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Abstract. A study was performed to investigate the effect of using Euler-
Lagrange optimization decreasing energy demands for given electro-
mechanical systems exploiting electric drives, which are typical for
industrial and transportation applications e.g. robotic arm control, train
movement control etc.

1 Introduction

Differential equations and systems of the differential equations describes many types of real
physical systems of various disciplines of technical praxis. The theory of differential
equations is one of the most important parts of modern applied mathematics. Differential
equations can be divided into several types— classical ordinary, partial differential equations
and functional differential equations 1. Apart from describing the properties of the equation
itself, these classes of differential equations can help inform the choice of approach to a
solution.

In this paper we discus some relations between differential equations, variational problem
and energy optimal control of electric drives. The starting point for describing a drive
control system is the is the differential equation modelling the motor and its driven load 2,
3, 4. The basic form of this equations is applicable to all types of electrical motors

Jrw =M, — My, (€Y)

where J, is moment of inertia to the shaft of electric motor,M, is the electrical torque
developed by the motor,M; is the load torque acting on the rotor inertia to the rotor angular
acceleration w.

In paper 4, 5 the authors supposed the load torque in the form

M, =A+ Bw + Cw?, @)

wherethe constants A, B and C represent Coulomb, viscous and aerodynamic friction terms.
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2 Theoretical background

The cost function which we have to minimalised is defined by the relation
R. (Tm T .
I=?fo M,? dt + [, M, w dt — min, 3)

where R_is the stator resistance and k, is the torque constant. The first part of (3) represents
electrical losses in copper and the second part of (3) describes the mechanical-friction
losses during the manoeuvre time Ty, .

Now we obtain the corresponding Lagrange function

L =25 M2 + Myw + 41 (ro = M + My) + A5(p — w). )
t

By deriving this function according to the variable w and taking into account the properties
of the angular velocity we get

a d (o d ]
i = a(—l‘) = ML - AZ = E(/‘ll]r) :]‘rll' (5)

oo

In a similar way for the variable ¢

oL _ d (aL _d -
%‘E(%) > 0=2() = A=0 6)

and the variable M,

oL _ d (oL _ o R _ _ k_tz B
aM, ~ dt (BME) = 0= zktz Me—24, = M= (ZRE) A = kpdy. @)
km

Now from previous and from (1), also if we suppose ¢ = w, we get system of four
equations

]r/l.l =M, — 4 (8
A =0, €
Jrwo =M, — M, =kpA — M, (10)
9= w. (11)

In our case the we suppose that the load torque is constant, i.e..M; = A = const. So,the
system is linear nonhomogeneous systems of differential equations in the form

A== 7 + W (12)
A, =0, (13)
Km, A
O =" = (14)
¢ =w, (15)
which can be written also matrix notation as
. 1 A
AN A VAN
A 0 0 o0 off[A 0 :
2 =|k_m o (172 ]+ il o X=AX+B. (16)

o) 5o DN\
¢ o o 1 0/ ° 0

The general solution of this system has got the form
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X=Y+7Y, 17)

whereYis the homogeneous solution of the system X = AX and Y, is some particular solution of
the system (16).

The eigenvalues A; of the matrix Aare the roots of the characteristic equation
det(4 — AE) = 0. (18)
We obtain 4, 3 4 = 0, which is an eigenvalue of the matrix Awith the multiplicity k = 4.
If we consider the system of linearly independent vectors
V1,V2,V3,Vy, (19)
Which satisfy the following relations
AvjAIlAvj A_vi,’j_ . (20)
for j = 2,3,4, then the functions
x; = wi(t) - et = w;(t), (€29)
fori = 1,2,3,4, where

wi(t) = vy,
Wz(t) = tvl + vy,

2
W3(t) =%‘U1 +th +‘U3, (22)
t3 t?
W4(t) = Zvl +?v2 + tV3 +174_,

are linearly independent solutions of the homogeneous system X = AX. The vectors v; with
the properties (21) are called generalized eigenvectors of the matrix A. To obtain these
generalized eigenvectors we use so-called Weyr's theory of matrices [6]. After this
procedure we get these generalized vectors

(0\‘ 0 -1
o) o) [
vi=| o0 |, v2={ka| vs=| 0| v,=
km I 0
=l \5 0

(23)

(=N N )

J;

and the homogeneous solution of the system can be written in the form
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(8o 3l 2)-L2))
/e ) W)

where C3, C;, €5, C, € R are real constants.

And also is it easy to proof that the function

At
Al Jr
A, 0
Y, = =| Akm .2 _ At (25)
P Tme2 2
w 2,2 Ir
¢ \Akm 3 At?
2 t Y
6Jr 2Jr

Is the particular solution of nonhomogeneous system (16).

3 Reached results

So finally, we must find the unknown coefficients C;, C,, C3, C, € R using the boundary

conditions.
w(0) =0,
w(Ty) =0,
9(0) =0, (26)
(p(Tm) =2m,
for system

1 t At k kmt kmAt
M=—Cr—Ci+2 o M, =kph = —Cim— ¢, kb It
! St e mai S Tt o
A, =0,

— _Crm_opkm o2 Km 2 AKm AL
W=t G g T T
k k k k Ak At?
=—C 5 —Ct B —Ct? B —Cut? 2 + 132 ——,
MR A TR TR TR TR

2
where J, = 0.3 kgm?, k,,, = % andk; =2.7NmA™% R, = 0.11 QA = 0.2 N m. The solution is
€, =0,C, = 0,C; = —0.1042,C, = 0.4048.
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Fig. 1. Position and angular speed of the system. (The x-axis represents the time in seconds and the y-
axis represents the position in radians, respectively angular velocityin radians per second).
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Fig. 2. M, electrical torque (The x-axis represents the time in seconds).
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