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Abstract. The performance of a recently developed state-dependent constitutive model for unsaturated
granular soils is evaluated. The model employs the Bounding Surface plasticity framework and evaluates
elastic strains assuming hyperelastic behavior. To realistically simulate the deformation of unsaturated
granular soils, the mechanical behavior was modeled without a purely elastic component. The inherent hydromechanical coupling was realized by introducing a Bishop-type effective stress, an appropriate workconjugate variable, and a soil-water characteristic curve function. Relevant details about the model
development, parameter estimation, and the assessment of the model’s predictive capabilities are presented.
The model performance is evaluated with experimental data obtained for drained and constant-water stress
paths. With a given a set of parameter values, the model realistically simulates the main features that
characterize the shear and volumetric behavior of unsaturated granular soils over a wide range of matric
suction, density, and net confining pressure. This is found to be true for both drained and constant-water stress
paths.

1 Introduction
Environmental conditions control the depth of the
groundwater table and, therefore, the thickness of the
unsaturated soil zone; i.e., the zone between the ground
surface and the water table. In this zone, the pore-water
pressure is negative. It can range from a minimal
magnitude near the water table to values approaching 1,000,000 kPa [1]. Studies report that, in the USA alone,
problems associated with unsaturated soils (e.g., volume
change, pressure generation, and moisture transport)
annually inflict an estimated $15 billion in damage to
buildings, roads, and pipelines [2].
Constitutive modeling of unsaturated soils began in
the 1990s. Research in this field was pioneered by Alonso
et al. [3], who extended the modified Cam-Clay model [4]
to develop an elasto-plastic model based on the concept
of two independent stress state variables. In the two
independent stress state variable concept [5], the behavior
of unsaturated soils is governed by the matric suction and
net stress. Based on the concept of two stress state
variables, several constitutive models were subsequently
developed and used to simulate the behavior of
unsaturated soils [e.g., 6, 7, 8]. However, Gens et al. [9]
postulated that the framework of two independent stress
state variables gives acceptable results only in cases when
one of the variables is kept constant. Nuth and Laloui [10],
argued that separating the mechanical stress from the
hydraulic stress prevents the appropriate simulation of the
*

hydro-mechanical coupling phenomenon observed in
unsaturated soils. Sheng [11] indicated that in the twostress state variable approach there is a discontinuity at the
transition between saturated and unsaturated states. By
using energy principles, Houlsby [12] demonstrated that
two sets of stress-strain variables (i.e., effective stress and
matric suction as stress variables, and the strain of solid
skeleton and degree of saturation as kinematic variables)
are adequate to describe unsaturated soil behavior.
Houlsby’s explanation was consistent with the Bishoptype [13] effective stress approach, which has been
extensively used to describe unsaturated soil behavior
[14-24].
The effective stress framework enables the direct
incorporation of the soil water characteristic curve
(SWCC) and the intrinsic hysteresis. This characteristic
makes the effective stress–based framework a viable
choice when implementing an unsaturated soil
constitutive model into a commercial or research finite
element computer program. As most existing finite
element programs for geotechnical analyses are written
for saturated soils, a natural transition to unsaturated
states would thus be realized by simply replacing
Terzaghi’s effective stress with a Bishop-type effective
stress [10].
In this paper, a state-dependent constitutive model that
can describe the mechanical behavior of granular soils is
assessed for performance under different stress paths. The
model is based on the bounding surface plasticity

Corresponding author: kmanahiloh@uvu.edu

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1051/matecconf/202133702005

MATEC Web of Conferences 337 , 02005 (2021)
PanAm-UNSAT 2021

framework and incorporates a newer generation of
Bishop’s effective stress concept. The model is an
extension of an existing hyperelastic model, which was
originally proposed by Lashkari et al. [25] for simulating
the elastoplastic behavior of fully saturated granular soils.
In this model, elastic strains are computed from the Gibbs
free energy. Consequently, the conservation of energy is
fully satisfied. Using a single set of parameter values, the
present model predicts the behavior of unsaturated
granular soils with various ranges of density, normal
stresses, and matric suction. The model’s performance is
assessed by comparing its simulations with experimental
data for clean sand following drained and constant-water
stress paths.

where av, nv, mv, and Ω are model parameters, and s0
is the residual values of the degree of saturation.
2.1.3 Strain Decomposition
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2.1.4 Elastic stiffness matrix

Consistent with Zhang and Lytton [26] and Sheng et al.
[27], who showed that for unsaturated soils the elastic
volumetric change is stress-path dependent, and following
the work of Maier and Hueckel [28] and Collins and
Houlsby [29], who postulated that elastic behavior is
affected by the plastic strains, coupled elastic-plastic
strain rates are added to the elastic strain rates. The elastic
strain rate is therefore decomposed into reversible and
irreversible (coupled) portions. It should be noted that due
to the stress path dependency of the elastic behavior of
unsaturated soils, in the present model no purely elastic
strains can develop at any time. The main components of
the model within axisymmetric triaxial space, in terms of
the mean normal effective stress (p’) and the deviator
stress (q), are summarized below.
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In Equation (1), pnet is the net confining stress, s is the
matric suction, χ is the Bishop effective stress parameter,
Sre is the so-called relative degree of saturation, Sr is the
degree of saturation, and Sr0 is the residual state degree of
saturation, which can be estimated from the SWCC, and
the symbols represent Macaulay brackets.
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2.1.6 Gibbs free energy function
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2.1.2 Soil Water Characteristic Curve
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where, K0 and G0, are model parameters, pref is the
atmosphere pressure, X is the elastic variable, which
evolves with plastic hardening as defined by Eq. (7),  =
q / p' is the stress ratio, and F(e) is a function of the void
ratio (e) and particle shape. For granular soils with angular
particles, F(e) = (2.97 – e)2 / (1 + e); for similar soils with
well-rounded particles, F(e) = (2.17 – e)2 / (1 + e).
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2.1.1 Effective Stress Definition
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2.1.5 Hyper-elastic moduli
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where K, G, and J are the hyperelastic moduli.

2.1 Summary of components of base model
(Kadivar et al., 2020)

  Sre 
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(3)
where,v and q are the volumetric and distortional
components, respectively, of the infinitesimal strain
vector, the superscripts “er” and “i” stand for “elastic
reversible” and “irreversible”, respectively,  is the Gibbs
free energy function, given by Eq. (8), and
 , p    2   p   ,  ,q    2   q  , and ,   .


2 Model development
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where, p0 and q0 are the values of p’ and q at zero elastic
strain, respectively.

(2)
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2.1.7 Elastic variable

2.1.14 Critical State Void Ratio
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where, Xmax = 0.95, Xmin = 0.50, and B = 0.10; these
values apply to any soil [25].
2.1.8 Bounding surface
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where M is the slope of the critical state line (CSL) in
p'-q space that takes on values of Mc and Me for
axisymmetric triaxial compression and extension,
respectively, nb is a model parameter, and  is the Been
and Jefferies state parameter [30] that represents the state
dependency of the model by relating the current void ratio
of a soil (e) with its value at critical state (ec) according to
 = e – ec.

 M exp( n  )

d

d

The predictive capacity of the model is examined by
comparing its simulations with a set of axisymmetric
triaxial test results on clean sand following drained and
constant-water stress paths, performed by Russell and
Khalili [32]. These researchers performed suctioncontrolled axisymmetric triaxial compression tests on
Kurnel sand. The specific gravity of this sand particles
(Gs) is 2.65, the mean grain size (D50) is 0.31 mm, the
uniformity coefficient (Cu) is 1.83, and the minimum and
maximum void ratios are 0.60 and 0.92, respectively.
Experimental data for the SWCC, along with the best-fit
curve given by Eq. (2), are presented in Fig. 1. CSLs in

(9)

2.1.10 Flow rule
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in Figs. 2a and 2b, respectively. The complete set of
model parameter values used in simulating the behavior
of this sand is presented in Table 2.
Figs. 3 to 6 compare the model simulations with
experimental data at constant matric suction values of 51,
100, and 200 kPa. These tests are performed at net
confining stresses ranging between approximately 50 to
approximately 100 kPa, and the initial void ratios ranging
from 0.658 to 0.780. These figures show that the present
model is able to accurately simulate the experimental data
of shear strength and volumetric behavior of the soil.

is the dimensionless plastic-

hardening modulus.
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a scalar loading index, η is again the

stress ratio, and
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3 Assessment of predictive capability

where, nd is a model parameter

q  

s  1 

where, ec is the critical state void ratio, e0, λ,  , a
and b are model parameters, and ξ is a “cementation”
parameter according to Gallipoli et al. [31].

2.1.9 Dilatancy surface
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where h0 and ch are dimensionless model parameters,
and e is the void ratio.
2.1.13 Dilatancy function

d  A 2 
d



M 
d

1  c M   M

d





(13)

where, Ad is a model parameter and c  Me Mc , where
Me and Mc are the values of M in axisymmetric triaxial
extension and compression, respectively.

Fig. 1. Experimental and analytical soil-water characteristic
curves for Kurnel sand.
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Table 1. Values of model parameters used to simulate the
behavior of unsaturated Kurnel sand
Value
Model Parameters
250
K0
200
G0
1.422
e0
0.508
λ
0
a
0
b
0.07
ζ
1.77
Mc
0.5
nb
2.7
nd
0.35
Ad
95
h0
0.1
ch

(a)

(b)
Fig. 3. Simulation of the experimental data of clean sand at s =
51 kPa: (a) Deviator stress vs. distortional strain, and (b)
Volumetric strain vs. distortional strain [experimental data from
32].

(a)

(b)
(a)

Fig. 2. Critical state line for unsaturated Kurnel sand in the space
of (a) e  p  p ( 1  g (  ) )  and (b) q-p’ [experimental data



ref



from 32].

(b)
Fig. 4. Simulation of the experimental data of clean sand at s =
100 kPa: (a) Deviator stress vs. distortional strain, and (b)
Volumetric strain vs. distortional strain [experimental data from
32].
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volume of water inside the soil is maintained constant, the
matric suction varies due to the volume changes in the
soil. From basic soil mechanics:
𝑆𝑒 𝐺𝑤
(15)
where Gs is the specific gravity and w is the water
content of the soil. Knowing that w is constant, it follows
𝑑𝑆 𝑒

𝑆 𝑑𝑒

0

(16)

where Sr is a function of matric suction and void ratio.
The change of degree of saturation is thus related to the
changes of matric suction and void ratio according to
𝜕𝑆
𝜕𝑆
(17)
𝑑𝑆
𝑑𝑠
𝑑𝑒
𝜕𝑠
𝜕𝑒
Combining Eqs. (16) and (17), the change of matric
suction is obtained by integrating the following
expression:
𝑆
𝜕𝑆
𝑑𝑒
𝑒
𝜕𝑒
𝑑𝑠
(18)
𝜕𝑆
𝜕𝑠
Implementing the above correlation into the
framework of the present constitutive model, the data of
the Kurnel sand at water constant condition are simulated
at different initial conditions. The model parameter values
given in Table 2 are still valid for the constant-water stress
predictions. Figures 7 to 10 compare the model
predictions with the experimental data. From these
figures, it is evident that the assessed model predicted the
response under water constant conditions with reasonable
accuracy.

(a)

(b)
Fig. 5. Simulation of the experimental data of clean sand at s =
200 kPa: (a) Deviator stress vs. distortional strain, and (b)
Volumetric strain vs. distortional strain [experimental data from
32].

(a)
(a)

(b)
Fig. 6. Simulation of the experimental data of clean sand at s =
400 kPa (a) Deviator stress vs. distortional strain, and (b)
Volumetric strain vs. distortional strain [experimental data from
32].

(b)

Russell and Khalili [32] also performed triaxial tests
on the Kurnel sand at water constant conditions, while
keeping a ratio of dq/dpnet =3 during the tests. As the

Fig. 7. Simulation of the experimental data of clean sand at
constant water condition at s0 = 50 kPa (a) Deviator stress vs.
distortional strain, and (b) Volumetric strain vs. distortional
strain [experimental data from 32].
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(a)

(a)

(b)

(b)

Fig. 8. Simulation of the experimental data of clean sand at
constant water condition at s0 = 100 kPa (a) Deviator stress vs.
distortional strain, and (b) Volumetric strain vs. distortional
strain [experimental data from 32].

Fig. 10. Simulation of the experimental data of clean sand at
constant water condition at s0 = 400 kPa (a) Deviator stress vs.
distortional strain, and (b) Volumetric strain vs. distortional
strain [experimental data from 32].

4 Conclusions
An overview of a recently developed hyperelastic rateindependent bounding surface plasticity model for
unsaturated granular soils was presented in this paper. The
model is formulated within the traditional effective stress
framework. It is state-dependent, critical state compatible,
and incorporates the effect of matric suction on the hydromechanical response of unsaturated granular soils.
Consistent with the mechanical behavior of unsaturated
granular soils, the stress-strain response was assumed to
be exclusively elastoplastic, with no purely elastic region.
To satisfy the law of conservation of energy, the elastic
components of the elastoplastic strains are calculated
from a Gibbs free energy function in a hyperelastic
formulation. The model was calibrated for a set of
unsaturated experimental results for a pure sand following
drained and constant-water stress paths. It was shown that
the present model is able to accurately predict the
behavior of unsaturated granular soils at various levels of
initial matric suction, confining pressure and void ratio.
The model was assessed for its predictive capabilities of
the mechanical behavior of pure sand. Data from drained
and constant water triaxial tests were utilized in assessing
the predictive capabilities of the model. It was shown that
the model satisfactorily captured the stress strain and
volume change behaviors of the pure sand.

(a)

(b)
Fig. 9. Simulation of the experimental data of clean sand at
constant water condition at s0 = 200 kPa (a) Deviator stress vs.
distortional strain, and (b) Volumetric strain vs. distortional
strain [experimental data from 32].
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