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Abstract. The Green-Naghdi equations are a shallow water waves model 

which play important roles in nonlinear wave fields. By using the trial 

equation method and the Complete discrimination system for the 

polynomial we obtained the classification of travelling wave patterns. 

Among those patterns, new singular patterns and double periodic patterns 

are obtained in the first time. And we draw the graphs which help us to 

understand the dynamics behaviors of the Green-Naghdi model 

intuitionally. 
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1 Introduction 
Green-Naghdi equations is a shallow water waves model which can be written as 

following[1] 
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0)( �� xt uvu  ,                          (2) 

where u(x, t) is the free upper surface and v(x, t) is the horizontal velocity of the fluid. 

Green-Naghdi model describes a kind weekly dispersive nonlinear shallow 1water waves 

motion which can simulate the propagation of solitons in dispersive media. Compared 

weekly dispersive nonlinear equations named Boussinesq equations basing small amplitude 

assumption, Green-Naghdi equations apply to big amplitude question, thus Green-Naghdi 

equations have more extensive application. In 1953, Serre[2] deduced one-dimensional 

weekly dispersive shallow water waves model in even bottom. In 1969, Su and Gardner[3] 

gained same shallow water waves equations by different method. In 1976, Green and 

Naghdi[4] deduced two-dimensional weekly dispersive shallow water waves equations 

system (1) and (2) namely Green-Naghdi equations now. In 1987, Santos[5] et al obtained 

one-dimensional Green-Naghdi model in uneven bottom. In 2010, Dias and Milewski[6] 
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shallow water waves in physics, the Green-Naghdi equations have been studied by various 
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methods. For example, in 2010, Metayer and Gavrilyuk[7] referred a mix-numerical method 

to deal with the movement of solitons. In 2011, Bonneton et al referred two methods to 

solve the equations including finite volume method and mix method of finite volume and 

finite differences. In this paper, we adopt the trial equation method[8–16] to solve the model, 

��
� ������� �� ������� ��� ���������� �����
���� ��������� ������ ��������� ���� ��� ����������

periodic wave patterns and periodic blow-up patterns and double periodic wave patterns.[1] 

Among those, we confirm two new patterns which are singular patterns and double periodic 

patterns. In addition, we draw the graphs of some patterns to show the dynamical behaviors 

of the patterns intuitively. The paper is organized as follows: 

In section two, we introduce reduction of Green-Naghdi equations. In section three, we 

give different patterns of travelling wave. In section four, we obtain the expression of the 

solutions and draw the graphs of some solutions. In last section, we offer the simply 

conclusion. 

2 Reduction of Green-Naghdi equations 
���������
�������������������������������������!"#�������!"#��"���$�%�&����
������
��������

equation(1) and (2) to get                                            
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where 0C is a constant .Then,setting (4) into (3) and integrating once, we gain 
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where 1C  is an integral constant. Next, we take the trial equation to solve the equation (5). 

It is just like 
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We can get m = 3 with the balance principle obviously. Then we can obtain 
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where 0d is an integral constant. Then setting (7) into(5), 

we get   
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where 
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Then we let ri = 0(i = 0, ..., 4), and give 
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Setting (10) into (7) gives 
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Furthermore, we take the following transformation 
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Setting (12) into (11), we gain the equation  
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Thus ,we can write (11) as an integral form 
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Its the complete discrimination system for polynomial F(T) is given as[17-20] 
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In next section, we classify all solutions of equation (16). 

3 Patterns of travelling wave 

Becase of 
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Solution II: When 0,0,0,0 2432 ���
 EDDD , )()()( 3 �� ��� vvvF , we 

obtain 
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Solutions III: When 

0,0,0 134 


 DDD , ))()()(()( 4321 ���� ����� vvvvvF , we get 
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Solution V: When 0,0,0 432 ��� DDD ,
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4 Expression of solutions  
In this section, we give concert parameters to obtain the some expression of the solutions. 

And we draw the graphs of some typical solutions.

Situation 1: 

We take 
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We take 
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The graphs of the solutions u1 and u2 can be seen in Figure 1 and 2. 
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Fig. 1.  Solution of . ),(1 txu                        Fig. 2. Solution of ),(2 txu . 

Situation 2: 
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The graphs of the solutions u3 and u4 can be seen in Figure 3 and 4. 

 

         

Fig. 3.  solution of . ),(4 txu .               Fig. 4.  solution of ),(5 txu . 

Situation 3 : 
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The graphs of the solutions u5 and u6 can be seen in Figure 5 and 6. 

     

Fig. 5.  solution of ),(5 txu .                        Fig. 6.  solution of ),(6 txu . 

5 Conclusion  
In this paper, we gained a series of solutions of the Green-+��

�� ���� ������ ������ �
��

trial equation method. Besides solitary waves pattern, blow-up patterns, periodic wave 

patterns and periodic blow-��������������
�
�������� ���
�������������������
������������

new patterns which are singular patterns and double periodic patterns. We realize them in 

�����������
��������������� �������
��
�help us to understand the dynamics behaviors of 

the Green-Naghdi model.  
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