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Abstract. Crowd stability analysis is one of research hotspots to alleviate 
the severe situation of stampede accidents worldwide. Different from the 
conventional analysis models for crowd stability based on pedestrian 
density, this study analyses the characteristics of external disturbances and 
internal obstacle disturbance based on Lyapunov's theory. The critical 
range of crowd acceleration in crowd evacuation is obtained, a crowd 
merging acceleration-critical density time delay model is established, and a 
stability criterion of acceleration vector based on Lyapunov is obtained 
based on Lyapunov stability analysis. This provides new information for 
ensuring the stability of crowd movement in public places, assessing the 
stability of the crowd in the area, and taking reasonable protection and 
guidance measures prior to instability of a crowd flow. 
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1 Introduction 
Serious pedestrian accidents occurred frequently in the past decade. For example, on 

June 20, 2013, Beckham visited Tongji University. When he entered the stadium, the fans 
lost control and the stampede caused huge casualties. On December 31st, 2014, a large 
number of pedestrians under the observation deck of the Bund in Shanghai hedged up and 
down, causing 36 pedestrians to die and 49 others to be injured. These accidents around the 
world caused a large number of casualties and economic losses.  

In general, the crowd density in a specific area in public places can reflect the stability 
of the crowd to a large extent, that is, the crowd density can be used as an indicator of 
crowd stability [1]. Therefore, it is particularly important to obtain the crowd density in a 
specific area of public places, evaluate the stability of the crowd in this area, and take 
reasonable guidance measures in time before the crowd is in a state of instability. Different 
from the conventional analysis models above, this study analyzes the characteristics of 
external disturbances and internal obstacle disturbance based on Lyapunov's theory, then 
proposes a crowd merging acceleration-critical density time delay model. 
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2 The stability of crowd evacuation based on Lyapunov 
Stability refers to the performance of the system that is restored from the initial deviation 
state to the original equilibrium state after being disturbed. Any system may deviate from 
the original equilibrium state under a disturbance with sufficient energy, resulting in an 
initial deviation. The traditional stability criterion methods of systems are classified as: 
Helwitz stability criterion, Routh stability criterion, root locus analysis method, Nyquist 
stability criterion and Lyapunov stability criterion. The moving crowd can also be regarded 
as a system. The stability of the crowd system reflects the ability of the crowd to return to a 
normal and stable state of movement when encountering an emergency or sudden situation 
[2] (The external disaster disturbance of the crowd system (such as fire smoke, poisonous 
gas, heat waves, earthquakes, violent terrorist attacks, etc.) and internal disturbances (such 
as pedestrians falling, crowding of pedestrians or large luggage falling, etc.) will affect the 
stability of the crowd merging system.  

Lyapunov stability uses a state vector to describe the stability of the system, which can 
effectively solve the stability problem of nonlinear systems [3]. The stability of Lyapunov 
is mainly aimed at studying the equilibrium state of the system. For all time t, as long as it 
is satisfied: 

ẋeq = fl�xeq, t� = 0                                                                                (1) 

The state of 𝑥𝑒𝑞 is called the equilibrium state. When the system is in equilibrium, its 
components no longer change with respect to time.  

Assuming that the initial state of the system is in the closed-sphere domain S(𝛿), the 
closed-sphere domain is based on the equilibrium state 𝑥𝑒𝑞 as the center of the sphere and 𝛿 
as the radius, that is  

��x0 − xeq�� ≤ δ，t = t0                                                           (2) 

If in the process of 𝑡 → ∞, the solution 𝑥(𝑡; 𝑥0, 𝑡0) of the system equation is located in 
the closed sphere domain S(𝜀), the closed sphere domain S(𝜀) is the equilibrium state 𝑥𝑒𝑞 
as the center of the sphere and 𝛿 as the radius which is 

||x(t; x0, t0) − x0|| ≤ ε， t ≥ t0                                                  (3) 

It is said that the equilibrium state 𝑥𝑒𝑞  of the system is stable in the sense of 
Lyapunov[4]. 

3 The acceleration-critical density time-delay model 
According to the Lyapunov stability theory, the stability criterion of the acceleration vector 
of the crowd flow is analyzed. The macroscopic model of the flow of panic crowds at 
merging intersections is composed of Eqs. (4)-(6). 
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where 𝜌 is the density of the evacuated crowd, and 𝑣 and 𝑢 are the horizontal and vertical 
velocities at time 𝑡 at (𝑥,𝑦). 𝑉𝑒  and 𝑈𝑒  are the equilibrium speeds in the horizontal and 
vertical directions, respectively, and are given by the steady-state relationship between the 
speed and density of the flowing group. 𝑃ℎ and 𝑃𝑣 are the pressure terms in the horizontal 
and vertical directions, respectively, and 𝜏 is the relaxation time coefficient, which is the 
time constant for adjusting the speed of the flowing group to the equilibrium speed. 

The equilibrium flow of the macro-crowd flowing model of panic spread at merging 
junctions is 𝑞𝑒𝑞(𝑥,𝑦, 𝑡) = [𝜌𝑒𝑞(𝑥,𝑦, 𝑡), 𝑣𝑒𝑞(𝑥,𝑦, 𝑡),𝑢𝑒𝑞(𝑥,𝑦, 𝑡)]𝑇 ， The panic flow is 
𝑞𝑝(𝑥,𝑦, 𝑡) , Among them, 𝜌(𝑥,𝑦, 𝑡) is the density of evacuated people, 𝑣(𝑥,𝑦, 𝑡) , 
𝑢(𝑥,𝑦, 𝑡)are the horizontal and vertical directions at time 𝑡 at (𝑥,𝑦) speed. If the spatial 
gradient of the panic state is bounded, the spread of the crowd flow q(𝑥,𝑦, 𝑡)in the panic 
state is stable, that is, 

�
∂qp
∂x

(x, y, t)� < ∞ and  �
∂qp
∂y

(x, y, t)� < ∞.                                  (7) 

At any time 𝑡 > 0,  (𝑥,𝑦) ∈ 𝑀, 𝑀 is the set of the entire junction area. In addition to the 

above, when 𝑙𝑖𝑚𝑡→∞ �
𝜕𝑞𝑝
𝜕𝑥

(𝑥,𝑦, 𝑡)� = 0 and 𝑙𝑖𝑚𝑡→∞ �
𝜕𝑞𝑝
𝜕𝑦

(𝑥,𝑦, 𝑡)� = 0, the propagation of 

equilibrium flow 𝑞𝑒𝑞(𝑥,𝑦, 𝑡) is asymptotically stable [5]. 
Expand the partial derivatives in formulas (4), (5) and (6),  𝜌(𝑥,𝑦, 𝑡), 𝑣(𝑥, 𝑡)and u(y,t) 

are expressed by total differential, and then the variable 𝜌𝑡 , 𝜌𝑥,𝑦 , 𝑣𝑡 ,  𝑣𝑥 , 𝑢𝑡 , 𝑢𝑦 , are 
extracted, and using the matrix, the values 𝑣𝑐 and 𝑢𝑐 of the characteristic velocity in the 
horizontal and vertical directions are: 

vc = dx
dt

= v + 1
2ρ

∂Ph
∂v

± � 1
4ρ2

(∂Ph
∂v

)2 + ∂Ph
∂ρ

                                         (8) 

uc = dy
dt

= u + 1
2ρ

∂Pv
∂u

± � 1
4ρ2

(∂Pv
∂y

)2 + ∂Pv
∂ρ

                                          (9) 

Consider a considerable disturbance near the equilibrium density and average velocity. 
Suppose that the model has a constant evacuation density 𝜌0 = 𝜌𝑒  and velocity 𝑣0 =
𝑉𝑒(𝜌𝑒), 𝑢0 = 𝑈𝑒(𝜌𝑒). The disturbances during the flow are: 

 ξ = (x�⃗ , y�⃗ ) − X��⃗ (t) − Y��⃗ (t)                                                      (10) 

where (�⃗�, �⃗�)(t) is the position of the evacuated group at time 𝑡. 
According to the characteristics of internal disturbance and external disturbance, the 

external disturbance can be set as: 

ξ�ire = (x�⃗ , y�⃗ )�ire − X��⃗ �ire(t) − Y��⃗ �ire(t) 

ξpg = (x�⃗ , y�⃗ )pg − X��⃗ pg(t) − Y��⃗ pg(t)                                               (11) 

ξexte = ξ�ire + ξequ + ⋯+ ξpg                                                  (12) 

where 𝜉𝑓𝑖𝑟𝑒  represents the interference caused by the fire smoke,  𝜉𝑒𝑞𝑢  represents the 
interference caused by the earthquake,  𝜉𝑝𝑔  represents the interference caused by the 
poisonous gas, 𝜉𝑒𝑥𝑡𝑒  stands for external disturbance. For example, the energy impact of 
earthquakes on the crowd is 30%~50%, the energy impact of poisonous gas on the crowd is 
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10%~20%, the energy impact of violent terrorist attacks on the crowd is 30%~40%, the 
energy impact of fire & smoke on the crowd is 10%~30%.  

An internal disturbance can be set as: 

ξinte = ξped + ⋯+ ξcop                                                      (13) 

where  𝜉𝑝𝑒𝑑  represents the interference caused by the pedestrians falling, 𝜉𝑐𝑜𝑝 represents the 
interference caused by the crowding of pedestrians, 𝜉𝑖𝑛𝑡𝑒 stands for internal disturbance. 

ξtotal = ξexte + ξinte                                                         (14) 

where 𝜉𝑡𝑜𝑡𝑎𝑙 stands is total disturbance. 
According to Eqs. (7) and (8), derivations of 𝑋(𝑡) and 𝑌(𝑡) as �̇�(𝑡), �̇�(𝑡). 

Ẋ(t) = v0 + 1
2ρ0

∂Ph
∂v

|(ρ0,v0) ± � 1
4ρ02

�∂Ph
∂v

|(ρ0,v0)�
2

+ ∂Ph
∂ρ

|(ρ0,v0)                  (15) 

Ẏ(t) = u0 + 1
2ρ0

∂Pv
∂u

|(ρ0,u0) ± � 1
4ρ02

�∂Pv
∂u

|(ρ0,u0)�
2

+ ∂Pv
∂ρ

|(ρ0,u0)                   (16) 

Considering 𝜉 and expand with a power series to expand the horizontal equalization 
speed 𝑉𝑒(𝜌, 𝑣)and the vertical equalization speed 𝑈𝑒(𝜌,𝑢). 

Ve(ρ, v) = Ve0 + ξ�(Ve)ρ0ρ1(t) + (Ve)v0v1(t)� + ⋯                       (17) 

Ue(ρ, u) = Ue
0 + ξ�(Ue)ρ0ρ1(t) + (Ue)u0u1(t)� + ⋯                     (18) 

According to the equations above, the horizontal direction can be obtained 

−ρ1vx + ρ0v1 = 0                                                               (19) 

ρ0ρ1̇ + v2 �
∂Ph
∂v

|(ρ0,v0) − ρ0vx� + ρ2
∂Ph
∂ρ

|(ρ0,v0) + ρ1v1 �2 ∂Ph
∂ρ∂v

|(ρ0,v0) − vx� +

v12 �ρ0 +  ∂Ph
∂v∂v

|(ρ0,v0)� + ρ12
∂Ph
∂ρ∂ρ

|(ρ0,v0) + 1
τ

[v1 − (Ve)ρ0ρ1 − (Ve)v0v1] = 0     (20) 

According to Eqs. (14) and (15), the linear relationship between density and speed can 
be obtained. 

To get: 
Where 𝑣1(0) is the initial velocity value at time 0. 
This model has two different characteristic velocities in the horizontal direction, one 

velocity is 𝑣0 + 𝑣𝑥1(> 𝑣0), the other velocity 𝑣0 + 𝑣𝑥2(< 𝑣0), 𝑣𝑥1 and 𝑣𝑥2 are two of 𝑣𝑥 
calculated according to formula (10) value. 

For the second-order macroscopic crowd evacuation model, the velocity 𝑣0 +
𝑣𝑥1(> 𝑣0)， 𝜕𝑃ℎ

𝜕𝑣
|(𝜌0,𝑣0) = 0, 𝜕𝑉𝑒

𝜕𝑣
|(𝜌0,𝑣0) = 0 and 𝜕𝑉𝑒

𝜕𝜌
|(𝜌0,𝑣0) < 0, so 

αv = 1
2τ

(1 + �(Ve)ρ0�ρ0
vx

) ≫ 1,βv > 0                                    (21) 

The amplitude of this velocity disturbance quickly decays to zero. Therefore, for this 
model, the influence of the perturbed forward motion branch can be ignored. 

Consider another effect of speed on stability: 

𝑃ℎ = |𝑣+𝑢|
𝜏𝑣𝑖𝑗𝜌𝛾+1

𝛽−𝜌𝛾+1
                                                      (22) 
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vx = −�−Ve′ (ρ0)
2τ

                                                               (23) 

Substituting 𝑃ℎ and 𝑣𝑥 with Eqs (23) and (24) to obtain 𝛼𝑣, and further obtain the stable 
critical value of the velocity in the horizontal direction. 

αv = 1
2τ
�1 − ρ0�−2Ve′ (ρ0)τ�                                              (24) 

1
2
≥ −ρ02Ve′ (ρ0)τ                                                             (25) 

In the same way, the vertical direction can be obtained according to the above formula: 

u1(t) = αu
βu

e−αt

�1+ α
βu1(0)�−e

−αt                                                   (26) 

where 𝑢1(0) is the initial speed value at 𝑡 = 0. 
We can use the results obtained above to calculate the critical value of the vertical 

velocity of the model. 

αu = 1
2τ

(1 + �(Ue)ρ0�ρ0
uy

) ≫ 1,βu > 0                                    (27) 

Consider the influence of another speed on stability, and further obtain the stability 
critical value of the vertical direction of the speed. The critical value of the magnitude and 
direction of the velocity differential is [6]: 

��𝑣 ′�� = �𝑉𝑒′2 + 𝑈𝑒′2 ≤
1

2𝜌02𝜏
                                             (28) 

𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛 𝑈𝑒′

𝑉𝑒′
                                                         (29) 

where 𝜌0  is the initial velocity of the crowd, 𝜃  represents the direction of the crowd 
acceleration, and τ is the velocity characteristic parameter. 

After stability analysis, the critical range of crowd acceleration in crowd evacuation is 
obtained, the crowd merging acceleration-critical density time lag model is established, and 
the stability criterion of acceleration vector based on Lyapunov's crowd regional flow is 
obtained[7]. When the crowd acceleration value exceeds the critical value  1

2𝜌02𝜏
, the crowd 

movement is unstable and stampede events are prone to occur; when the crowd acceleration 
value is less than the critical value, the crowd movement is in a stable state. 

 
Fig. 1. Acceleration-critical density time-delay model for system stability criterion. 
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As shown in Figure 1, when an emergency occurs in the crowd, the disturbance factor ξ 
is quantified by machine vision. The acceleration value of the crowd is calculated based on 
Lyapunov's criterion of the stability of the acceleration vector of the flow of the crowd. 
After calculating acceleration value of the crowd, the stable state of the crowd is analysed.  

4 Summary 
In this study, Lyapunov is used to establish a crowd merging acceleration-critical density 
time lag model, and the stability criterion of the acceleration vector based on Lyapunov's 
crowd area flow is obtained. When the crowd acceleration is less than the critical value 1

2𝜌02𝜏
, 

the crowd movement is in a stable state. In addition, when the acceleration value of the 
crowd exceeds the critical value, the movement of the crowd is unstable, and a stampede 
event is very prone to occur. Therefore, the establishment of a crowd merging acceleration-
critical density time lag model is of great significance for assessing the stability of the 
crowd in the area and taking preventive measures. 
 
This research is financially supported by the National Natural Science Foundation of China 
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