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Abstract. Methods are proposed that allow one to determine the special forms

of polynomials and power series used in solving a number of practical problems.

The most important of them are the construction of necessary and sufficient con-

ditions for an extremum for polynomials and power series, as well as checking

matrices for D-stability arising in the study of ecosystem stability. This special

forms (the so-called main quasi-homogeneous polynomial forms) are general-

izations of the concept of a homogeneous polynomial form. They correspond to

the sum of the terms of the polynomial belonging to some face of the Newton

polytope of this polynomial. In some cases, the main quasi-homogeneous poly-

nomial forms necessary for research can also be determined for power series

(in particular, when constructing necessary and sufficient conditions for an ex-

tremum). In the case of polynomials, two cases are investigated separately: the

selection of all the main forms of the polynomial and the selection of the main

forms corresponding to the faces of the Newton polytope in its “southwestern”

part (such forms also can be distinguished for an arbitrary power series), since

both cases have their practical applications. Practically applicable methods are

described for each of these cases. Several methods are considered sequentially

(starting with a simple enumeration and ending with a method with a signif-

icant reduction in the number of options in the enumeration). The last (most

economical) method is described as a practically realizable algorithm. A prac-

tically realizable rather economical algorithm for solving an auxiliary problem

is described—finding the set of corner points of the Newton polytope.

1 Introduction

Let us briefly recall the main stages of the study of the polynomial p(x), where x= (x1, . . . , xn),

to an extremum, for definiteness—to a minimum. Let x(0)—some stationary point for which

p′(x(0)) = 0(n) ∈ R
n. The next step is to check the sufficient minimum condition. For this,

the quadratic form ϕ(h) = �p′′(x(0))h, h�, where h ∈ Rn, is investigated. Then, if this form is

positive definite, i.e. ϕ(h) > 0 for all h � 0(n) (which in fact means that p(x) is strongly con-

vex in a neighborhood of x(0)) then x(0) is a local minimum point of the polynomial p(x).

If ∃h(0) ∈ Rn : ϕ(h(0)) < 0, then it is not a local minimum point. And if ϕ(h) ≥ 0 for all

h ∈ Rn, and at the same time ∃h(0) ∈ Rn: h(0)
� 0(n), ϕ(h(0)) = 0, then it says: “more sub-

tle research methods are required”, which are usually not given. Thus, even in the case of

a weak convexity in the neighborhood of x(0), the proposed schemes “do not work”. Mean-
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while, cases with ϕ(h) ≡ 0, when p′′(x(0)) is a zero matrix are possible and for these cases

sufficient conditions for a minimum are also described [1, 2]. In the case ϕ(h) ≡ 0, we can

only assert that there is no quadratic form, but other forms can exist, i.e. a generalization

of the notion of a homogeneous form of a polynomial is required. By such a generaliza-

tion we mean the sum of the terms of the polynomial corresponding to some face of the

Newton polytope [3] of the polynomial p(x). It should be noted that Newton’s polytopes

are a means for studying a wide class of problems (see, for example, [3–6]). In particular,

Newton’s theory of polyhedra connects the geometry of polyhedra with algebraic geome-

try [6]. Let us introduce some notation. For a vector k ∈ Zn
≥, where Z≥ = N ∪ {0}, a poly-

nomial p(x), and a set N ⊆ Zn
≥ we denote: xk

= x
k1

1
x

k2

2
· · · x

kn
n ; coe f (p, k) = a—coefficient at

the term axk in p(x); Np = {k ∈ Z
n
≥ | coe f (p, k) � 0}—is the carrier of the polynomial p(x);

CoNp—is the convex hull of the set Np (Newton’s polytope of the polynomial p(x));

pN(x) =
∑

k∈N coe f (p, k)xk. We will call a polynomial ϕ(x) an A-quasi-homogeneous (poly-

nomial) form, where A ∈ Nn, if ϕ � 0, ∃B ∈ Z≥: ∀k ∈ Nϕ �A, k� = B; we will call ϕ(x) a

quasi-homogeneous form, if ∃A ∈ Nn, such that ϕ(x) is an A-quasi-homogeneous form. Poly-

nomial p(x) will be called: nonnegative, if ∀x ∈ Rn p(x) ≥ 0; nondegenerate in the weak

sense, if xi1 � 0, . . . , xir � 0⇒ p(x) � 0, where {xi1 , . . . , xir }—is the set of variables from

which p(x) essentially depends. We will write for the polynomials q(x), p(x): q � p, if

(a) Nq ⊆ Np; (b) ∀k ∈ Nq coe f (q, k) = coe f (p, k). For the polynomials p(x), ϕ(x) and the

vector A ∈ Nn we say that ϕ(x) is the main A-quasi-homogeneous form of p(x) if (a) ϕ � p;

(b) Nϕ = {k ∈ Np | �A, k� = BA}, BA = min{�A, k� | k ∈ Np}. We say that a polynomial ϕ(x)

is a main quasi-homogeneous form of p(x) if ∃A ∈ Nn such that ϕ(x) is a main A-quasi-

homogeneous form of p(x).

The use of quasi-homogeneous forms gives the following necessary and sufficient condi-

tions for an extremum.

Statement 1 [1]. Let p(x) be a polynomial, p(0(n)) = 0, p′(0(n)) = 0(n), and all main quasi-

homogeneous forms of p(x) are non-negative and non-degenerate in the weak sense. Then 0(n)

is a point of a local minimum.

Statement 2 [1]. Let 0(n) be a point of local minimum of the polynomial p(x), p(0(n)) = 0,

p′(0(n)) = 0(n). Then all main quasi-homogeneous forms of p(x) are non-negative.

Example 1. (1) Let p1(x1, x2) = x2
1
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1
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2
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− 20x8

1
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2
. Then

the main quasi-homogeneous forms of this polynomial are: (a) ϕ(x1, x2) = x2
1
x6

2
− 1.98x4

1
x5

2
+

+x6
1
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2
= 0.99x2

1
x4

2
(x2 − x2

1
)2
+ 0.01x2

1
x4

2
(x2

2
+ x4

1
)—non-negative and non-degenerate in the

weak sense (here A = �1, 2�; if x1 � 0, x2 � 0, then ϕ(x1, x2) > 0); (b) x10
2
, x10

2
+ x2

1
x6

2
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1
x6

2
,

x6
1
x4

2
are non-negative and non-degenerate in the weak sense. Then, by virtue of statement 1,

0(2) is the point of the local minimum of the polynomial p1(x1, x2). (2) Let p2(x1, x2) =

= x2
1
x6

2
− 2.01x4

1
x5

2
+ x6

1
x4

2
+ x10

2
− 10x1x9

2
− 20x8

1
x4

2
. Then the main quasi-homogeneous

form η(x1, x2) = x2
1
x6

2
− 2.01x4

1
x5

2
+ x6

1
x4

2
of the polynomial p2(x1, x2) is not non-negative

(η(1, 1) = −0.01), and, by virtue of statement 2, 0(2) is not a local minimum point.

Remark 1. The definition of the main quasi-homogeneous forms of the polynomial was

given in relation to the problem of studying stationary points for local minimality. In this

regard, a vector A ∈ Nn was used, and with this choice of A, the quasi-homogeneous forms

corresponded to the faces of the Newton polyhedron in its “southwestern” part. But when

solving more general problems (for example, when studying a polynomial for definiteness in

a positive orthant [7, 8]), quasi-homogeneous forms corresponding to all faces of the New-

ton polytope may be required, and in this case we will use A ∈ Zn\{0(n)} instead of A ∈ Nn

(see [9]).

Remark 2. In the case A ∈ Nn, we can pose the problem of finding the set of main quasi-

homogeneous forms not only for the polynomial, but also for the power series, which is the
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while, cases with ϕ(h) ≡ 0, when p′′(x(0)) is a zero matrix are possible and for these cases

sufficient conditions for a minimum are also described [1, 2]. In the case ϕ(h) ≡ 0, we can

only assert that there is no quadratic form, but other forms can exist, i.e. a generalization

of the notion of a homogeneous form of a polynomial is required. By such a generaliza-

tion we mean the sum of the terms of the polynomial corresponding to some face of the

Newton polytope [3] of the polynomial p(x). It should be noted that Newton’s polytopes

are a means for studying a wide class of problems (see, for example, [3–6]). In particular,

Newton’s theory of polyhedra connects the geometry of polyhedra with algebraic geome-

try [6]. Let us introduce some notation. For a vector k ∈ Zn
≥, where Z≥ = N ∪ {0}, a poly-

nomial p(x), and a set N ⊆ Zn
≥ we denote: xk

= x
k1

1
x

k2

2
· · · x

kn
n ; coe f (p, k) = a—coefficient at

the term axk in p(x); Np = {k ∈ Z
n
≥ | coe f (p, k) � 0}—is the carrier of the polynomial p(x);

CoNp—is the convex hull of the set Np (Newton’s polytope of the polynomial p(x));

pN(x) =
∑

k∈N coe f (p, k)xk. We will call a polynomial ϕ(x) an A-quasi-homogeneous (poly-

nomial) form, where A ∈ Nn, if ϕ � 0, ∃B ∈ Z≥: ∀k ∈ Nϕ �A, k� = B; we will call ϕ(x) a

quasi-homogeneous form, if ∃A ∈ Nn, such that ϕ(x) is an A-quasi-homogeneous form. Poly-

nomial p(x) will be called: nonnegative, if ∀x ∈ Rn p(x) ≥ 0; nondegenerate in the weak

sense, if xi1 � 0, . . . , xir � 0⇒ p(x) � 0, where {xi1 , . . . , xir }—is the set of variables from

which p(x) essentially depends. We will write for the polynomials q(x), p(x): q � p, if

(a) Nq ⊆ Np; (b) ∀k ∈ Nq coe f (q, k) = coe f (p, k). For the polynomials p(x), ϕ(x) and the

vector A ∈ Nn we say that ϕ(x) is the main A-quasi-homogeneous form of p(x) if (a) ϕ � p;

(b) Nϕ = {k ∈ Np | �A, k� = BA}, BA = min{�A, k� | k ∈ Np}. We say that a polynomial ϕ(x)

is a main quasi-homogeneous form of p(x) if ∃A ∈ Nn such that ϕ(x) is a main A-quasi-

homogeneous form of p(x).

The use of quasi-homogeneous forms gives the following necessary and sufficient condi-

tions for an extremum.

Statement 1 [1]. Let p(x) be a polynomial, p(0(n)) = 0, p′(0(n)) = 0(n), and all main quasi-

homogeneous forms of p(x) are non-negative and non-degenerate in the weak sense. Then 0(n)

is a point of a local minimum.

Statement 2 [1]. Let 0(n) be a point of local minimum of the polynomial p(x), p(0(n)) = 0,

p′(0(n)) = 0(n). Then all main quasi-homogeneous forms of p(x) are non-negative.

Example 1. (1) Let p1(x1, x2) = x2
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. Then
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1
)—non-negative and non-degenerate in the

weak sense (here A = �1, 2�; if x1 � 0, x2 � 0, then ϕ(x1, x2) > 0); (b) x10
2
, x10

2
+ x2

1
x6
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, x2
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x6
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,

x6
1
x4

2
are non-negative and non-degenerate in the weak sense. Then, by virtue of statement 1,

0(2) is the point of the local minimum of the polynomial p1(x1, x2). (2) Let p2(x1, x2) =

= x2
1
x6

2
− 2.01x4

1
x5

2
+ x6

1
x4

2
+ x10

2
− 10x1x9

2
− 20x8
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2
. Then the main quasi-homogeneous

form η(x1, x2) = x2
1
x6

2
− 2.01x4

1
x5

2
+ x6

1
x4

2
of the polynomial p2(x1, x2) is not non-negative

(η(1, 1) = −0.01), and, by virtue of statement 2, 0(2) is not a local minimum point.

Remark 1. The definition of the main quasi-homogeneous forms of the polynomial was

given in relation to the problem of studying stationary points for local minimality. In this

regard, a vector A ∈ Nn was used, and with this choice of A, the quasi-homogeneous forms

corresponded to the faces of the Newton polyhedron in its “southwestern” part. But when

solving more general problems (for example, when studying a polynomial for definiteness in

a positive orthant [7, 8]), quasi-homogeneous forms corresponding to all faces of the New-

ton polytope may be required, and in this case we will use A ∈ Zn\{0(n)} instead of A ∈ Nn

(see [9]).

Remark 2. In the case A ∈ Nn, we can pose the problem of finding the set of main quasi-

homogeneous forms not only for the polynomial, but also for the power series, which is the

result of the expansion of the analytic function in powers of the variables in the vicinity of the

stationary point, since in this case their number will be finite and it will be required a finite

number of “first” terms from this expansion. Moreover, statements 1, 2 remain valid for the

power series p(x) (see [2]).

2 Methods for finding the main quasi-homogeneous forms

of a polynomial

The simplest is

Method 1. Let us first consider the case when it is required to select all main A-quasi-

homogeneous forms of the polynomial p(x) � 0 for A ∈ Zn\{0(n)} (see remark 1). We iterate

over all non-empty subsets N ⊆ Np (i.e. N ∈ 2Np\{∅}). Then, to check whether pN(x) is the

main quasi-homogeneous form of the polynomial p(x), it is enough to verify whether there

exists an integer solution to the system of equalities and inequalities (with respect to the

unknown vector e ∈ Zn):

�e, k� = �e, k(0)�, k ∈ N\{k(0)}; �e, k� ≥ �e, k(0)� + 1, k ∈ Np\N, (1)

where here and below, k(0) is any fixed element from N (if |N | = 1, then there are no equalities

in (1)). Then, if there is an integer solution e = A of system (1), then A ∈ Zn\{0(n)} (if A = 0(n),

then inequalities in (1) do not hold), and pN(x) is the main A-quasi-homogeneous form of the

polynomial p(x); otherwise, pN(x) is not the main quasi-homogeneous form of p(x). This

follows directly from the definition of the main quasi-homogeneous form.

To solve the problem of finding an integer solution to system (1), one can consider a prob-

lem max{|e1|, . . . , |en|} → min with constraints (1) or an equivalent LPP (add a new variable u)

u→ min; e1 ≤ u, −e1 ≤ u, . . . , en ≤ u, −en ≤ u (⇔ max{|e1|, . . . , |en|} ≤ u), (2)

under additional constraints (1). To solve the LPP (1), (2), it is better to use the simplex

method, since any solution obtained by this method will be an extreme point of a convex

polyhedral set given by a system of equalities and inequalities with integer coefficients, and,

therefore, the components of this solution are rational numbers. Note further that if e is a

solution to system (1), then ∀λ ≥ 1 λe is also a solution to this system. But then, taking

any rational solution e of system (1), and multiplying it by the least common multiple of the

denominators of the nonzero components of this solution, we obtain an integer solution to

system (1).

As already noted above, for solving some problems one is interested in main A-quasi-

homogeneous forms not for all A ∈ Zn\{0(n)}, but only for A ∈ Nn. In this case, instead of (1),

one should consider the system (1),

ei ≥ 1, i = 1, 2, . . . , n, (3)

to find some solution of which, instead of LPP (1), (2), one can consider the LPP of the

form (1),

e1 → min; ei ≥ 1, i = 1, 2, . . . , n. (4)

Remark 3. The simplest examples show that the same quasi-homogeneous form can

be the main A-quasi-homogeneous for different A ∈ Zn\0(n), including for A ∈ Nn and for

A ∈ Zn\Nn. For instance, consider a polynomial p(x1, x2) = x2
1
+ x2

2
+ x2

1
x2

2
, for which x2

2
is the

main A-quasi-homogeneous form for A = �2, 1�, and also for A = �1,−1� and for A = �1, 0�.

Thus, for this example, solving LPP (1), (2), we may obtain A = �1,−1� and the question of

the existence of A ∈ Nn remains open. When using LPP (1), (4), this situation does not arise.

3

MATEC Web of Conferences 362, 01017 (2022)	 https://doi.org/10.1051/matecconf/202236201017
CMMASS 2021



Acting in this way, we can define all main A-quasi-homogeneous polynomial forms of the

polynomial p(x) (either for A ∈ Zn\{0(n)}, or, in accordance with remark 1, only for A ∈ Nn).

However, in the case when the quantity |Np| is large enough, the number of elements in 2Np is

extremely large, which makes it impossible to apply this approach. In this regard, the question

arises of reducing the number of subsets that should be checked by solving the problem of

finding at least one integer solution in LPP (1), (2) (or, respectively, in (1), (4)). This will re-

quire some definitions and notation. We will use the following binary relations for a, b ∈ Rn :

a ≤ b ⇔ ai ≤ bi, i = 1, 2, . . . , n; a < b ⇔ ai < bi, i = 1, 2, . . . , n. Let Y be a finite set

from Rn. We denote: P(Y) =
�

y ∈ Y | ∀y′ ∈ Y [y′ ≤ y ⇒ y′ = y]
�

—the set of Pareto-optimal

points from Y; S (Y) =
�

y ∈ Y | ∀y′ ∈ Y [y′ < y ⇒ y′ = y]
�

—the set of Slater-optimal points

from Y . We also introduce generalizations of these sets. Let z = (z1, . . . , zn) ∈ {0, 1}n. Let us

denote for a, b ∈ Rn : a ≤ zb⇔ (−1)zi ai ≤ (−1)zi bi, i = 1, 2, . . . , n; a< zb⇔ (−1)zi ai < (−1)zi bi,

i = 1, 2, . . . , n. We further denote Pz(Y) =
�

y ∈ Y | ∀y′ ∈ Y [y′ ≤z y⇒ y
′
= y]
�

, S z(Y) =

=
�

y ∈ Y | ∀y′ ∈ Y [y′ <z y⇒ y
′
= y]
�

, P∗(Y) =
�

z∈{0,1}n PzY), S ∗(Y) =
�

z∈{0,1}n S z(Y). In ad-

dition, for A ∈ Rn denote zA
= (zA

1
, . . . , zA

n ) ∈ {0, 1}n, where zA
i
=















1, i f Ai < 0,

0, i f Ai ≥ 0.
Obvi-

ously, ∀a, b, A ∈ Rn: a ≤zA b⇒ �A, a� ≤ �A, b�, and if Ai � 0, i = 1, 2, . . . , n, then a ≤zA b,

a � b⇒ �A, a� < �A, b�.

We present the following almost obvious

Statement 3. Let Y be a finite set from Rn, A ∈ Rn, Y∗ = Argmin{�A, y� | y ∈ Y}. Then

(a) if Ai > 0, i = 1, 2, . . . , n, then Y∗ ⊆ P(Y);

(b) if Ai � 0, i = 1, 2, . . . , n, then Y∗ ⊆ PzA (Y);

(c) if Ai ≥ 0, i = 1, 2, . . . , n, A � 0(n), then Y∗ ⊆ S (Y);

(d) if A � 0(n), then Y∗ ⊆ S zA (Y).

A consequence of statement 3 is

Statement 4. Let some polynomial p(x) � 0. Then

(a) ∀A ∈ Nn for the main A-quasi-homogeneous form ϕA(x) of this polynomial,

NϕA
⊆ P(Np) holds;

(b) ∀A ∈ Zn\{0(n)} for the main A-quasi-homogeneous form ϕA(x) of this polynomial,

NϕA
⊆ S zA (Np) ⊆ S ∗(Np) holds;

(c) ∀A ∈ Zn\{0(n)}, if Ai � 0, i = 1, 2, . . . , n, then for the main A-quasi-homogeneous form

ϕA(x) of this polynomial, NϕA
⊆ PzA (Np) ⊆ P∗(Np) holds.

Statement 5. Let Y be a finite set from Rn, A ∈ Rn. Then

(a) ∀y ∈ Y , ∀z ∈ {0, 1}n ∃y∗ ∈ Pz(Y) ⊆ S z(Y): y∗ ≤z y;

(b) ∀y ∈ Y ∃y∗ ∈ PzA (Y) ⊆ S zA (Y) : y∗ ≤zA y, �A, y∗� ≤ �A, y�.

Using statements 4, 5, we obtain the possibility of reducing the number of options

N ∈ 2Np\{∅} for enumerating all main quasi-homogeneous forms of the polynomial p(x). In

the case of finding all main A-quasi-homogeneous forms for A ∈ Nn, it is sufficient to con-

sider LPP (1), (4) for N ∈ 2Np\{∅}, and in (1) we can replace Np by P(Np) (by virtue of

statement 5(b)). Accordingly, in the case of finding all main A-quasi-homogeneous forms for

A ∈ Zn\0(n), it is sufficient to consider LPP (1), (2) for N ∈ 2S ∗(Np)\{∅}, and in (1) we can

replace Np with S ∗(Np) (by virtue of statement 5(b)). This alone can result in a significant

reduction in the total amount of computation.

To further reduce the number of calls to the solution of LPP (1), (2) (or (1), (4)) one more

concept is needed. Let Y be a convex set from Rn. A point y ∈ Y is called a corner point of Y

if condition y = αy(1)
+ (1− α)y(2), where y(1), y(2) ∈ Y , α ∈ (0, 1), implies y(1)

= y(2)
= y. For

a finite set Y ⊂ Rn we denote: Ψ(Y)—the set of corner points of the CoY (CoY is the convex

hull of the set Y), Ω(Y) = Ψ(Y) ∩ P(Y).
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Acting in this way, we can define all main A-quasi-homogeneous polynomial forms of the
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i = 1, 2, . . . , n. We further denote Pz(Y) =
�

y ∈ Y | ∀y′ ∈ Y [y′ ≤z y⇒ y
′
= y]
�

, S z(Y) =

=
�

y ∈ Y | ∀y′ ∈ Y [y′ <z y⇒ y
′
= y]
�

, P∗(Y) =
�

z∈{0,1}n PzY), S ∗(Y) =
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= (zA

1
, . . . , zA

n ) ∈ {0, 1}n, where zA
i
=















1, i f Ai < 0,

0, i f Ai ≥ 0.
Obvi-

ously, ∀a, b, A ∈ Rn: a ≤zA b⇒ �A, a� ≤ �A, b�, and if Ai � 0, i = 1, 2, . . . , n, then a ≤zA b,

a � b⇒ �A, a� < �A, b�.

We present the following almost obvious

Statement 3. Let Y be a finite set from Rn, A ∈ Rn, Y∗ = Argmin{�A, y� | y ∈ Y}. Then

(a) if Ai > 0, i = 1, 2, . . . , n, then Y∗ ⊆ P(Y);

(b) if Ai � 0, i = 1, 2, . . . , n, then Y∗ ⊆ PzA (Y);

(c) if Ai ≥ 0, i = 1, 2, . . . , n, A � 0(n), then Y∗ ⊆ S (Y);

(d) if A � 0(n), then Y∗ ⊆ S zA (Y).

A consequence of statement 3 is

Statement 4. Let some polynomial p(x) � 0. Then

(a) ∀A ∈ Nn for the main A-quasi-homogeneous form ϕA(x) of this polynomial,

NϕA
⊆ P(Np) holds;

(b) ∀A ∈ Zn\{0(n)} for the main A-quasi-homogeneous form ϕA(x) of this polynomial,

NϕA
⊆ S zA (Np) ⊆ S ∗(Np) holds;

(c) ∀A ∈ Zn\{0(n)}, if Ai � 0, i = 1, 2, . . . , n, then for the main A-quasi-homogeneous form

ϕA(x) of this polynomial, NϕA
⊆ PzA (Np) ⊆ P∗(Np) holds.

Statement 5. Let Y be a finite set from Rn, A ∈ Rn. Then

(a) ∀y ∈ Y , ∀z ∈ {0, 1}n ∃y∗ ∈ Pz(Y) ⊆ S z(Y): y∗ ≤z y;

(b) ∀y ∈ Y ∃y∗ ∈ PzA (Y) ⊆ S zA (Y) : y∗ ≤zA y, �A, y∗� ≤ �A, y�.

Using statements 4, 5, we obtain the possibility of reducing the number of options

N ∈ 2Np\{∅} for enumerating all main quasi-homogeneous forms of the polynomial p(x). In

the case of finding all main A-quasi-homogeneous forms for A ∈ Nn, it is sufficient to con-

sider LPP (1), (4) for N ∈ 2Np\{∅}, and in (1) we can replace Np by P(Np) (by virtue of

statement 5(b)). Accordingly, in the case of finding all main A-quasi-homogeneous forms for

A ∈ Zn\0(n), it is sufficient to consider LPP (1), (2) for N ∈ 2S ∗(Np)\{∅}, and in (1) we can

replace Np with S ∗(Np) (by virtue of statement 5(b)). This alone can result in a significant

reduction in the total amount of computation.

To further reduce the number of calls to the solution of LPP (1), (2) (or (1), (4)) one more

concept is needed. Let Y be a convex set from Rn. A point y ∈ Y is called a corner point of Y

if condition y = αy(1)
+ (1− α)y(2), where y(1), y(2) ∈ Y , α ∈ (0, 1), implies y(1)

= y(2)
= y. For

a finite set Y ⊂ Rn we denote: Ψ(Y)—the set of corner points of the CoY (CoY is the convex

hull of the set Y), Ω(Y) = Ψ(Y) ∩ P(Y).

Statement 6. Let Y be a finite set from Rn. Then Ψ(Y) ⊆ P∗(Y). Statement 6 is a con-

sequence of the fact that for any corner point v ∈ Ψ(Y) there is a vector A ∈ Rn such that

Ai � 0, i = 1, 2, . . . , n, and ∀y ∈ Ψ(Y)\{v} �A, y� < �A, v� (hence v ∈ Argmin{�A, y� | y ∈ Y} ⊆

⊆ PzA (Y) ⊆ P∗(Y); see statement 3(b)).

Method 2. Let us first consider the case when it is required to select all main A-quasi-

homogeneous forms of the polynomial p(x) � 0 for A ∈ Nn. Let us show that in this

case it will be sufficient to consider LPP (1), (4) for all nonempty subsets N of the set

Ω(Np) = Ψ(Np) ∩ P(Np), that is, for N ∈ 2Ω(Np)\{∅}. Moreover, the set Np in (1) can be re-

placed by Ω(Np). Then in the case when for LPP e1 → min under constraints

�e, k� = �e, k(0)�, k ∈ N\{k(0)}; �e, k� ≥ �e, k(0)�+1, k ∈ Ω(Np)\N; ei ≥ 1, i = 1, 2, . . . , n,

(5)

where N ∈ 2Ω(Np)\{∅}, there is an integer solution e = A, for the set

Ñ =
{

k ∈ P(Np) | �A, k� = �A, k(0)�
}

(6)

the following holds: pÑ(x) is the main A-quasi-homogeneous form of the polynomial p(x).

Indeed, suppose it is not. Then ∃ k̃ ∈ Ω(Np)\N : �A, k̃� < �A, k(0)� (here we used the fact that

the minimum value of a linear function on a bounded convex polyhedral set is attained at the

corner points of this set (in this case, due to A ∈ Nn belonging to P(Np)), and this contradicts

the fact that e = A is a solution to system (5).

Let us show that the mainA-quasi-homogeneous forms of the polynomial p(x) for all

A ∈ Nn will be distinguished in this way. We need

Statement 7. Let N ⊂ Rn be a finite set,A ∈ Rn, N1 = Argmin{�A, x� | x ∈ N}. Further let

k ∈ N1. Then min{�A, x� | x ∈ N} = min{�A, x� | x ∈ Ψ(N)} and ∃k(1), . . . , k(r) ∈ N1 ∩ Ψ(N),

α1, . . . , αr ∈ R:

r
∑

i=1

αik
(i)
= k,

r
∑

i=1

αi = 1, αi > 0, i = 1, 2, . . . , r. (7)

Evidence. It is known (see, for example, [10, 11]) that there are k(1), . . . , k(r) ∈ Ψ(N),

α1, . . . , αr ∈R, for which (7) is true. Note that due to (7) we have: B= �A, k�=
∑r

i=1 αi�A, k
(i)�,

whence, by virtue of �A, k(i)� ≥ B, αi > 0, i = 1, 2, . . . , r,
∑r

i=1 αi = 1, we obtain �A, k(i)� = B,

i = 1, 2, . . . , r. Thus, k(1), . . . , k(r) ∈ N1 ∩ Ψ(N).

Corollary 1. Let the conditions of statement 7 be satisfied. Then Argmin{�A, y� | y∈Ψ(N)}=

= Ψ(N) ∩ N1.

Remark 4. Let the conditions of statement 7 be satisfied and Ai � 0, i = 1, 2, . . . , n. Then

due to Statement 3 the condition ∃k(1), . . . , k(r) ∈ N1∩Ψ(N) can be replaced by ∃k(1), . . . , k(r) ∈

∈ N1∩PzA (N)∩Ψ(N), and in the case Ai > 0, i = 1, 2, . . . , n,—by ∃k(1), . . . , k(r) ∈ N1∩Ω(N).

Let for some N̆ ⊆ P(Np), Ă ∈ Nn (where N̆ � ∅) pN̆(x) is the main Ă-quasi-homogeneous

form of the polynomial p(x), that is, N̆ = Argmin{�Ă, y� | y ∈ Np}. Let us show that it will

be isolated by the method 2. We denote N = N̆ ∩Ω(Np). Obviously (see statement 7 and

remark 4) that N � ∅. Let k(0) ∈ N. Then system (5) has an integer solution (in particular, the

e = Ă). Let us show that for any solution e = A of system (5) (not even necessarily integer)

for the set Ñ satisfying (6), Ñ = N̆ holds (and thus pN̆(x) is distinguished by the method under

consideration). (a) Let us show that k ∈ N̆ ⇒ k ∈ Ñ. Since N̆ = Argmin{�Ă, k� | k ∈ Np}, by

virtue of statement 7 and remark 4 ∃k(1), . . . , k(r) ∈ Ω(Np) ∩ N̆ = N, α1, . . . , αr ∈ R, which

holds (7). Moreover, according to the choice of A, we have: k(i) ∈ N ⇒ �A, k(i)� = �A, k(0)�,

i = 1, 2, . . . , r, whence, by virtue of (7), we obtain �A, k� = �A, k(0)�, i.e. k ∈ Ñ. (b) Now let us

show that k ∈ Ñ ⇒ k ∈ N̆. Note that from (5) it follows: �A, k(0)� = min{�A, k� | k ∈ Ω(Np)} =

= min{�A, k� | k ∈ Np} (since the minimum of the linear function is attained on Ψ(Np) and
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byvirtueofAi = ei ≥ 1, i= 1, 2, . . . , n, simultaneouslyon P(Np)),N = Argmin{�A, k� | k ∈Ω(Np)} =

= Ω(Np) ∩ Argmin{�A, k� | k ∈ Np}, Argmin{�A, k� | k ∈ Np} ⊆ P(Np) and therefore Ñ =

= Argmin{�A, k� | k ∈ Np}, Ω(Np) ∩ Ñ = N, whence, by virtue of statement 7 and remark 4,

∃k(1), . . . , k(r) ∈Ω(Np)∩ Ñ =N, α1, . . . , αr ∈R, which holds (7). Moreover, �Ă, k�=
∑r

i=1 αi <

< Ă, k(i)� = �Ă, k(1)�, due to k(1), . . . , k(r) ∈ N = N̆ ∩ Ω(Np) ⊆ N̆ = Argmin{�Ă, y� | y ∈ Np},

that is, k ∈ N̆.

Let us now consider the case when it is required to select all main A-quasi-homogeneous

forms for A ∈ Zn\{0(n)}. Let us show that in this case it will be sufficient to consider system

LPP (1), (2) for all nonempty subsets N of the set Ψ(Np), that is, for N ∈ 2Ψ(Np)\{∅}. More-

over, the set Np in (1) can be replaced by Ψ(Np). Then in the case when for N ∈ 2Ψ(Np)\{∅}

for the system considered in this way

�e, k� = �e, k(0)�, k ∈ N\{k(0)}; �e, k� ≥ �e, k(0)� + 1, k ∈ Ψ(Np)\N, (8)

there is an integer solution e = A, which is found by a solution of the LPP (2), (8) for the set

Ñ =
{

k ∈ S ∗(Np) | �A, k� = �A, k(0)�
}

(9)

the following holds: pÑ(x) is the main A-quasi-homogeneous form of the polynomial p(x).

Indeed, suppose it is not. Then either ∃ k̃ ∈ Ψ(Np) : �A, k̃� < �A, k(0)� (here we used the fact

that the minimum value of a linear function on a bounded convex polyhedral set is attained

at the corner points of this set), which contradicts the fact that e = A is a solution to sys-

tem (8), or �A, k(0)� = min{�A, k� | k ∈ Np}. In the latter case, by virtue of statement 4(b),

Argmin{�A, k� | k ∈ Np} ⊆ S ∗(Np), whence it follows that Argmin{�A, k� | k ∈ Np} = Ñ,

and pÑ(x) is the main A-quasi-homogeneous form of the polynomial p(x).

Let us show that the main A-quasi-homogeneous forms of the polynomial p(x) for all

A ∈ Zn\{0(n)} will be distinguished in this way. Let for N̆ ⊆ P(Np) (where N̆ � ∅) pN̆(x) is

the main Ă-quasi-homogeneous form of the polynomial p(x) for some Ă ∈ Zn\{0(n)}, i.e.

Argmin{�Ă, k� | k ∈Np}= N̆. Let us show that it will be distinguished by the described method.

We denote N = N̆∩Ψ(Np). Obviously, N � ∅ (by virtue of statement 7, N̆ � ∅ ⇒ N � ∅), that

is, N ∈ 2Ψ(Np)\{∅}. Let k(0) ∈ N. Then, using the fact that Ψ(Np)\N = Ψ(Np)\N̆ ⊆ Np\N̆, we

obtain that system (8) has an integer solution (in particular, the vector Ă). Let us show that

for any solution e = A of system (8) (even not necessarily integer) for the set Ñ satisfying (9),

Ñ = N̆ holds (and thus pN̆(x) is distinguished by the method under consideration). (a) Let us

show that k ∈ N̆ ⇒ k ∈ Ñ. Since N̆ = Argmin{�Ă, k� | k ∈ Np}, by virtue of statement 7,

∃k(1), . . . , k(r) ∈ Ψ(Np) ∩ N̆ = N, α1, . . . , αr ∈ R, which holds (7). Moreover, according to

the choice of A, we have: �A, k(i)� = �A, k(0)�, i = 1, 2, . . . , r, whence, by virtue of (7), we

obtain �A, k� = �A, k(0)�, i.e. k ∈ Ñ (by statement 4(b), k ∈ N̆ ⇒ k ∈ S ∗(Np)). (b) Let us show

that k ∈ Ñ ⇒ k ∈ N̆. Note that from (8) it follows: �A, k(0)� = min{�A, k� | k ∈ Ψ(Np)} =

= min{�A, k� | k ∈ Np}. Using (8) and corollary 1, we find that N = Argmin{�A, k� | k ∈Ψ(Np)} =

= Ψ(Np) ∩ Argmin{�A, k� | k ∈ Np}, and hence, by virtue of k(0) ∈ N, as well as of state-

ment 4(b), Ñ = Argmin{�A, k� | k ∈ Np}, Ψ(Np) ∩ Ñ = N. Since k ∈ Ñ, by virtue of

statement 7 ∃k(1), . . . , k(r) ∈ Ψ(Np) ∩ Ñ = N, α1, . . . , αr ∈ R, which holds (7). Moreover,

�Ă, k� =
∑r

i=1 αi�Ă, k
(i)� = �Ă, k(1)�, due to k(1), . . . , k(r) ∈ N = N̆ ∩Ψ(Np) ⊆ N̆, that is, k ∈ N̆.

Method 3. Let us first consider the case when it is required to select all main A-quasi-

homogeneous forms for A ∈ Zn\{0(n)}.

Statement 8. Let Np � ∅ (that is, p(x) � 0) hold for some polynomial p(x). Let

k(1), . . . , k(r) ∈ Ψ(Np), k(0)
=

1

r
(k(1)
+ . . . + k(r)) ∈ riCoNp, r ∈ N. Then any set of points

from Np, including the points k(1), . . . , k(r), cannot enter any main quasi-homogeneous poly-

nomial form of p(x) other than the polynomial p(x) itself.
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byvirtueofAi = ei ≥ 1, i= 1, 2, . . . , n, simultaneouslyon P(Np)),N = Argmin{�A, k� | k ∈Ω(Np)} =

= Ω(Np) ∩ Argmin{�A, k� | k ∈ Np}, Argmin{�A, k� | k ∈ Np} ⊆ P(Np) and therefore Ñ =

= Argmin{�A, k� | k ∈ Np}, Ω(Np) ∩ Ñ = N, whence, by virtue of statement 7 and remark 4,

∃k(1), . . . , k(r) ∈Ω(Np)∩ Ñ =N, α1, . . . , αr ∈R, which holds (7). Moreover, �Ă, k�=
∑r

i=1 αi <

< Ă, k(i)� = �Ă, k(1)�, due to k(1), . . . , k(r) ∈ N = N̆ ∩ Ω(Np) ⊆ N̆ = Argmin{�Ă, y� | y ∈ Np},

that is, k ∈ N̆.

Let us now consider the case when it is required to select all main A-quasi-homogeneous

forms for A ∈ Zn\{0(n)}. Let us show that in this case it will be sufficient to consider system

LPP (1), (2) for all nonempty subsets N of the set Ψ(Np), that is, for N ∈ 2Ψ(Np)\{∅}. More-

over, the set Np in (1) can be replaced by Ψ(Np). Then in the case when for N ∈ 2Ψ(Np)\{∅}

for the system considered in this way

�e, k� = �e, k(0)�, k ∈ N\{k(0)}; �e, k� ≥ �e, k(0)� + 1, k ∈ Ψ(Np)\N, (8)

there is an integer solution e = A, which is found by a solution of the LPP (2), (8) for the set

Ñ =
{

k ∈ S ∗(Np) | �A, k� = �A, k(0)�
}

(9)

the following holds: pÑ(x) is the main A-quasi-homogeneous form of the polynomial p(x).

Indeed, suppose it is not. Then either ∃ k̃ ∈ Ψ(Np) : �A, k̃� < �A, k(0)� (here we used the fact

that the minimum value of a linear function on a bounded convex polyhedral set is attained

at the corner points of this set), which contradicts the fact that e = A is a solution to sys-

tem (8), or �A, k(0)� = min{�A, k� | k ∈ Np}. In the latter case, by virtue of statement 4(b),

Argmin{�A, k� | k ∈ Np} ⊆ S ∗(Np), whence it follows that Argmin{�A, k� | k ∈ Np} = Ñ,

and pÑ(x) is the main A-quasi-homogeneous form of the polynomial p(x).

Let us show that the main A-quasi-homogeneous forms of the polynomial p(x) for all

A ∈ Zn\{0(n)} will be distinguished in this way. Let for N̆ ⊆ P(Np) (where N̆ � ∅) pN̆(x) is

the main Ă-quasi-homogeneous form of the polynomial p(x) for some Ă ∈ Zn\{0(n)}, i.e.

Argmin{�Ă, k� | k ∈Np}= N̆. Let us show that it will be distinguished by the described method.

We denote N = N̆∩Ψ(Np). Obviously, N � ∅ (by virtue of statement 7, N̆ � ∅ ⇒ N � ∅), that

is, N ∈ 2Ψ(Np)\{∅}. Let k(0) ∈ N. Then, using the fact that Ψ(Np)\N = Ψ(Np)\N̆ ⊆ Np\N̆, we

obtain that system (8) has an integer solution (in particular, the vector Ă). Let us show that

for any solution e = A of system (8) (even not necessarily integer) for the set Ñ satisfying (9),

Ñ = N̆ holds (and thus pN̆(x) is distinguished by the method under consideration). (a) Let us

show that k ∈ N̆ ⇒ k ∈ Ñ. Since N̆ = Argmin{�Ă, k� | k ∈ Np}, by virtue of statement 7,

∃k(1), . . . , k(r) ∈ Ψ(Np) ∩ N̆ = N, α1, . . . , αr ∈ R, which holds (7). Moreover, according to

the choice of A, we have: �A, k(i)� = �A, k(0)�, i = 1, 2, . . . , r, whence, by virtue of (7), we

obtain �A, k� = �A, k(0)�, i.e. k ∈ Ñ (by statement 4(b), k ∈ N̆ ⇒ k ∈ S ∗(Np)). (b) Let us show

that k ∈ Ñ ⇒ k ∈ N̆. Note that from (8) it follows: �A, k(0)� = min{�A, k� | k ∈ Ψ(Np)} =

= min{�A, k� | k ∈ Np}. Using (8) and corollary 1, we find that N = Argmin{�A, k� | k ∈Ψ(Np)} =

= Ψ(Np) ∩ Argmin{�A, k� | k ∈ Np}, and hence, by virtue of k(0) ∈ N, as well as of state-

ment 4(b), Ñ = Argmin{�A, k� | k ∈ Np}, Ψ(Np) ∩ Ñ = N. Since k ∈ Ñ, by virtue of

statement 7 ∃k(1), . . . , k(r) ∈ Ψ(Np) ∩ Ñ = N, α1, . . . , αr ∈ R, which holds (7). Moreover,

�Ă, k� =
∑r

i=1 αi�Ă, k
(i)� = �Ă, k(1)�, due to k(1), . . . , k(r) ∈ N = N̆ ∩Ψ(Np) ⊆ N̆, that is, k ∈ N̆.

Method 3. Let us first consider the case when it is required to select all main A-quasi-

homogeneous forms for A ∈ Zn\{0(n)}.

Statement 8. Let Np � ∅ (that is, p(x) � 0) hold for some polynomial p(x). Let

k(1), . . . , k(r) ∈ Ψ(Np), k(0)
=

1

r
(k(1)
+ . . . + k(r)) ∈ riCoNp, r ∈ N. Then any set of points

from Np, including the points k(1), . . . , k(r), cannot enter any main quasi-homogeneous poly-

nomial form of p(x) other than the polynomial p(x) itself.

Evidence. Suppose that such a form has been found, i.e. ∃A ∈ Zn\0(n), B ∈ Z: �A, k(1)� =

= B, . . . , �A, k(r)� = B, ∀k ∈ Np �A, k� ≥ B, and �A, k∗� > B holds for some k∗ ∈ Np. We can

assume that k∗ ∈ Ψ(Np) (since the linear function reaches its extreme values at the corner

points of the bounded polytope). Then �A, k(0)� = B. On the other hand, since k(0) ∈ riCoNp,

then [12] ∃αk > 0, k ∈ Ψ(Np) :
∑

k∈Ψ(Np) αk = 1, k(0)
=
∑

k∈Ψ(Np) αkk, and by virtue of αk∗ > 0

we obtain �A, k(0)� > B, that is, came to a contradiction.

Remark 5. When A ∈ Nn statement 6 can be strengthened. Let k̄ ∈ Zn
≥, where k̄i =

= max{ki | k ∈ Np}, i = 1, 2, . . . , n. Then the condition k(0) ∈ riCoNp can be replaced by

a weaker one: k(0) ∈ riCo{Np ∪ {k̄}}. The proof is similar, taking into account the fact that

k̄ ∈ Ψ(Np ∪ {k̄}).

Statement 8 points to the following possible organization of the process (algorithm)

for the selection of all main quasi-homogeneous polynomial forms of the polynomial p(x)

different from this polynomial (for example, in the case of intCoNp � ∅ any main quasi-

homogeneous polynomial form of the polynomial p(x) is different from it).

Algorithm 1 (finding all main quasi-homogeneous polynomial form of the polynomial p(x))

Step 1. Select Ψ(Np), S ∗(Np). Let’s number the points from Ψ(Np), i.e. let Ψ(Np) =

= {k(1), . . . , k(m)}.

Step 2. Further work of the algorithm is divided into m stages. At the 1st stage, we list

all main quasi-homogeneous polynomial forms with the occurrence of k(1) in them. At the

2nd stage—with the occurrence of k(2), but without k(1). At the 3rd stage—with the entry

of k(3), but already without k(1), k(2), etc.

Step 3. The described multistage process is conveniently represented as a set of growing

trees (forest). Each point k(i) ∈ Ψ(Np) is the root of the tree along which all main quasi-

homogeneous polynomial forms will be located with a survey entry of the point k(i) in them,

but in the absence of points k(1), . . . , k(i−1). As a result, sets of pairwise disjoint sets of main

quasi-homogeneous polynomial forms will be obtained.

Let us describe a tree with the root k(1) (the rest are described similarly). We will con-

sider k(1) as the top of the 0th level of this tree. Level 1 vertices adjacent to k(1) are all

k ∈ Ψ(Np)\{k(1)} for which
1

2
(k + k(1)) � riCoNp (in this case, by virtue of statement 8, all

obviously inappropriate cases are cut off), which we arrange in ascending order of numbers.

Each vertex k̄ of the 1st level is adjacent to the vertices of the 2nd level (“sons” of the ver-

tex k̄). Moreover, any vertex k̃ that is a “son” of a vertex k̄ is taken from the set of level 1

vertices lying to the right of k̄ (to avoid repetitions) and such that
1

3
(k(1)
+ k̄ + k̃) � riCoNp

(in this case, by virtue of statement 8, all obviously inappropriate cases are cut off), which

we again arrange in the order of increasing numbers. We continue this process as long as

possible. During this process, for each current vertex k̆ of the tree under construction, select

the set of vertices included in the chain connecting k̆ with k(1) (it is the only one in the tree)

and check for the set of vertices N ⊆ Ψ(Np), included into this chain, the existence of an inte-

ger solution in LPP (2), (8). In the case of the existence of a solution, we single out the next

main quasi-homogeneous polynomial form Ñ by formula (9), where k(0) is any representative

from N.

Let us now consider the case when it is required to select all main A-quasi-homogeneous

forms for A ∈ Nn. In this case, we modify algorithm 1. At step 1, we will now use

Ω(Np)\riCo{Np ∪ {k̄}}, where k̄ ∈ Zn
≥, k̄i = max{ki | k ∈ Np}, i = 1, 2, . . . , n, instead of Ψ(Np).

Accordingly, at step 3, instead of LPP (2), (8), we use LPP e1 → min under constraints (5),

and find Ñ by formula (6) (instead of (9)). In addition, we replace everywhere in the algo-

rithm riCoNp on the riCo{Np ∪ {k̄}}.
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3 Method for finding the set of corner points Ψ(Y)

Consider the following problem. Let Y ⊂ Rn be a finite set. It is required to select Ψ(Y)—the

set of corner points of the convex polytope CoY . We will use

Statement 9. Let Y ⊂ Rn be a finite set. For a point v ∈ Y to have v ∈ Ψ(Y) it is necessary

and sufficient that

∃e ∈ Rn: e � 0(n), ∀y ∈ Y\{v}�y − v, e� < 0. (10)

Corollary 2. Using the fact that a linear function attains its extremal values on a convex

polytope at the corner points, in condition (10) we can replace Y with any finite set V such

that Ψ(Y) ⊆ V ⊆ Y , and since Ψ(Y) ⊆ P∗(Y), then in (10) one can, for example, change Y

to P∗(Y).

Corollary 3. Using the fact that if the inequalities in (10) hold for some e ∈ Rn, these in-

equalities will also hold for λe, where λ > 0, condition (10) can be reformulated in terms

of LPP. Suppose we are in the conditions of statement 9 and a finite set V is such that

Ψ(Y) ⊆ V ⊆ Y (for example, V = P∗(Y)). Then, for the point v ∈ V to hold v ∈ Ψ(Y), it is

necessary and sufficient that for the LPP (11): t(v) < 0, where

u→ min(= t(v)); �y − v, e� ≤ u, y ∈ V\{v}, −1 ≤ ei ≤ 1, i = 1, 2, . . . , n. (11)

The following simple technique allows significantly reduce the number of calls to the

solution of the LPP (11) to find Ψ(Y). Let Y ⊂ Rn be a finite set, gi(x), i = 1, 2, . . . , k, be real

functions defined on Y . Introduce the sets Y0 = Y , Yi =
{

x ∈ Yi−1 | gi(x)= min{gi(x′) | x′ ∈ Yi−1}
}

,

i = 1, 2, . . . , k. Let us denote lexArg[Y, g1, . . . , gk] = Yk.

Statement 10. Let Y ⊆ Rn be a finite set, A ∈ Rn, YA = lexArg[Y, �A, x�, x1, . . . , xn].

Then YA consists of a single point yA ∈ Ψ(Y).

Remark 5. Statement 10 remains valid in the case YA = lexArg[Y, �A, x�, (−1)i1 x1, . . .

. . . , (−1)in xn], where i1, . . . , in ∈ {0, 1}.

Consider the point yΣ = (1\|Y |)
∑

y∈Y y ∈ riCoY (instead of Y we can use P∗(Y) or any

set V , satisfying condition Ψ(Y) ⊆ V ⊆ Y).

Algorithm 2 (finding the set Ψ(Y))

Step 1. Put U = P∗(Y), W = ∅, V = U ∪W. At each stage of the algorithm we have

W ⊆ Ψ(Y) ⊆ V = U ∪W ⊆ P∗(Y). (12)

Step 2. Consider any point v ∈ U. Let A = v − yΣ (obviously, A � 0(n)). Define {yA} =

= YA = lexArg[Y, �A, x�, x1, . . . , xn] (see statement 10) and set W :=W ∪ {yA}. If yA
= v, then

assign U :=U\{v} and go to step 3. If yA
� v, then solve the LPP (11) and assign U :=U\{v}.

If t(v) < 0, then v ∈ Ψ(Y) (see corollary 3), and assign W := W ∪ {v}, otherwise v � Ψ(Y).

Finally, assign V := U ∪W and go to step 3.

Step 3. If U = ∅, then the process ends and in this case W = Ψ(Y) (according to (12)).

Otherwise, go to step 2.

4 Results

Thus, three practical methods for finding all main quasi-homogeneous forms of a polynomial

are described (1st is the easiest and 3rd is the most difficult). However, with a large number

of terms in the polynomial, the 3rd one is most preferable. Let us show by examples the

advantage of the 2nd method in comparison with the 1st, and also the 3rd in comparison with

the 2nd.

Example 2. (1) Consider the polynomial p(x, y, z) = 3xy + 5xz − yz + 7xyz + 4x2yz−

−6xy2z + 2xyz2, where Np = {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1), (2, 1, 1), (1, 2, 1), (1, 1, 2)}.
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Then YA consists of a single point yA ∈ Ψ(Y).

Remark 5. Statement 10 remains valid in the case YA = lexArg[Y, �A, x�, (−1)i1 x1, . . .

. . . , (−1)in xn], where i1, . . . , in ∈ {0, 1}.

Consider the point yΣ = (1\|Y |)
∑

y∈Y y ∈ riCoY (instead of Y we can use P∗(Y) or any

set V , satisfying condition Ψ(Y) ⊆ V ⊆ Y).

Algorithm 2 (finding the set Ψ(Y))

Step 1. Put U = P∗(Y), W = ∅, V = U ∪W. At each stage of the algorithm we have

W ⊆ Ψ(Y) ⊆ V = U ∪W ⊆ P∗(Y). (12)

Step 2. Consider any point v ∈ U. Let A = v − yΣ (obviously, A � 0(n)). Define {yA} =

= YA = lexArg[Y, �A, x�, x1, . . . , xn] (see statement 10) and set W :=W ∪ {yA}. If yA
= v, then

assign U :=U\{v} and go to step 3. If yA
� v, then solve the LPP (11) and assign U :=U\{v}.

If t(v) < 0, then v ∈ Ψ(Y) (see corollary 3), and assign W := W ∪ {v}, otherwise v � Ψ(Y).

Finally, assign V := U ∪W and go to step 3.

Step 3. If U = ∅, then the process ends and in this case W = Ψ(Y) (according to (12)).

Otherwise, go to step 2.

4 Results

Thus, three practical methods for finding all main quasi-homogeneous forms of a polynomial

are described (1st is the easiest and 3rd is the most difficult). However, with a large number

of terms in the polynomial, the 3rd one is most preferable. Let us show by examples the

advantage of the 2nd method in comparison with the 1st, and also the 3rd in comparison with

the 2nd.

Example 2. (1) Consider the polynomial p(x, y, z) = 3xy + 5xz − yz + 7xyz + 4x2yz−

−6xy2z + 2xyz2, where Np = {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1), (2, 1, 1), (1, 2, 1), (1, 1, 2)}.

Let us consider the case when it is required to select all main A-quasi-homogeneous forms of

p(x, y, z) for A ∈ Nn. Then, in the case of applying the method 1, one would have to enumer-

ate 2|Np | − 1 = 27 − 1 = 127 possible cases, in each of which the corresponding LPP would

be solved. In the case of using method 2, Ω(Np) = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}, and therefore

it suffices to consider 2|Ω(Np)| − 1 = 23 − 1 = 7 cases.

(2) Consider the polynomial p(x, y) = 3y10
+ 5x2y9 − x3y8

+ 7x4y7
+ 4x5y5 − 6x6y3

+ 2x7,

where Np = {(0, 10), (2, 9), (3, 8), (4, 7), (5, 5), (6, 3), (7, 0)}. Let us consider the case when it

is required to select all main A-quasi-homogeneous forms of p(x, y) for A ∈ Nn. Then, in

the case of applying the method 2, Ω(Np) = Np, and therefore one would have toenumerate

2|Ω(Np)| −1 = 27−1 = 127 possible cases. In the case of using method 3, we have: k̄ = (7, 10),

Ω(Np)\riCo{Np ∪ {k̄}} = {(0, 10), (7, 0)}, and therefore consideration of no more than 3 cases

will be required, in each of which we obtain one of the appropriate quasi-homogeneous forms:

3y10 for A = (2, 1), 2x7 for A = (1, 4) and 3y10
+ 2x7 for A = (10, 7).

5 Conclusion

We consider the problem of identifying the main quasi-homogeneous forms of a polynomial

(quasi-homogeneous form of a polynomial is a generalization of the concept of its homoge-

neous form), which are the sums of the terms of the polynomial belonging to some face of

the Newton polytope of this polynomial.

Finding these forms is necessary for solving many practical problems, in particular, for

construction of necessary and sufficient conditions of an extremum for polynomials and

power series [1, 2], as well as checking matrices for D-stability arising in the study of ecosys-

tem stability [6, 7].

For various practical applications, it is sometimes required to select all the main quasi-

homogeneous forms. Meanwhile, when solving some problems, it is enough to use some part

of them (for example, “southwest” forms—in the case of two variables). In the latter case, it

is possible to consider not only polynomials, but also power series (i.e., analytic functions).

In accordance with this, two variants of methods (algorithms) are considered.

On the basis of the proposed methods, practically realizable algorithms are described that

use a significant reduction in the number of options to be enumerated, in comparison with the

methods of simple enumeration.

A practically realizable rather economical algorithm for solving an auxiliary problem

is described—finding the set of corner points of the polytope CoY , where Y is a finite set

from Rn.
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