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Abstract. Time-varying mesh stiffness (TVMS) of gear plays vital role in 
analysing dynamic characteristic of gear transmission. So accurately 
evaluating the TVMS is important and essential. In this paper, a revised 
method to calculate the TVMS of helical gear is proposed. Based on slice 
method, the helical gear is sliced into pieces along the tooth width 
direction. The proposed method corrects the fillet foundation stiffness 
within multi-tooth in contact and considers the non-linearity and load-
dependence of the Hertzian contact stiffness. The effect of the axial mesh 
force is considered. Finally, an equivalent helical gear model is established 
in ANSYS to study the mesh stiffness. The results show the proposed 
method has high effectiveness compared with FEM (finite element 
method). 
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1 Introduction 
Gear transmission is mostly applied in motion and power transmission [1-3]. Time-

varying mesh stiffness (TVMS) of gear plays vital role in gear transmission and dynamic 
analysis. Therefore, accurate evaluation the TVMS of gears is essential in analysing the 
dynamic behaviours of a transmission [4].  

Much research has been carried out to investigated TVMS of both spur and helical gears. 
Two most commonly methods are analytical method (AM) and finite element method 
(FEM). FEM has been widely utilized to evaluate the TVMS for its high accuracy. Wang 
and Howard [5] used finite element method to analysis the torsional stiffness of involute 
spur gear. Jyothirmai [6] studied the several helical gear tooth systems including single, 
herringbone and crossed helical gear by finite element method and compared with 
theoretical analysis. Ma et al. [7] utilized the FEM to evaluate the TVMS of spur gear under 
tooth spalling defects. Liang et al. [8] proposed three new models to evaluate the mesh 
stiffness of involute spur gear. 
                                                      
* Corresponding author: yluo688@cqu.edu.cn  

MATEC Web of Conferences 355, 01005 (2022) 

ICPCM2021
https://doi.org/10.1051/matecconf/202235501005

  © The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of the Creative
Commons Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/). 

mailto:yluo688@cqu.edu.cn


AM has been considered to be the most useful method to calculate TVMS. Yang and 
Lin [9] proposed the potential energy and modelled the gear tooth as a cantilever of variable 
cross-section, with considering of Hertzian contact stiffness, bending stiffness and axial 
compressive stiffness to calculate the TVMS of gear pairs. Tian et al. [10] considering 
shear stiffness based the above theory. This work has been improved by Zhou et al. [11] 
and Wan et al. [12] through considering the fillet foundation stiffness. Luo et al. [13] 
proposed a new gear mesh kinematic model to accurately evaluate the contact position of 
tooth engagement and calculated the TVMS of spur gear under the perfect mounting and 
constant center distance deviation. Xie et al. [14] revised the analytical calculation method 
of gear body-induced tooth deflections with considering structure coupling effect. The 
result was validated by FEM and other formular. Later, Xie et al. [15] further established a 
mesh stiffness model and a load sharing model and corrected the fillet foundation stiffness. 

Based on slice method, Wan et al. [16] proposed accumulated integral potential energy 
method to compute the TVMS of helical gear by dividing gear into many slices. Wang et al. 
[17] considered the influence of axial mesh force. Tang et al. [18] and Wei et al. [19] 
introduced single coupled model and two coupled model which correct the error caused by 
the each slice gear, respectively. Yu et al. [19] further analysed the relationship of each two 
sliced gear and brought weight factor to revise the result.  

In view of the above, this paper proposes a revised method to evaluate the TVMS of 
helical gear. Based on slice method, the helical gear is sliced into pieces along the tooth 
width direction. The mesh stiffness of each slice gear can be evaluated. The proposed 
method corrects the fillet foundation stiffness within the multi-tooth contact and the 
Hertzian contact stiffness due to its nonlinear and load-dependent. According to the force 
distribution of the gear in contact, the effect of the axial mesh stiffness is taken into 
consideration. Finally, the effectiveness of the results from proposed method is validated by 
finite element method.  

2 Evaluation of the time-varying mesh stiffness of helical gear 

2.1 The TVMS of single tooth pair 

Due to the existence of non-zero helical angle, the structure of helical gear is different from 
spur gear. The computation method of spur gear to evaluate the mesh stiffness cannot be 
directly applied to that of helical gear. For helical gear, the slice method is generally 
utilized to overcome this shortcoming, which the helical gear tooth is sliced into pieces 
along the tooth width direction, and each piece is approximately as a very thin spur gear 
(see figure 1). Thus, the helical gear can be seen as a series of spur gear.  
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Fig. 1. The slice model of helical gear. 
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Fig. 2. The geometric model for evaluating the TVMS of spur gears[13]. 

Based on potential energies, gear tooth is modelled as a cantilever beam with variable 
cross-section (see figure 2). And the total energy of the slice tooth is the sum of bending 
energy, axial compressive energy, shear energy, fillet foundation energy and Hertzian 
energy, which can be expressed as: 
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                      (1) 

Here 𝐸𝐸,𝐺𝐺 are Young’s modulus and shear modulus, respectively. F  is the teeth contact 
force, and the force distribution of the helical gear in meshing is shown in figure 3. 𝐹𝐹𝑡𝑡 =
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 , 𝐹𝐹𝑥𝑥 = 𝐹𝐹𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑝𝑝𝑝𝑝  , 𝐹𝐹𝑦𝑦 = 𝐹𝐹𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼𝑝𝑝𝑝𝑝) , and 𝛽𝛽 is helix angel. The axial compressive 
stiffness, bending stiffness, shear stiffness can be expressed as: 
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where 𝑑𝑑𝐴𝐴𝑥𝑥1 = 2𝑦𝑦𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 , 𝑑𝑑𝐴𝐴𝑥𝑥2 = 2𝑦𝑦𝑝𝑝𝑑𝑑𝑑𝑑 , 𝑑𝑑𝐼𝐼𝑥𝑥1 = 2/3𝑦𝑦𝑡𝑡𝑡𝑡3 𝑑𝑑𝑑𝑑 , 𝑑𝑑𝐴𝐴𝐴𝐴𝑥𝑥2 = 2/3𝑦𝑦𝑝𝑝3𝑑𝑑𝑑𝑑  are the 
cross-sectional areas and area moments of inertia of a slice tooth, and dW  is the width of 
each slice tooth. 𝑀𝑀1,𝑀𝑀2, 𝑥𝑥1, 𝑥𝑥2,𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑦𝑦𝑝𝑝, 𝑑𝑑𝑥𝑥1

𝑑𝑑𝑑𝑑
, 𝑑𝑑𝑥𝑥2
𝑑𝑑𝑑𝑑

 are listed in Reference.[13]. 
For the calculation of fillet foundation stiffness and Hertzian contact stiffness, the 

traditional analytical (TA) adopted the analytical formula which can be expressed as[16]: 
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here 𝑢𝑢𝑓𝑓, 𝑆𝑆𝑓𝑓 , 𝐿𝐿∗,𝑀𝑀∗,𝑃𝑃∗,𝑄𝑄∗ are the parameter to correct the fillet foundation stiffness which 
can be found in[20]. v  is the Poisson’s ratio.  

However, the Hertzian contact stiffness is load-dependent and nonlinear. Equation (3) is 
only suitable for single tooth pair in mesh. For multi-tooth pairs in mesh, equation (3) 
overestimates the mesh stiffness because multi-tooth pairs shared on gear body 
simultaneously. Langlois [21] proposed an analytical formula which can be expressed as: 
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𝑟𝑟1𝑃𝑃𝑃𝑃, 𝑟𝑟2𝑃𝑃𝑃𝑃,𝑏𝑏𝑃𝑃𝑃𝑃,ℎ1𝑃𝑃𝑃𝑃,ℎ2𝑃𝑃𝑃𝑃 are parameters to compute the Hertzian contact stiffness which 
can be found in[21]. 𝐶𝐶𝑓𝑓∗and 𝐶𝐶ℎ∗ are utilized to correct the filler foundation within the double-
tooth pair meshing region and Hertzian contact stiffness. 𝐶𝐶𝑓𝑓∗  and 𝐶𝐶ℎ∗  can be obtained by 
finite element method.  
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Based on potential energy, the total energy stored in a slice gear pair can be expressed 
as: 

2

2a b s f h
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FdU dU dU dU dU dU
dk

= + + + + =
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The mesh stiffness of a slice gear can be expressed as: 
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The total mesh stiffness of a slice gear pair can be expressed as: 

tn tnk dk=∑                                           (9) 

However, equation (9) neglects the influence of axial mesh force. According to the 
force distribution of the helical gear [22], this paper adapts following equation to correct the 
error from axial mesh force: 

2*cost tn bk k β=                                        (10) 

here bβ  is the helix angle of the base circle. 
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Fig. 3. The force distribution. 

 
Fig. 4. The three processes of the contact line. 
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2.2 The total mesh stiffness of helical gear 

The mating process of a helical gear pair can be divided into three periods. At the beginning, 
the helical tooth pair starts to contact and the length of contact line increases gradually. 
Then, the length of contact line and stiffness keeps relatively unchanged. Finally, the length 
of contact line decreases until gear teeth loss of contact, as is shown in figure 4. The total 
contact ratio of a helical gear pair 𝜀𝜀𝛾𝛾 is the sum of the transverse contact ratio 𝜀𝜀𝛼𝛼 and the 
face contact ratio 𝜀𝜀𝛽𝛽, e.g.,𝜀𝜀𝛾𝛾 = 𝜀𝜀𝛼𝛼 + 𝜀𝜀𝛽𝛽. The number of mating teeth pairs varies during the 
mating process, as is shown figure 5, the red area represents maximum mating teeth pairs 
area while the cyan area is minimum mating teeth pairs area, 𝐿𝐿1 = 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝜀𝜀𝛾𝛾) ∙ 𝑃𝑃𝑏𝑏𝑏𝑏  in which 
𝑃𝑃𝑏𝑏𝑏𝑏 is the transverse base pitch. the total mesh stiffness of helical gear (see figure 6) can be 
expressed as: 

1

p
j

t
j

k k
=

=∑
                                                         (11) 

where 𝑗𝑗,𝑝𝑝 represent the 𝑖𝑖𝑡𝑡ℎ pair and the responding mating teeth pairs, respectively.
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Fig. 5. The mating process of a helical gear pair. 

 
Fig. 6. Schematic diagram of the tooth pairs mesh stiffness. 
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3 Validation 
In order to validate the accuracy of the proposed method to evaluate the TVMS of helical 
gear, a finite element is established in ANSYS software (see figure 7). To improve the 
computational efficiency, only one tooth pair is involved. The parameters of the helical gear 
pair are listed in Table 1. For the driven gear, all the degrees of freedom are fully 
constrained. And the driving gear only has rotational degree of freedom along its axis. The 
torque T  is applied in the inner hubs of the driving gear in anticlockwise direction. The 
rotation deformation θ  of the driving gear at the corresponding contact position can be 
obtained. And the torsional stiffness of single tooth pair can be expressed as: 

to
Tk
θ

=
                                                         (12) 

And the mesh stiffness of single tooth pair is then calculated by: 

*

1

to

b

kk
R

=
                                                      (13) 

here 1bR  is the base radius of the driving gear. 

Table 1. The parameters of the helical gear pair. 

properties symbol driving gear driven gear 
Normal module(mm) 𝑚𝑚𝑛𝑛 2 

Number of teeth 𝑁𝑁1,𝑁𝑁2 34 52 
Helix angel (°) 𝛽𝛽 15 

Face width(mm) 𝑊𝑊 12 
Normal pressure angel (°) 𝛼𝛼𝑛𝑛 20 

Young’s modulus (Pa) 𝐸𝐸 2.0 ∗ 1011 
Passion ratio 𝑣𝑣 0.3 

Hub radius(mm) 𝑟𝑟𝑖𝑖 15 
Applied torque (𝑵𝑵 ∙ 𝒎𝒎) 𝑇𝑇 100 

Contact ratio 𝜀𝜀𝛾𝛾 2.1321 

 
Fig. 7. The finite element model. 

The single tooth pair TVMS of helical gear evaluated by proposed method (PM), 
traditional method (TM) and FEM is shown in figure 8(a). It shows that the single mesh 
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stiffness calculated by proposed method is very close to FEM. However, the result from 
traditional method is much bigger than that from PM and FEM. The reason is that TM 
neglects that multi-tooth pair shared one body simultaneously in calculating fillet 
foundation stiffness and the Hertzian contact stiffness is load-dependent and nonlinear. The 
total TVMS of helical gear over one period calculated by those three methods in shown in 
figure 8(b). it shows the TVMS evaluated by PM is consistent with that by FEM.  

Fig. 8. (a) The TVMS of single helical gear tooth pair; (b) The total TVMS of the mating gear pair. 

4 Conclusion 
This paper proposes a revised method to evaluate the TVMS of helical gear. Based on slice 
method, this method corrects the fillet foundation stiffness in multi tooth pair meshing area 
and considers the nonlinear and load-dependent of Hertzian contact stiffness. Besides, the 
influence of the axial mesh force also takes into consideration. The accuracy of the 
proposed method is validated by the FEM. The results show the TVMS evaluated by PM is 
consistent with that by FEM both in single tooth pair mesh stiffness and multi tooth pair 
mesh stiffness. 
 
This project was supported by the National Natural Science Foundation of China (No. 51905052, No. 
51605319) and the Natural Science Foundation of Chongqing--Funds for Creative Research Groups 
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