss the theoretical aspect of 

control strategies which involves discussion on what are 𝐾௣, 𝐾௜ , 𝐾ௗ values and what is their significance. To gain 

a basic knowledge of these terms it is important to understand what PID controller is. 

The Proportional-Integral-Derivative (PID) controller is widely recognized as one of the most utilized feedback 

control systems in both industrial and engineering applications. Its main function is to adjust a system's output 

so that it aligns with a predetermined setpoint by consistently reducing the error, which represents the difference 

between the setpoint and the observed process variable. The PID controller accomplishes this by integrating 

three control components: proportional, integral, and derivative. The proportional component produces an 

output that is directly related to the current error, offering immediate correction. The integral component 

aggregates past errors, ensuring that any steady-state inaccuracies are resolved. The derivative component 

forecasts potential future errors by assessing the error's rate of change, contributing a damping effect that 

enhances overall stability [11]. The interplay of these three components enables the PID controller to strike a 

balance between responsiveness, stability, and precision across different systems. 
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For PID control, the control input u(t) is computed as shown in (7). 

𝒖(𝒕) =  𝑲𝒑𝒆(𝒕) +  𝑲𝒊 ∫ 𝒆(𝒕)
𝒕

𝟎
𝒅𝒕 + 𝑲𝒅

𝒅𝒆(𝒕)

𝒅𝒕
                                                                                      (7) 

where, 𝐾௣ = Proportional gain, 𝐾௜  = Integral gain, 𝐾ௗ  = Derivative gain 

These gains determine the controller's performance and must be tuned for optimal results. Tuning methods such 

as the Ziegler-Nichols approach or modern software tools are commonly employed to determine appropriate 

gain values. The Ziegler-Nichols method, for instance, involves increasing the proportional gain until the system 

oscillates at a constant amplitude, from which critical parameters are used to compute the gains. 

Implementing a PID controller involves defining the desired setpoint, measuring the system's output, calculating 

the error, and applying the PID equation in a real-time loop. The control output is then sent to an actuator to 

correct the system's behaviour. This simple yet powerful approach makes PID control widely applicable across 

various domains. For example, in process control, it is used to regulate temperature, pressure, and flow in 

chemical and manufacturing industries. In motion control, PID controllers manage the speed and position of 

motors and robotic arms. Other applications include aerospace for flight stabilization, energy systems for load-

frequency control, and automation for tasks like conveyor belt regulation [12]. 

Having understood PID control, it should also be highlighted that it is one of the most basic and easiest control 

strategies in practice which makes it widely acceptable. However, this does not mean that it is the best approach 

out there. One possible disadvantage is that it can be only applied to a linear system or a non-linear system only 

after it has been linearized. This problem can be tackled with Model Based Control.  

Model Based Control also known as Computed Torque Control (CTC) is a nonlinear control strategy widely 

used in robotics and mechanical systems to manage their inherently nonlinear and coupled dynamics. The 

essence of CTC lies in transforming the nonlinear dynamics into a linear, decoupled system through a carefully 

designed control law, enabling easier control and analysis of the system behaviour [13]. The governing equation 

for a robotic manipulator with n-degrees of freedom is expressed as in (8) 

𝐌(𝛉)𝛉̈ + 𝐂൫𝛉, 𝛉̇൯𝛉̇ + 𝐆(𝛉) =  𝛕                                                                                                      (8) 

 

Where, M = Inertia matrix, C = Coriolis and Centrifugal forces matrix, G = Gravitational forces matrix, 𝜃 = 

Joint position vector, 𝜃̇ = Joint velocity vector, 𝜃̈ = Joint acceleration vector, 𝜏 = Torque 

The control law is defined as in (9). 

𝐌(𝛉)𝛉𝐝̈ + 𝐂൫𝛉, 𝛉̇൯𝛉𝐝̇ + 𝐆(𝛉)  + 𝐮 =  𝛕                                                                                     (9) 

Where 𝜃ௗ̇  , 𝜃ௗ̈ represent the desired velocity and acceleration respectively u is a proportional-derivative 

feedback term. Substituting this control law into the dynamics equation of the system which is shown in (9), the 

CTC becomes (10) which is a decoupled second-order system that can be tuned using the proportional and 

derivative gain matrices for desired performance [14]. 

𝐌(𝛉)𝐞̈ + 𝐊𝐝𝐞̇ +  𝐊𝐩𝐞 = 𝟎                                                                                                            (10) 

 

CTC is extensively used in robotic manipulators for precise trajectory tracking and control. Other applications 

include aerospace systems for satellite and drone control, automotive systems for active suspensions, and 

wearable devices like prosthetics and exoskeletons for motion assistance [15]. 
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In the past decades many other control strategies have also emerged which have found their application in 

various scenarios. One such example being that of adaptive control which is defined as a control strategy where 

parameters of the control are changed in response to the changes observed in the environment [16-18]. Majorly 

three types of adaptive control strategies are applied Full-Order Adaptive Control, Reduced-Order Adaptive 

Control, and KAMS. [19-20]. Robust control is another field of study which involves accurate and ideal 

response from system even in the presence of uncertainties and disturbances and find their usage in classical 

systems all the way to advanced quantum systems [21-22]. However these techniques sometimes tend to give 

inaccurate responses and are henceforth combined with novel techniques to bridge the gap [23-24].  

While robust control techniques maintain system stability in presence of uncertainties and disturbances, Sliding 

Mode Control (SMC) should also be discussed which involves proper tracking of system along different 

surfaces in the state space [25-26]. Neural Networks and fuzzy logic control techniques have also gained 

momentum in the past few years which use artificial intelligence for predicting parameters of control strategies 

as well as uncertainties and disturbances in the system [27-30]. In the past years, interest has also been observed 

in ways to find gain values of control strategies through artificial intelligence rather than using other tuning 

methods [31-33].Also as discussed in Chen et al. [34] Luenberger Observer may also be used for prediction and 

control of systems. 

4 Results and Discussion 

In this section the authors have discussed the comparison of PID and CTC on application of two link robotic 

manipulator whose equations of M,C and G matrices as of (10) have been illustrated in [14]. Figure 1 and Figure 

2 shows the response of system when sinusoidal input is given and PID control is applied. Figure 3 shows the 

response of system under same input conditions and under application of CTC control.  

 
Fig. 1. Link 1 PID response 
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Fig. 2. Link 2 PID response 

 
Fig.3. Link 1 and Link 2 CTC response 

5 Conclusion 

This paper discusses various control techniques and simulation results of PID and CTC techniques have been 

shown where CTC is observed to outperform PID control. The following 2 control techniques have been 

illustrated as they are most widely used in the industry. 
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