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Abstract. Quasicrystalline film with densest package of atoms can be 
formed on a crystal surface under irradiating crystal surface with proton-
ion flows at a certain ratio of atoms diameters of irradiated crystal and the 
ions of irradiating flow. Atom-free area of 1 Å order is formed. These are 
traps for protons from the irradiation stream, thus a quantum dot appears. 
Atomic package of quasicrystalline film is a package of equilateral Penrose 
rhombs and there are centers of atoms mass at the vertices. A mathematical 
relation is obtained that allows predicting radii of irradiation flux ions to 
form quasicrystalline film and select atomic composition of the obtained 
film with predetermined properties. Nanostructuring of materials is an 
entire family of physicochemical processes associated with proton transfer 
and their localization in crystal lattice and these include ion exchange, 
diffusion, and ion implantation. Ion and proton exchange can be considered 
an established universal method of surface modification technology [24–
26]. The case of implantation of protons into the structure of cluster 
systems formed on the surface of crystals is described in this paper. In this 
case, a quantum dot is formed in the cluster structure, which is a potential 
hole with quantized proton motion, wherein the radiation of quantum dot is 
in IR area of electromagnetic spectrum. 

1 Introduction 
Quasicrystals is a large class of ordered substances that occupy an intermediate position 
between classical crystals and amorphous substances. The first quasicrystal was discovered 
by Schechtman in 1984. It was discovered by using rapid cooling of the melt [1]. More than 
a hundred systems based on aluminum, gallium, copper, cadmium, nickel, titanium, 
tantalum and other elements have been discovered.  Quasicrystals [1, 2] are formed on its 
basis. 

Mathematical model of an ideal quasicrystal was developed in two independent 
theories, which later turned out to be equivalent. In [3, 4], a model of a quasicrystal is built, 
based on two elementary cells with an irrational ratio of their quantities. Certain rules of 
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construction, based on Fibonacci numerical sequence, led to a structure in which periodicity 
in atoms arrangement is absent, but there are several properties typical for the crystal. 

A common model of quasicrystalline object’s structure is a two-fragmental model based 
on a quasi-periodic coating of a straight line, plane, or space with two elemental structural 
units. This model leads to a Fibonacci sequence of short S and long L segments with S 1=  
and L Ф 1.6180339...= = . In two-dimensional case, two-fragmental model is a Penrose 
tiling [4]. It consists of two types of rhombs with sharp angles 5π  and 2 5π . In three-
dimensional case, quasicrystal structure is formed by rhombohedra of two types and is a 
generalization of Penrose tiling. It is called Amman-Mackay structure [6, 7]. 

Icosahedral quasicrystal model structure was obtained in Kalugin, Kitaev, Levitov 
model [5] which is based on «cubic» crystal in 6-dimensional space. So-called «pipe» is cut 
from this crystal. This «pipe» is a layer of atoms with an order of interatomic magnitude, 
enclosed between three-dimensional hyperplanes. Then it is projected onto physical space. 

This construction allows us to obtain a continual theory of a quasicrystal, describe 
dislocations and find out principles of low-frequency collective modes, in addition to 
ordinary phonons, arising from three degrees of atoms free motion along the pipe. 

Cluster approach [8–10] states that quasicrystals are aggregates of clusters. Their 
structure cannot be represented as a package of identical elementary cells. They are a 
unique method of packing mutually overlapping clusters, which allows the implementation 
of the most stable, energetically preferred local atomic configurations. In Penrose partition, 
two types of clusters of three rhombuses can be distinguished, resembling cube projections 
in shape. This is either a cluster of two wide and one narrow rhombus, or an elongated 
cluster of one wide and two narrow rhombuses. Any rhombus is always a part of either one 
or two mutually overlapping clusters of these types [8–10]. 

One-dimensional model of a quasicrystal and numerical Fibonacci sequences associated 
with Golden Section and is used to build a new type of optical elements: aperiodic 
diffraction gratings and multilayer structures [8–12]. 

Two-fragmental model based on quasi-periodic coverage of space by two elementary 
structural units is a model basis of cluster systems structure adopted by the authors of this 
paper. 

According to Penrose tiling model, elementary units of the structure are thin and thick 
rhombuses with equal a  sides, at vertices of which there are centers of atoms mass. A thin 
rhombus has an acute angle 5 36π = °  and a thick rhombus with an acute angle 
2 5 72π = ° . Atoms at peaks of thin rhombus form two dimers (Figure 1) and atoms form 
two more dimers at the peaks of a thick rhombus. 

The first dimer is formed by opposing atoms of a thin rhombus, wherein the centers of 
atoms mass are located at a distance of a small rhombus diagonal: 

 ( )/
dim

π2 sin 1 0.618...
10

aR a a a= = Φ − = = ⋅
Φ

, (1) 

the second dimer is formed by atoms at a distance of a large diagonal of a thin rhombus: 

 / /
dim

π2 cos 2 1.902...
10

R a a a= = Φ + = ⋅ , (2) 

where 

 / / / / / /
dim dim dim dim dim

π 2ctg 2 3.078...
10 1

R R R R RΦ+
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where Ф 1.6180339...=  – «golden» ratio. 

 
Fig. 1. The formation of atoms dimers in the structure of clusters according to «golden» rhombuses 
scheme. 

Atoms at the vertices of a thick rhombus, by analogy with a thin rhombus, form two 
more dimers with distances between atoms / / /

dimR  and dim
IVR  respectively 

 / / /
dim

π2 sin 3 1.175...
5

R a a a= = −Φ = ⋅ , (4) 

 dim
π2 cos 1.618...
5

IVR a a a= = Φ = ⋅ , (5) 

 / / / / / / / / /
dim dim dim dim

πctg 1.377...
5 3

IVR R R RΦ
= = = ⋅

−Φ
. (6) 

Each of four dimers becomes nucleus of the emerging clusters. So, in such a model it is 
necessary to distinguish four types of clusters, each of them forms a diffraction pattern in 
X-ray-electron structural studies. The overall X-ray pattern is the result of the overlay of 
four types of reflexes displaying the features of four cluster´s types in the structure of 
quasicrystalline system. 

Radii of coordination spheres are represented by the ratio for the system of successive 
coordination spheres of spherical particles [11–14] 

 n din nR R pF= , (7) 

where dimR  – distance between particles in each of the four dimers (1)–(6), nF  – Fibonacci 
numbers, 1,  2, 3...p =  – the positive integers. 

Table 1 shows results of radii calculations of coordination spheres in units of rhombus 
side α for four types of clusters in structure of quasicrystalline system according to formula 
(7) where 1p = . 

Rhombus a  side can be estimated using formula (1), in which it is necessary to state the 
radius of the first coordination sphere ( /

dimR ), which is determined by the particle diameter 
of the substance and features of interaction potential [11–14] 
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1

/ / /
1 dim 0

n mnR R
m

− = σ 
 

, (8) 

where 1R  is the radius of the first coordination sphere, 0σ  is the diameter of the sphere 
modeling the atom, n m>  – are integers for t Mi potential. 

Table 1. Radii of successive coordination spheres in a units in the structure of a quasicrystalline 
system. 

 
Fibonacci Numbers 

1 2 3 5 8 13 21 

 

0.618 0.874 1.070 1.382 1.748 2.228 2.832 

1.175 1.662 2.035 2.627 3.323 4.236 5.385 

 

1.618 2.288 2.802 3.618 4.576 5.834 7.415 

1.902 2.690 3.294 4.253 5.380 6.858 8.716 

Considering made assumptions, the side of the rhombus will be determined by the 
following formula 

 
1

0

n mna Ф
m

− = σ 
 

. (9) 

The radius of the atom will be considered half the radius of the first coordination sphere 
of a radial distribution function for a pure substance with a certain variety of atoms, for 
atoms radii of two classes we write the following: 

 1 2

1 1
/ / /6 6

1 1 1 2
1 01 2 02

1 1,
2 2 6 2 2 6

n nR n R nr r
− −   = = σ = = σ   

   
, (10) 

where 6m =  is accepted. That corresponds to the dispersion forces of attraction (in the case 
of Mi power potential, atoms radii depend on degree indicators in repelling and attracting 
parts of the potential). 

Based on Table 1, we obtain absolute values of radii coordination spheres at 
2.8 Å04 a =  of rhombus side by arranging coordination spheres radii in order of 

monotonic increase of their values. 
Short-range order (in five coordination areas) in densely packed carbon systems can be 

modeled with quasicrystalline models. 
Quasicrystalline models of cluster systems structure in the structure of carbon films 

make it possible to predict the position of coordination areas consistent with the results of 
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X-ray structural measurements. The consistent arrangement of coordination areas is 
explained by the features of the Fibonacci series and «golden» ratio. 

The study of formation and stability problem of thin films in the system of double solid 
solutions revealed several conditions when selecting film components. First, it is necessary 
to implement the principle of densest packing of atoms or molecules in the structure of the 
resulting film, which corresponds to minimum potential energy of the original cluster 
during thin film formation [21–23]. 

We obtain the condition of densest packing for particles of two grades under a certain 
ratio between radii atoms of the irradiated surface and atoms (ions) radius of the irradiating 
flux 2 1r r> , considering the properties of a «golden» rhombus. According to Figure 2 radii 
are associated with the trigonometric functions of the «golden» angles: 

 2 1
2 1

2sin α
r r  = − 

 
. (11) 

Considering ratio (10), formula (11) will be the following: 

 ( )( )
2 12

1 2

1

1
6

6 6 022 2
1

1 016
1

σ26 1
2sin α σ

n nn
n n

n

r n
r

n

−−
− −

−

 = ⋅ − ⋅ 
 

, (12) 

where 1 2,  n n  are the degree indices in the repulsive part of Mi paired interaction potential 
for two classes of atoms, 01 02σ ,  σ  are the diameters of solid spheres modeling these atoms. 

 
Fig. 2. Tight packing of two grades particles in the model of «golden» rhombuses. 

Table 2 shows values of «golden» angles in thin and thick rhombuses and the sinuses of 
these angles expressed through the «golden» ratio, which show that a certain ratio between 
the radii of the constituent particles as a function of a «golden» ratio is necessary to 
implement the principle of dense particles packing. 

Here are some examples. 
The radius of fluorine atom is ( )1 F 0. Å 73r = , therefore, according to Table 2 and 

Figure 2, atoms with 2 1.63 0.5Å; Å;1 0.1 Å   72r =  radii are the most preferred atoms for 
forming a dense package of atoms in a thin film. 
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Table 2. Trigonometric functions of «golden» angles. 

Function 
Parameter 

π 10 18= °  π 5 36= °  3π 10 54= °  2π 10 72= °  3π 5 108= °  

2sin α  Ф 1−  3 Ф−  Ф  Ф 2+  Ф 2+  

2cosα  Ф 2+  Ф  3 Ф−  Ф 1−  1 Ф−  

1 2r r  2.236 0.7013 0.2361 0.05146 0.05146 

The radius of the magnesium atom ( )2 Mg 1 Å .60r =  can form a «golden» rhombus 
with an angle π 5 36= °  in combination with fluorine atom. Such compound is magnesium 
fluoride (MgF2), which is, under normal conditions, colorless diamagnetic tetrahedral 
crystals with ( )Å; 4  4.625 Å  0 ; 23. 52c ZP mnn a = = =  spatial group. 

The second value for the ions of 2 0. Å 51r =  irradiation stream is close to the radius of 
hydrogen atom to form a hydrogen fluoride (HF) compound – a colorless gas (under 
standard conditions) with a sharp odor. at room temperature it exists mainly in the form of a 
dimer H2F2 at room temperature and this is a colorless movable fluid if the temperature is 
below 19.9°C. 

The radius of silicon atom (ion) is ( )1 Si 1 Å .32r = . Atoms with radii 

2 0.926 0.Å; Å; 51 0.1 Å   72r = are preferable to form a dense package of atoms in silicon-
based thin film. The radius of ( )2 Br 0 Å .94r =  bromine atom in combination with silicon 
atom can form a "golden" rhombus and silicon bromide compound (II) - a binary inorganic 
compound of silicon and bromine with SiBr2 formula. A substance with the color from 
yellow to brown polymerizes to (SiBr2)n with a molecular weight of 3000–3600. At 60°C it 
softens, at 100–110°C it is drawn into threads, at 160–180°C it becomes viscous, like a 
lubricating oil. 

Zinc oxide is technologically important inorganic compound with ZnO formula. The 
radius of oxygen atom is ( )1 O 0. Å 617r = , the radius of zinc atom is 

( )2 1Zn 2.236 1.342 År r= ⋅ = . This corresponds to the formation of a «golden» rhombus. In 
a stable form, zinc oxide has a hexagonal crystal structure with lattice parameters 

3.24 Å 58a =  and 5.20 Å 06c =  ( 1.6022c a = ). Materials based on ZnO have electrical 
conductivity of p-type. Zinc oxide thin films generally doped with Group III elements such 
as Ga, In or Al. They are electrically conductive. 

According to formula (11) 2 12.236r r= ⋅ irradiation flux corresponds to of cyclic 
hydrocarbon molecules – arenes: benzene, toluene, xylene, etc.). This is suitable for ions 
atoms radii. Molecules of these hydrocarbons and their halogen substituted form a class of 
organometallic compounds (MOS) in combination with metal atoms. The interaction of 
cyclic hydrocarbons with metal atoms can form stable cluster systems and form a logical 
class of substances. 

Atoms with 3 10.701r r= ⋅  radius correspond to the radii of metal atoms or non-metals 
and are also capable to form stable quasicrystalline structures. 
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2 Quantum dots in quasicrystalline films in a potential pit model 
with infinitely high walls 
Traditional mathematical formalism of describing quantum points is in solving stationary 
Schrödinger equation for a particle in a potential field in the approximation of microparticle 
effective mass [15] 

 ( )
2

2
2 eff

U r E
m

− ∇ Ψ + Ψ = Ψ
 . (13) 

Potential energy in equation (13) is determined by applied kind of interaction potential 
between particles. The solution of Schrödinger equation (13) is wave functions 

 ( ,θ,φ) ( ) (θ,φ)n l nr R r YΨ = . (14) 

Energy spectrum of a particle for a spherical quantum point is determined by the 
following formula [16] 

 
2

, , * 22ξn l n l
r

E
m D

∆ = ⋅
 , (15) 

where ,ξn l  – n root of spherical Bessel function of half-integer argument (l + 1/2), with 

( ),0ξ π  1,  2, 3,...n n n= ⋅ = , D – spherical diametre. 
A number 0,  1, 2,...l = is an orbital quantum number, with a pair of numbers 

( ),  n l entirely defining electromagnetic spectrum of a quantum point. Symbols used for the 
atomic spectrum indicate its levels. So spherical quantum dots are called artificial atoms. 

The ratio for calculation of particle energy spectrum in cylindrical quantum point is 
described in [17] 

 
22 2 2

,
, 2 2

0 0

ξπ
2 4 ρ

n l
n l

nE
m h

 
 ∆ = +
 
 

 , (16) 

where ρ,  h  is the base radius and half of cylinder height. 
A quantum dot having the form of a flattened rotation body (ellipsoid, tablet) is 

described in [18]. The shape of CD surface is given by the rotation ellipsoid by introducing 
ellipsoidal curvilinear coordinates. And the wave function (as for the case of a cylindrical 
quantum point) is represented by the following equation: 

 ( ,θ,φ) exp( φ) ξ ( )cos( )n mr im pR kzΨ = ⋅ , (17) 

where ,ξn l  is Bessel function, 0,  1,  2, 3,...m = . 
The authors say that the boundary conditions of r variable have the same equation for 

the energy of a particle as in the case of a quantum hole. 
Eigenvalues of the particle energy located at the n-energy level of a deep potential hole 

are determined by the known formula [15–17] 

 ( )
2 2

2
2

π , 1,  2,  3,...
2nE n n

ml
= ⋅ =

 , (18) 
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where l – potential hole width, m – particle mass,   – Planck's constant. 
Energy level difference 

 ( )
2 2

1, 2

π (2 1), 1,  2,  3,...
2n nE n n

ml+∆ = ⋅ + =
 . (19) 

( )2 1 in F+ =  is approximately done with small n values, где iF  – Fibonacci numbers. 
So, we can write the following on basis of (18) and (19) formulas 

 ( )
2

1, 2

1 πω ( 1) ,  1,  2,  3,...
2n n n nE F n

ml+= ∆ = ⋅ Φ − =




. (20) 

On basis of (19) formula for wave vector where 1nF =  

 
2

1
1, 2

1 π(ω ) ( 1), cm
2n n nc E

c mcl
−

+= ∆ = ⋅ Φ −
⋅





. (21) 

In formula (21), the mass of a particle is usually the mass of an electron, then for a 
rectangular potential hole of  Å0.67l = width we can get the following based on formula 
(21) 

 6 1
1,

1(ω ) 3.6 10 cmn n nc E
c

−
+= ∆ = ⋅

⋅
. (22) 

In this case, the radiation from the quantum point is in ultraviolet frequency area. 
Protons in the structure of quantum dots appear because of proton-exchange processes, 

or because of proton-ion modification of crystals, glasses or quasicrystals used to obtain 
homogeneous near-surface layers by conducting ion-exchange reactions to a given depth. 

In the case of proton capture by a quantum dot, like formula (22), we obtain 

 
2

1
1, 2

1 π(ω ) ( 1) 1750 cm
2pn n n

p

c E
c m cl

−
+= ∆ = ⋅ Φ − =

⋅




. (23) 

Such a frequency value corresponds to radiation in infrared spectrum zone. 
Radiation and absorption of infrared radiation by quantum dots is confirmed 

experimentally and theoretically [19]. 
Thus, by selecting metals of a certain grade with atoms radius r1 of an irradiating 

surface and a composition of an irradiating proton-ion stream, it is possible to achieve the 
formation of quasicrystalline film on the metal surface, which has increased elastic and 
special optical properties. 

It is possible to describe the main patterns of proton-ion implantation processes in 
proposed model. Proton implantation can be carried out on a cyclotron (for example, on a 
cyclotron U-120 FTI Tomsk PU). Proton component in pulses with a duration of ~2 ns was 
more than 40%. Current and beam energy are 100 mA/cm2 and 120 keV, respectively. 
Occurrence of damages grid with the period of 10–30 microns caused by an exit to cleavage 
surface under an exposition of LiNbO3 crystals of an Х-cut by protons direct stream [27–
29]. 

 
 
 

8



MATEC Web of Conferences 344, 01009 (2021)
MPM 2021

https://doi.org/10.1051/matecconf/202134401009

3 Results and discussions 
It has been shown that in the structure of quasicrystalline films it is possible to form 
quantum dots, which are potential pits of various shapes with quantized motion of an 
electron or proton. In the case of an electron in a potential hole, such a hole becomes a 
source of electromagnetic radiation in ultraviolet field of the spectrum. In the case of a 
proton in a potential hole, the radiation of a quantum point is in infrared field of the 
spectrum. 

The proposed approach of forming quantum dots in quasicrystalline films allows us to 
hypothesize the formation of one of the components of infrared radiation by the moon 
surface and other planets that do not have powerful atmosphere. 

The Moon surface is constantly exposed to solar wind, which is a stream of ionized 
particles. Due to the processes taking place inside the star, the solar wind can have different 
intensity and speed. The solar wind can be calm and indignant. Calm solar wind flows can 
be divided into two types: slow and fast. Slow ones have a speed of about 300–500 km/s. 
Fast flows have a speed about 500–800 km/s. 

Samples of The Moon soil delivered to The Earth by Soviet and American spacecraft 
(for example, Luna-20, Fig. 3) made it possible to state chemical composition of The 
Moon’s surface rocks. Information about chemical elements in the Moon’s surface rocks 
(element´s percentage in the rocks of the Moon surface is indicated in parentheses), as well 
as the radius of the first coordination sphere of these elements [20] is in the first column of 
Table 3. 

Table 3. Formation of moon surface quasicrystalline systems [30, 31]. 

The Moon´s soil element 
(Luna–20) [28] Quasicrystalline system, 1 Å, r  [20, 21–26] 

Silicon (Si), 23 % 
r1 = 1.32 Å 

[20] 

r2 = 0.92 Å Sulphur. Silicon sulfide is formed. It is a binary 
inorganic compound of silicon and sulphur with SiS2 formula, white 
or gray crystals, easily hydrolyzed by water, reacts with oxygen 

Iron (Fe), 13 % 
r1 = 1.56 Å 

[20] 

r2 = 1.09 Å Phosphorus. Iron-phosphorus alloys are formed, 
obtained, and used to restore and increase wear resistance of 
machine parts. 
Classical methods of producing alloys of iron with phosphorus 
(ferrophosphorus) are described in [18, 19] 

Сalcium (Ca), 10 % 
r1 = 1.94 Å 

[20] 

r2 = 1.35 Å Gallium. CaGa compound is formed, has an 
orthorhombic lattice with a = 0.4382 nm, b = 1.1935 nm, 
c = 0.4196 nm. Low temperature modification CaGa2 has hexagonal 
latitude with a = 0.4461 nm, c = 0.7359 nm. CaGa4 has tetragonal 
lattice with a = 0.4365 nm, c = 1.065 nm. Ca28Ga11 has a complex 
structure consisting of three types of polyhedrons with Са atoms 
around Ga atoms 

Aluminium (Al), 12.5 % 
r1 = 1.18 Å 

[20] 

r2 = 0.83 Å Chlorine. Aluminum chloride is formed - colorless 
crystals that smoke due to hydrolysis in wet air. At normal pressure 
it sublimates at 183℃ (under pressure melts at 192,6℃) [14] 

Magnesium (Mg), 5.7 % 
r1 = 1.45 Å 

[20] 

r2 = 1.01 Å Phosphorus. Magnesium phosphide is formed – a 
binary inorganic compound of magnesium and phosphorus with 
Mg3P2. These are bright yellow cubic crystals 

Fluorine (F), 5.1 % 
r1 = 0.42 Å 

[20] 

r2 = 0.29 Å Helium is formed. Researchers conducted a large-scale 
search for possible stable compounds of helium with various 
elements (H, O, F, Na, K, Mg, Li, Rb, Cs и т.д.) by using USPEX 
code 

Сhemical composition of the Mercury surface rocks is almost the same as the 
composition of the Moon soil. However, the surface of the Mercury is exposed to more 
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vigorous proton-ion solar flows. The process of implanting solar flux ions into the Mercury 
structure surface rocks is accompanied by the formation of quasicrystalline films on the 
surface of rocks and quantum points in the structure of quasicrystalline films emitting 
electromagnetic waves in IR range. 

 
Fig. 3. Exposition of Soviet «moon rockets» models at the exhibition in Paris in 2007. In the 
foreground – AMS «Luna-20». It includes: a descent vehicle that delivered samples of the Moon soil 
to the Earth [28]. 

The Mercury surface acts as an energy converter of solar proton-ion fluxes into infrared 
radiation by means of proton-ion implantation [31]. 

4 Conclusions 

When irradiating the crystal surface with proton-ion flows at a certain ratio of atoms 
diameters of the irradiated metal and the ions of the irradiating flow, a quasicrystalline film 
with a dense package of atoms can be formed on crystal surface. Nanostructuring of 
materials is an entire family of physicochemical processes associated with proton transfer 
and their localization in crystal lattice and these include ion exchange, diffusion, and ion 
implantation. Ion and proton exchange can be considered a universal method of surface 
modification technology [24–26]. 

The paper considers the case of proton implantation into the structure of cluster systems 
formed on the surface of crystals. In this case, a quantum dot is formed in the structure of 
the cluster as a potential well with quantized motion of a proton inside, and the emission of 
the quantum dot lies in the IR region of the electromagnetic spectrum. 

In this proposed work, the main results and mathematical formulas are obtained in the 
approximation of solid spheres, which is currently one of the exact theoretical methods for 
studying physical properties of condensed media. A classic example is Carnahan-Starling 
solid sphere theory for compiling state equation [32]. Prediction of Bernal fluid’s structure 
[33] or the structure of Berry-Smirnov cluster systems [34]. The theory of solid spheres 
allows further generalization for soft or rough spheres. 
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