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Abstract. Using the model of quasi-static crack growth and test result of 

the double cantilever beam (DCB) sample of layred carbon/epoxy 

composite, the general regularities of the interlaminar crack resistance of 

mode 1 were studied. The main attention was focused on the variability of 

crack resistance associated, on the one hand, with the continuity of the 

fracture process, and, on the other hand, with the non-homogeneity of the 

material structure, which causes local random deviations from the average 

characteristics of the material.The dissipation energy rate (total crack 

resistance) and crack resistance function (R-curve) were extracted from test 

results and their properties analyzed. 

1 Introduction 
The quasi-static growth of a crack is the continuous process of an infinitely slow transition 

from one equilibrium state to another during which the parameters of any intermediate state 

satisfy to equation of energy balance. In a case of a crack growth the main internal parameter 

of an elastic body, strain energy, changes as results of external loading and an increment of 

crack surface.  

In contrast to the classic theory of brittle fracture [1] and its quasi-brittle versions [2,3] 

the concept of quasi-static growth of a crack allows to describe of crack propagation as the 

continuos process begining from the start of external loading. 

There were numerous attempts of analytical description of the stable growth of the crack 

under increasing load. Critical analysis of the most popular of them was done [4]. Apparently, 

the first attempt  of a semi-empirical description was done in [5]. The most perspective are 

the models based on the energy balance equation. Using the Dugdale’s model of plastic zone 

and corresponding estimate of the energy dissipation rate, in [6] there was obtained a 

nonlinear differential equation for ‘load/crack length’ function. Solution of this equation 

describes of a crack continuos growth in the Griffith-type configuration of infinite quasi-

brittle plate.  In the approximate analysis [7] the dissipation energy  rate is presented as some 

sum of two parts. One of them is defined by the external load increase at the fixed size of a 

crack and other one by the crack size growth at the constant load. This introduction of the 

energy dissipation rate allows to describe the stable growth of a crack. The energy balance 

aproarch were used also by [8-14]. Comparison of some mentioned energy-based models is 

done in [15]. The thermodynamics of crack growth in elastic-plastic materials is developed 

in [16,17] and it is shown an approach of computer-aided simulation of crack growth under 

condition of total energy balance. 

A simplified one-parameter description of quasi-static crack growth is given by [18] for 

the case of the small-scale cohesive zone. The improved version of a model is presented in 

[19]. The main advantage of this model is invariance of the governing differential equation 

in respect of geometrical configuration and the means of loading.  
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In general, the quasi-static growth of a crack is interpreted as the continuous process of 

an infinitesimal transition from one equilibrium state to another during which the parameters 

of any state satisfied to equation of energy balance. In the last paper[19] there is considered 

some application of model for damage reconstruction in the double-cantilever beam (DCB) 

sample of a layered composite. Important consequence of this research is the conclusion on 

non-homogeneity of the crack resistance and the interlaminar fracture toughness of this 

material. 

In the presented paper the investigation is focused to non-homogeneity of the crack resistance 

using the developed model of quasy-static growth of a crack. 

 

2 On some regularities of the interlaminar destruction of layered 
composite  
 

The DCB-sample is the most popular type for measurement of interlaminar fracture 

toughness of composite. The standard testing of the unidirectional carbon/epoxy layered 

composite was done for measurement of the interlaminar crack resistance properties of this 

material. The quasi-static tests of DCB sample (Figure 1,a), according to the standard [20], 

were carried out on an Instron 8800 hydraulic testing machine with controlled extension at a 

constant rate of 5 mm/min. To increase the accuracy of measurement of small values of the 

load, an S2M meter of small loads (HBM Test and Measurement), with the upper 

measurement limit of 1 kN, was connected in series in the loading circuit as the basic force 

transducer (Figure 1,b). After each jump-like growth in the size of delamination, the loading 

was interrupted, the crack (delamination) length was visually registered (Fig. 3b) using low-

sensitive microscope (x10), and loading  was continued at the next stage. This procedure 

allowed us to obtain the full relation between the opening of delamination and the 

corresponding load at each registered crack length. 

Theoretically for the perfect elastic-plastic material with small scale cohesive zone the 

quasi-static process of a crack (interlaminar delamination) growth should be monotonic and 

stable for both ascending and descending branches.This procedure allowed to obtain the full 

relation between the opening of delamination (extension) and the corresponding load at each 

registered crack length. 

But for the actual material the DCB sample behavoir in this test is more complicated. The 

typical original record of a function 'extension/force'  is presented in the Fig.2. It can be seen: 

                                                      a)                                                                                            b) 

Fig. 1. Basic fragments of test setup: DCB sample (a), items of loading and measurement(b): HBM 

S2M meter (1), microscope(x10) (2) 
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1. In general, the record of process of a DCB sample loading can be sheared to ascending and 

descending branches by the point of maximal force. But the loading function for each branch 

is not monotonic.    

2. At the first step of ascending branch the monotonic increasing of external force is observed 

with approximately linear function 'extension/force'. First interruption of monotonicity of the 

loading function occurs at the value of force about 70% of maximal force: small down jump 

of force at practically constant extension. At the further increasing of extension, the number 

of down-jumps increases, and the nonlinearity of the function 'extension / force'  becomes 

more and more noticeable. 

3. For all points of jump-type interruption of crack growth in the ascending branch the strain 

energy realese rate can increase only at increasing of load. It means that the crack résistance 

function also increases.  

4. After reaching of maximal force there is beginning of a descending branch of loading. 

Here the similar features of a crack growth are observed. Only the crack length jump-type 

increments are significantly larger.   

5.There is remaining extension after full unloading of a sample

 
Figure 2. Original record of Instron measurement system at the test of DCB sample of layered 

composite 

The mentioned above features of process of DCB sample destruction can be considered more 

details using the crack length/force and the functions 'crack length/extension' (Fig.3 and 

Fig.4). Note that crack length was basically defined by compliance method with correction 

using results of direct measurement and correction item of Standard [16] for accounting of 

effect of rotation of cross-sections of a sample at the front of delamination.  

Figure 3. The force via crack length Figure 4. The extension via crack length 
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The general conclusion here is: the crack 

resistance can not be some constant of 

material, but is some function of crack 

increment. At least, the initial portion 

must be, in average, the ascending 

function. Cross-ply cracking, local 

delamination, inhomogeneity of the 

mechanical characteristics of the 

composite components, structural defects 

cause random fluctuations of a crack 

resistance (for instance, see Fig.5). In the 

picture of a lateral side of the DCB sample of considered layred composie can see that crack surfaces 

relief is very complicated.  

 

3 Briefly on the model of a crack quasi-static growth  
 

3.1. Basic assumptions  
Small-scale cohesive zone [3]  is basic restriction of proposed model in a frame of which two 

key assumptions are accepted: 

1. The cohesive zone is represented by the Dugdale’s model[21] in the option of small-scale 

dimensions. It means the size � of cohesive zone is much less than the length of the crack ( � ≪ �) and  

 

� = �
8

��
�	�

                                                    (1) 

 

where � is stress intensity factor (SIF) that defines the 

stress-strain state close a crack tip, and �	 defines the 

intensity of cohesive forces (for elastic-perfectly plastic 

material is equal to material yield stress). Here a stress intensity factor � corresponds to 

actual crack length �. In term of the strain energy release rate 
 the equation (1) can be 

expressed as follow: 

� = �
8


�
�	�

,                                                                                         (2) 

where � is the generalized modulus of elasticity (defined by the type of the stress state). 

Thus, the cohesive zone is presented as a crack extension, the 

sides of which are loaded by uniformly distributed direct 

stresses �	. 

2. The crack opening function �() within the cohesive zone 

under the action of an external load only is described by the 

first (dominant) term of decomposition of displacement at 

crack tip into a power series 

 

�() ≈ 8������
� � 

2�                                                 (3) 

   

where  is the distance of the cohesive zone boundary point from the crack tip, and � is the 

constant thickness a plate (further this type of a body is considered). Note that here a stress 

Figure 6. Dugdal's cohesive zone 

Figure 7. Crack opening model 

Figure 5. View of real structure of a crack surface 
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intensity factor ������ corresponds to effective crack length ��� = � + � (including size of a 

cohesive zone). At the assumption of small-scale size of cohesive zone, the linearized relation 

between effective ������ and the stress intensity factor � for a crack of actual length � is 

represented by the follow equation 

������ ≈ � + ��
�� � = � �1 + �

16�	�
���
�� �                                                   (4) 

The corresponding relation for the strain energy release rate is 


����� ≈ 
 + �

�� � = 
 �1 + �

8
�
�	�

�

�� �                                                     (5) 

 

3.2. Energy balance and the general equation of a crack quasi-static growth 
The model of quasi-static process of crack propagation assumes that 

this process develops slowly and continuously, and in each position 

the system internal and external parameters satisfy to equation of 

energy balance. In terms of the generalized force � and corresponding 

the generalized displacement �  (Fig.7) this equation in differential 

form can be presented as  follow: 1
2� � ��

�� − 1
2� � ��

�� = 
�∗(∆�).                                                 (6) 

In general case of quasi-static crack growth, the 
�∗(∆�) is equal 

to the critical dissipation energy rate and further is named as the total 

crack resistance. Total energy of dissipation includes: 1) energy of 

cohesive zone development and 2) surface energy of new surface of 

a crack. The dissipation energy rate coincidences with the fracture 

toughness only, if ��/�� = 0. The fracture toughness is a mechanical 

constant of material and here is assigned by 
�. In all other possible 

states of equilibrium, the dissipation energy rate depends on 

parameters of this state, particularly, a crack size increment ∆� in 

respect to size of a crack at initial unloaded state. 

Eq.6 can be simply transformed to follow: 1
2� � ��

�� + 1
2� �� ��

�� − �� ��
�� = 
�∗(∆�).                                         (7) 

and more detailed in Eq. 8 1
2� � ����� + 1

2� � ��!�� = 
�∗(∆�) − 1
2� �� ��!�� − �!� ��

��                     (8) 

Eq. 8 can be named as the general equation of a crack quasi-static growth. 

Here the generalized displacement � is equal to sum of two components:  � = �� + �!.                                                                                  (9) 

The elastic component �� is linearly related with the generalized force and completely 

defined by elastic compliance of a body with the actual crack length �. This component 

disappears after full elastic unloading. The cohesive zone appearance at the crack tip causes 

additional displacement �! , which remains after full elastic unloading and is associated with 

the effect of material physical nonlinearity. This can be called as the residual component of 

generalized displacement. 

The sum of both items in left side of Eq.8 is equal to total strain energy realize rate 
 =
� + 
! . Easy see that right side of Eq.8 is equal to the crack-resistance function, so called, 

the R-curve. It is equal to a difference between total dissipation energy rate and an item which 

can be associated with energy rate of cohesive zone development. So, the R-curve general 

equation is: 

Figure 7.The scheme 

of generalized loading 

MATEC Web of Conference 349, 01005 (2021)

ICEAF-VI 2021

https://doi.org/10.1051/matecconf /202134901005

 

5



" = 
�∗ − 1
2� �� ��!�� − �!� ��

��                                               (10) 

The general analysis of R-curve allows to obtain some important conclusions. Only in 

two specific cases " = 
�∗ : 1) perfectly brittle material, or 2) critical energy balance that 

corresponds to condition ��/�� = 0. In all other cases " ≠ 
�∗. The Eq.8 shows, if ��/�� >0 (ascending branch of R-curve), then the crack-resistance " < 
�∗. But if ��/�� < 0 

(descending branch of R-curve), then the crack-resistance " > 
�∗.  

3.3. The invariant equation of a crack quasi-static growth 

Using basic assumptions of the developed model, the general equation of a crack quasi-static 

growth (Eq.8) can be represented in invariant form in respect to the geometrical configuration 

of  a body with crack and its loading mode. This equation can be simplified by eliminating 

second-order terms of smallness in respect of the critical size of the plastic zone. As a result, 

the normalized invariant form  of equation of a crack quasi-static growth is as follow: 

��$
�� ̅ = 1 − 
̅ �1 + 43 �̅� �
̅�� ̅ �

43 �̅� 
̅�
�$

.                                              (11) 

where �$ = �/�� , � ̅ = �/�	, �̅� = ��/�	  and  
̅ = 
/
�. 

More detailed description of Eq.11, resolving method, properties and examples of solution 

for some configurations of a cracked body can find in [18,19]. 

 
4 The model of a crack quasi-static growth for variable crack 
resistance 
4.1. Modified invariant equation 
Eq.11 corresponds to assumption that the total crack resistance is constant which equal to the 
interlaminar fracture toughness 
�∗ = 
�. But in general case of the total crack resistance is 
variable 


�∗ = �
�                                                             (12) 

where � is a dimensionless function of crack increment ∆�. In general, it is random function, 

at least,  with two scalar paranerers (position and scale). 

In this case Eq. 11 transforms to follow: 

��$
�� ̅ = δ − 
̅ �1 + 43 δ�̅� �
̅�� ̅ �

43 δ�̅� 
̅�
�$

.                                              (13) 

4.2. Solution for DCB sample with the variable crack resistance 

 
For DCB sample 
̅ = �$���̅                                                            (14) 
In this case Eq.13 can be converted to follow: 

��$
�� ̅ = δ − �$���̅ '1 + 83 δ�̅��$��*̅

43 δ�̅��$-�:̅                                                (15) 

For numerical example the simple analytical expression of the coefficient δ of total crack 
resistance is selected as follow: 
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δ = ; 0,        at the � < �	 
1 + ? sin�2�@̅ �	̅ + A	� ,      at the � > �	                         (16) 

Three independent parameters define the shape of this function: a dimensionless amplitude ? (as a part of the mean value of the fracture toughness 
�), a spatial period B and a phase 
angle A	. In the equation (14) also �	̅ = �	/B,   @̅ = (� − �	)/�	, @ = � − �	 = ∆�. 

Calculation results is shown below. The loading diagram is presented in the Fig.8. The 
steps of loading those are predicted by model 
of quasy-static crack growth are shown 
by solid fragments of loading diagram. 
The jump-type parts of loading process 
are shown by vertical dash lines and 
correspond to dynamic crack 
propagation. Bottom point of each of 
those lines is theoretical position of a 
crack arrest: here all parameters of 
system satisfy to the equation of energy 
balance. The dash-dot line corresponds   
quasy-static crack growth at constant 
crack resistance of material. 

In respect of prediction of a crack behavoir the loading control law should be considered 
together with the process of quasy-static crack growth. The quasy-static crack growth in 
terms of ‘crack length/force’ and ‘crack length/extension’ are shown in Fig.9 and Fig.10 
respectively.  

 

Figure 9. Crack length/force diagramm 

At the force control process of a crack growing will be for maximal force only(Fig.9). At 
the extension control the portions of stable crack growth (bold line) alternate with a crack 
jump-type increment of crack length (horizontal dash lines in Fig.10).  

4 Final outcome of experimental research  

Using Eq.7 and test results represented by Instron record (Fig.2) and its derivatives (Fig.3 
and Fig.4) some final results were obtained. In Fig.11 is present the total crack resistance of 
given layered composite. It is seen that solid lines of diagramm ‘crack length/total crack 
resistance’ correspond to stable development of a crack. The dashed lines correspond to 
unstable crack growing. Loading mode with control of displacement allows to estimate the 
mean rate of crack propagation as follow: 

� ̇ = ��
�� = �̇  ��

��                                                                   (17)   

Figure 8. Predicted loading diagramm 

Figure 10. Crack length/extension diagramm 
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where �̇ = 5 DD/DEF  is the 
extension constant rate, but a 
derivative ��/�� was obtained 
by numerical differentiating of 
corresponding function (Fig.4).    

In the Fig.12 the diagram of 
a crack growth rate is presented. 
By the marker (horizontal bar) is 
shown mean value of a crack 
growth rate and the two dash line 
connected with marker indicate 
ends of corresponding increment 
of a crack length. It is seen that 
for the jump-type crack 
increments the mean rate of 
crack growth is large in respect 
of description crack propagation 
as a quasi-static process. 

Using the total crack resistance 

function (Fig.11) and Eq.10, the 

crack resistance R-curve can be 

obtained. For this porpose the 

member that is associated with the 

part dissipation energy rate for a 

cohesive zone development 
!  for 

the DCB sample is as follow: 


! = 1
2� �� ��!�� − �!� ��

�� = �
6

�
�	�

 �-�:
G���

��
��                          (18) 

 
where G = ��ℎ-/12 is the cylindrical stiffenes of of rectangular cross-section of an arm of 

the DCB sample of a width � and a 
height ℎ. 

The cohesive zone development energy 

rate was  calculated using (18) and 

substructed from the total dissipation 

energy rate. As a result, the crack resistance 

R-curve was presented by final diagramm 

(Fig.13) by portions corresponded to stable 

steps of crack growth. 

" = 
�∗ − 
!                         (19) 
  

 

5 Brief discussion and conclusions 

Using the model of quasi-static crack growth, the general regularities of the interlaminar 
crack resistance of a layered composite in mode 1 were studied. The main attention was 

Figure 11. Total interlaminar crack resistance 

Figure12. Diagramm of a crack rate 

Figure 13. Crack resisrance (R-curve) 
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focused on the variability of crack resistance associated, on the one hand, with the continuity 
of the fracture process, and, on the other hand, with the inhomogeneity of the material 
structure, which causes local random deviations from the average characteristics of the 
material. Two main characteristics were used: the rate of energy dissipation and the critical 
strain energy realise rate or briefly the function of crack resistance (R-curve). The rate of 
energy dissipation is a characteristic of total crack resistance since it combines the loss of 
total potentional energy to create an unit of new surface associated with two main causes: 1) 
energy for development of the cohesive zone and 2) energy of  the new surface of a crack. 
The experiment was carried out on standard DCB samples of carbon / epoxy layred 
composite. Analysis of the experimental results and their comparison with the simulation 
results allowed to obtain a number of significant conclusions, which are discussed below. 

1) The developed model of quasi-static crack growth, which is based on the concept of a 
small-scale cohesive zone acepted in fracture mechanics and on the assumption of the 
continuity of crack growth at increasing load, makes it possible to adequately describe the 
features of the behavior of a body with a crack at the restrictions of a model.. 

2) A typical situation is when, immediately before the crack jump, the derivative of the force 
per the crack length is not zero ��/�� ≠ 0. This is clearly seen from Fig. 4. Mostly ��/�� >0, i.e. the crack jump occures during movement at the ascending branch of stable crack 
growth. First of all, this indicates that there is a discontinuity of the function of crack 
resistance or its derivative per crack length. On the other hand, ��/�� > 0 means that energy 
dissipation is associated with the action of both mechanisms: expansion of the cohesion zone 
and growth of the crack surface. 

3) The diagrams of the crack resistance characteristics of the composite obtained from the 
experiment (total crack resistance, determined by the rate of energy dissipation, and the the 
crack resistance function or R-curve) are shown in Fig. 11 and Fig. 13 as portions of stable 
crack growth. The lower point of each portion determines the value of the corresponding 
crack resistance parameter at the moment of crack arrest after the previous jump. The upper 
point of each portion shows the maximum value of the crack resistance parameter at the 
corresponding position. 

4) The transition from one portion of stable growth to the next occurs abruptly with an 
average crack growth rate shown in Fig. 12. It is seen, this rate is significant and can have a 
important impact on the determination of crack resistance. One can only assume that it is in 
the interval between the maximum of crack resistance and its value at the crack arrest. 

5) From the graph of R-curve Fig.12 can see that at crack length more than 35 the crack 
resistance of crack arrest is practically constant and approximately equal to 800 J/sq.m and 
can be called as the cack arrest interlaminar fracture toughness. 
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