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Abstract. A majority coloring of a digraph is a vertex coloring such that
for every vertex, the number of vertices with the same color in the out-
neighborhood does not exceed half of its out-degree. Kreutzer, Oum,
Seymour and van der Zyper proved that every digraph is majority 4-
colorable and conjecture that every digraph has a majority 3-coloring. This
paper mainly studies the majority coloring of the joint and Cartesian
product of some special digraphs and proved the conjecture is true for the
join graph and the Cartesian product. According to the influence of the
number of vertices in digraph, we prove the majority coloring of the joint
and Cartesian product of some digraph.

1 Introduction

For a digraph D = (V(D),A(D)) and every vertex ve (D), let N~ (v)(Nf (v))
denote the out-neighborhood(in-neighborhood) of v in D .d i (v) (d” (v) ) is the size of
N* (v) (N- (v)). A directed arc with tail ¢ and head v is denoted by uv ,vertex 1 and
v are both called end of (u,v). For a subset V;, C V' ,we let D[Vl] denote the induce
subdigraph by the vertices of V.

A proper vertex coloring of a digraph D is an assignment ¢ : V/ (D) - {l, 2,00 ,k}

such that there exists no monochromatic arc, then we say that D is proper k -coloring.

The least number k& that satisfies proper vertex coloring is denoted by ¥ (D) .
A majority coloring of a digraph ) is an assignment c¢ : V(D) - {1,2,---,k} such
that for every vertex vV € V(D), at most half the out-neighbors of v receive the same

color as v, then we say that [) is majority k -colorable. The least number & that satisfies

this color is denoted by ¥, (D) .The number of vertices that receive the color I in the out-

neirhborhood of v in D is denoted by n,; (C, v,i ) .The majority coloring of digraph was
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first introduced and studied by S. Kreutzer, Oum, P. Seymour, D. van der Zypen and D.R.
Wood[1], who showed that every digraph is majority 4-colorable. They proved this result
on the basis that every acyclic digraph is majority 2-colorable. A majority coloring of odd
directed cycle must be a proper vertex coloring, three colors are necessary. Therefore, they
proposed the following conjecture:

Conjecture 1.1([1]). Every digraph is majority 3-colorable.

Although this conjecture has not been fully resolved, S. Kreutzer et al.[1] studied some
special digraphs. The conjecture is true for the digraphs with certain restrictions on out-
degree or in-degree. M. Anastos, A. Lamaison, R. Steiner and T. Szabo[2] showed the
following theorem:

Theorem 1.2([2]). Let D be a digraph such that ;((D) < 6. Then D is majority 3-

coloring.

We call a digraph k -majority choosable, if for any assignment of lists of sizes at least
k to the vertices, we can choose colors from the respective lists such that the arising
coloring is a majority coloring. Anholcer, Bosek and Grytczuk[3] gave a beautiful proof to
show that every digraph is majority 4-choosable(not only majority 4-colorable). M. Anastos,
A. Lamaison, R. Steiner and T. Szabo[2] showed the following theorem:

Theorem 1.3[2] If A"(D)<4 or A(U(D))<6 or A(D)<7, then D is
majority 3-choosable.
Theorem 1.4[2] Let D be a digraph whose underlying undirected graph is 6-choosable.

Then D is majority 3-choosable. In particular any digraph with a 5-degenerate underlying
graph is majority 3-choosable.

Theorem 1.5[2] If D is a digraph without odd directed cycle, then D is majority 2-
choosable.
A. Girdo et al. [4] and F. Knox and R. Samal[5] investigated a natural generalization of

majority colorings: For any & € [0,1] , define an & -majority coloring of a digraph D to

be a vertex-coloring in which for every vertex v, at most & -d " (v) vertices in N (V)

have the same color as v. If such a coloring can be found for any assignment of lists of
sizes at least k to the vertices, call the digraph & -majority k -choosable. A. Girdo et al.
[4] and F. Knox and R. Sdmal[5] proved both that for every integer k > 1, every digraph is

; -majority 2k -choosable. A. Girdo et al. [4] proposed the following conjecture:

1
Conjecture 1.6[4] For every integer k > 1, every digraph is ;—majority (Zk —l) -

choosable.

It is obvious that even directed cycles and directed paths are majority 2-colorable, and
odd directed cycles are majority 3-colorable. In this paper, We study the majority coloring
of the join and Cartesian product of some digraphs. In Section 2, we prove several results
about the majority coloring of the join of some digraphs. In Section 3, we prove the result
about the majority coloring of the Cartesian product of some digraphs.
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2 The majority coloring of the join of some digraphs

The join of G and H is a graph where the vertex set is V' = V(G) U V(H) and the
edge setis E = {uv|u IS V(G),V IS V(H)} UE(G)UE(H).We denote the join of
Gand Hby GV H.

N
Let D,, D, be digraphs, we can denote the join of D,, D, by D, V D, this mean

that the arc set of Dl\_}D2 is A:{uv|u EV(DI),VE V(DZ)}UA(DI)UA(Dz),

the vertex set is still V' = V(DI)U V(Dz) . Obviously, the out-degree of vertex in D,

5
remains unchanged. Therefore, for majority coloring of the join D, V D, , we just have to

consider the change of the out-degree of the vertex in D1 .
Let m,neN, and m22,n23, P, =uu,---u, is a directed path with m

vertices, Cn =WV, -V, isadirected cycle with n vertices. Next, we study the majority

coloring of the join of directed paths and directed cycles.

5
Theorem 2.1 Let m,n € N ,and m,n>2, P, V P, is majority 2-colorable.
Proof. We know ¥ (B)=2, g, (B)=2. for any directed path B, / € N. Let

P =uu,---u,, P=vv,---v . Forve V(P”), the out-neighborhood of v remains

m b
unchanged, hence a proper 2-coloring of P, is a majority coloring Cp of P . Next, let’s

consider vertices in directed path P, . For every u, € V(Pm ),
N ()= {u, WUV (P (i =1 2sm=1:N* . (u,)=F(P).

P, VP, E,VE,

m n

. n,.
If n is even, n' . (CP U, ,l) = E(Z = 1, 2), we only need to perform proper vertex
P,VP, "

coloring on P .

n—1
If n is odd, the number of vertices of the two colors in P are ,
n+l n—1
;respectively. For vertex u, € V(Pm), we suppose 71 (CP ,um,l) =—)
P,VE, * " 2
. n+1 .
n, (CP ,um,z) =—— We know that N~ (um) = V(Pn) Therefore we color
I AN 2 BV,

u,, with color 1. According to this, we alternate the coloring of ¥, (i =1,---,m— 1) with

N
color {1,2}, then we can obtain a majority 2-coloring of P, 'V P . This proves the

theorem.
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5
Theorem 2.2 Let m,n €N , and m>2,n>3, if n is even, then P, VC, is

N
majority 2-colorable; if n is odd, then P 'V C, is majority 3-colorable.

Proof. Let P =uu,---u,, C =vv,---v, . Frist, we consider the case if n is even,

m°

C, is an even directed cycle, so it is majority 2-colorable, and satisfied

. n,,
n (CC ,um,l)ZE(ZZI,Z). We have that nSd+(ui)£n+l , for every
F,VC, !

u, eV (B,)(i=1,...,m). Let ¢, (u;)=1(i is odd), c, (u,)=2(i is even).Itis

the majority coloring of the join P, \_)/ Cn that we want.

If n is odd, Cn is an odd cycle, and the out-neighborhood of Vj(j =l,---,n)
remains unchanged in C, , so C, must be majority 3-colorable,and the majority coloring
is also a proper vertex coloring. We perform proper vertex coloring on P with color

{1, 2} . Thus, we can obtain that

FJSC]SEJH’ qSM(izl,---,m),

3 2

for every vertex U, (i =1, m), where ¢ denotes the number of 3, with the same color

- -
in the out-neighborhood of #, in P, V.C,. Thus, P, V C is majority 3-colorable. This

concludes the proof of the theorem.
Theorem 2.3 Let m,n €N, and m>2,n>3, if m is odd and 7 is even, then

- -
C, V P is majority 3-colorable; otherwise C, 'V P, is majority 2-colorable.

Proof. Let C =uu,---u, , P =vv,--v We know that P is majority 2-

m

. + . n,.
colorable. If n is even, n (CP ,um,l) = —2 (l = 1,2) . We have that
c,vp, \

d

d;m Vp (u) =n+1, for every vertex u €V’ (Cm ) . Thus, we only need to ensure that the

vertex coloring of Cm is majority colorable. If 7z is odd, then Cm is majority 3-colorable,

-

thus C, V P, is majority 3-colorable. If 72 is even, then C, is majority 2-colorable, thus

N
C,, V P, is majority 2-colorable.

If n is odd, we have that

nt (cP“,um,l)—n (c[,n,um,2)‘ =1. We may
1

suppose that n' N (Cp,um,l)ZT, n (Cp ,Umaz =——_1If m is even,
VE n n
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the proper 2-coloring of Cm must be a majority 2-coloring. Then we can obtain the

5
majority 2-coloring of Cm VPn. If m is odd, we color u, with color 1. By the coloring
of u, ,we alternate the coloring of V(Cm) with color {1,2} , then there exists a
monochromatic arc, we can suppose that #, 1, is a monochromatic arc. The number of u,,

- n—1 n+l
with the same color in the out-neighborhood of u#, in C, V P, is (T + lj = >

N
Thus, C,, 'V P, is majority 2-colorable. This proves the theorem.

R
Theorem 2.4 Let m,neN | and m,n>3, if m,n are even, then C, VC, is

N
majority 2-colorable; otherwise C, 'V C, is majority 3-colorable.

Proof. Let C, =uu,---u, , C, =wv, v, . First, we consider that 1,1 are even,

C,,C, are even directed cycle, thus they are also majority 2-colorable. Thus a proper

N
coloring of C, 'V C is a majority coloring.

Next, we consider that » is even, m is odd, Cn is an even directed cycle, and the

5
proper 2-coloring of C, must be a majority 2-coloring. We suppose that C, VC, is
majority 2-colorable. Then V' (Cm) has at most two colors. Because m2 is odd, there must
exist a monochromatic arc, we can suppose that #, 1, is a monochromatic arc. For vertex

u,,d" (um ) =n+1. The number of vertices with the same color of #,, in the out-
c, Ve

m n

- n n+1
neighborhood of u#, in C, VC is (E+1j> S a contradiction. Therefore

C, A4 C, is majority 3-colorable.
Finally, if # is odd, Cn is an odd directed cycle, thus the proper vertex coloring of Cm

must be majority 3-colorable. Regardless of the parity of m , Cm is must majority 3-

colorable. Therefore Cm \Y% Cn is majority 3-colorable. This proves the claim.

3 The majority coloring of the Cartesian product of some
digraphs

The Cartesian product of graph G and H is a graph that vertex set is
V(GXH) = {(u,v)|u € V(G),v € V(H)} ,

the arc set is
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E(GxH)Z{(u,v)(u',v’)|u =u',w' eE(H) orv=v,uu'e E(G)}

We denoted the Cartesian product of graph G and H by Gx H .

This definition is extended to digraphs: Let D, = (V1 A ), D, = (V2 , Az) be digraphs,
the Cartesian product D, x D), is a digraph that the vertex set is

V(D xD,)= {(u,v)|u eV,ve Vz},
the arc set is
A(DyxD,)={(u,v)(u',V)ju=u',w' € 4, orv="',uu'€ 4},

where (u,v)(u',v') is the arc from (u,v) to (u’,v').

Let m,n€N, and m>2,n>3, P is a directed path with m vertices, C is a

directed cycle with n vertices.
Next, we give the conclusion of the majority coloring of the Cartesian product
composed of directed path and directed cycle.

Theorem 3.1 Let m,n € N, and m,n>2, P x P is majority 2-colorable.
Proof. It is obviously that ™ (ui,vj) <2, for each vertex (ui,vj) € V(Pm ><Pn) .

The proper 2-coloring of P X P must be a majority 2-coloring, hence P xP is

majority 2-colorable. The theorem is proved.
We know that the Cartesian Product satisfies the commutative law, hence the majority

coloring of P x Cn and C, x P, is the same. Therefore we only need to discuss one case
of two cases, and suppose that we discuss P, x C .This prove the claim.

Theorem 3.2 Let m,n €N, and m22,n2>3, if n is odd, P, x C, is majority 3-
colorable; otherwise P, x C is majority 2-colorable.

Proof. Let P =uu,---u,, C_ =vyv,---v _, then

V(P, an)={(ui,vj)|ui eV(P,),v,eV(C,)i=1,mj =1,---,n}.
For  each  vertex (ui,vj)eV(Pman)(iZI,---,m—l;j:1,---,n) ,
N
d ((ul.,vj)) =2 and
N* ((ui,vj )) = {(“Hl,"_,- ),(ui,vj+1 )} (j modn).

For  each  vertex (um,vj)(j =1,- --,n) , d’ ((um,vj)) =1  and
N* ((um,v]. )) = {(“m"’j )} (j modn).

Let V, :{(ui,vj)|j:1,---,n} ,i=L-,m, and W, :{(ui,vj)|i=1,---,m} ,
j=L---,n.EBvery D[K] is a directed # cycle. If n is odd, then each D[V:] is an odd

directed cycle, hence each D[Vl] is majority 3-colorable. We color every D[Vl] in the

following way:



MATEC Web of Conferences 355, 02004 (2022) https://doi.org/10.1051/matecconf/202235502004
ICPCM2021

c((u,.,vj)) =0, j=0(mod 3); c((ui,v].)) =1, j=1(mod 3); c((ul.,vj)) =2,
j=2(mod 3).

The above coloring is majority 3-colorable of P, xC, .

If n is even, then D[Vm] is an even directed cycle, and is majority 2-colorable. We
color each D[Vl] such that the coloring ¢, is peoper 2-colorable, and is majority 2-
colorable. Then P x C  has a majority 2-coloring. The theorem is proved.

Theorem 3.3 Let m,n € N, and m,n >3, C, xC, is majority 2-colorable.

Proof. According to the definition of Cartesian product, we know that Cm X Cn isa2-
regular digraph ie. d” ((”n"j )) =d” ((”i’v_/ )) =2, for every vertex (ul.,vj) €
V(C,xC,) - et Vi={(u.v,)lj=L-n} , i=leem . and
W, = {(ul.,vj)|i = 1,---,m} , j=L---,n .We color every vertex (ui,vj) in the
following way:

c(ui,vj) =1, i, j arealso odd or even;

C((ui,vj )) =0, i isoddand j isevenor i isevenand j isodd.

If m,n are also odd, D(VI_), D(Wi) are odd directed cycles. We can know that the
above coloring of D [Vm] and D[Vl] is the same, D[W;] and D [VVI] is the same. For

every vertex (u[.,vj) € V(Cm xC, )\(D[Vm]UD[W;]), the number of vertices with

the same color of (ui,vj) in the out-neighborhood of (ui,vj) in C, xC, is ¢ =0 For
every vertex (u[,vj) € (D[Vm]UD[M])\(um,vn) ,qg=1 =%d+ (ul.,vj) , where
g denotes the number of vertices with the same color of (ui, v, ) in the out-neighborhood

of (I/l,-,Vj) in C xC . For the vertex (um,vn), its out-neighbors (um,vl) and

(ul,vn) are the same color as it. We change the color of (um,vl). For the vertex
L. N
(um,vl), qg=1 IEd (um,vl), where ¢ represents the number of vertices with the

same color of (um,vl) in the out-neighborhood of (um,vl) in Cm XCn . Therefore

C,, xC, is majority 2-colorable.
When at least one of m and n is even, first we consider that exactly one is even. We

can suppose that s is odd, »n is even. Every D[Vl] is an even directed cycle, and every

D [WJ is an odd directed cycle. The number of vertices with the same color of (”; ,V j.)
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in the out-neighborhood of (ul.,vj) in C_ xC, is g=1, for every vertex (u[,vj) €
V(Cm X Cn) .Thus C, xC is majority 2-colorable. Finally, if 72 and n are also even,
every D[K] and D[W/] are also even directed cycle, the above coloring is proper 2-

colorable, and is also majority 2-colorable. Thus, C, x C  is majority 2-colorable. This
proves the theorem.

This work was supposed by the National Natural Science Foundation of China (12071351) and the
Natural Science Foundation of Shandong Provence (ZR2020MA043).
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