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Abstract. The transport system of the city (agglomeration) is complex, and 
consists of a set of stochastic functioning elements. It allows choosing the 
theory of macro-systems, which investigates appearance of the determined 
behavior at the level of "system as a whole" as the main theoretical basis. 
The theory in this paper extends for the transport systems dynamic models 
development and separate processes or elements of them. Thus, there is an 
opportunity to find not only equilibrium conditions of systems, but also 
transition processes. Separate elements can have the properties of so-called 
"active particles", the plenty of which creates conditions to the cooperative 
behavior.  

1 Introduction 
Any transport system of the city (or agglomeration) is a complex system, in which a set of 
processes relating to planning, the organization and performance of transportation of goods 
and passengers, to monitoring and quality control, availability of transportations, etc. is going 
on. Any of these aspects contains the practical problems depending on the region specifics. 

Research and regulation of spatial structures of the cities is the actual direction of the 
theory and practice of city development [12]. It is known that a city includes the number of 
subsystems, such as a place of employment, housing, service, etc., and also infrastructure 
(transport, communication, safety, etc.) providing material and information flows between 
the elements of an urban environment. It is known also that not only the cities and 
megalopolises, but also averages and even small settlements cannot solve all the problems 
without use of the external territories adjacent to borders of cities [1]. Thus, there are 
inevitably the similar tasks for a city agglomeration as a whole together with its center during 
research and regulation of city systems and their spatial structures. 

Let's note the main assumptions and theoretical bases used at a solution of the specified 
tasks relying on the most fundamental results in the field of the theory of macro-systems [12, 
16]. It is necessary to specify the macro-systems as such object, in which the stochastic 
behavior of its elements is able to be transformed to the determined behavior of system as a 
whole. The urban environment has to be considered in development taking into account 
dynamics. Thus the models of various subsystems are allocated in the functional and spatial 
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model of the city system. The necessary element is existence of the system regulators 
providing management of a development of a city. The models of a transport subsystem 
constructed on the basis of macroscopic approach are the most important [5, 13]. 

2 Material and methods 
Macroscopic and microscopic approaches are often used the concepts of the different areas 
of mathematical modeling. If we discuss about modeling of transport systems both 
approaches are known in the theory of transport flows. However, they are quite applicable in 
a wider scale, for example, at the description of a transport subsystem of the city (or 
agglomeration) in general. We talk about "macroscopic approach" if the mathematical model 
abstracts from the description of each element. The concept of "microscopic approach" is 
realized when "the movement equations" for each separate element are used in the model. 
Thus, it can significantly be specified how the separate element behaves at the level of 
microscopic description. It is necessary to distinguish two cases: 1) stochastic behavior of 
elements (elements with casual behavior); 2) the determined behavior of elements. 
Nevertheless, both in the first, and in the second case emergence of extremely complex 
dynamics is possible in system as a whole. 

For the first case it is possible to refer as an example to variants of models of transport 
queuing systems describing some casual processes of receipt of system elements on an 
entrance of service channels. For the second case it is possible to specify the known class of 
models of “following for the leader” in the transport flows theory. 

Further generalization of collective behavior of separate elements within the traditional 
theory of macro-systems often leads to emergence of the determined state of system as a 
whole. However, it is worth to remember that in systems with the determined behavior of 
separate elements possibly emergence of chaotic behavior of the system. Thus, we have to 
point to expansion of positions of the theory of macro-systems, having expressed it as the 
dynamic theory of transport macro-systems. The dynamic system analysis in conjunction 
with macroscopic approach is the methodical base of optimum planning and procedures of 
decision-making in the field of functional and spatial development of city systems [9]. Thus, 
the main direction of development of the transport macro-systems theory is seen in broad 
attraction of open systems physics [6, 14] and the theory of active particles [10].  

3 Theory. Bases of the dynamic theory of transport macro-
systems  
Let's consider [11] the generalized transport macro-system with continuous time t and 
containing Y same elements with some type of behavior from a set B(t)= {βd(t), βs(t)}. Let 
each element can have a state from ρ  classes K1,…Kρ. Classification of states such is that 

these classes don't crossed. 
Let's note 1,... ρσ σ  – sets of states, where i

iσ ∈Κ . Let's further believe that sets of states 
discrete for ( )s tβ  (or continuous for βd(t)) and contain the finite number of elements (or 
infinite respectively). 

In the present paper we will be limited to a case of a uniform macro-system, which 
elements can accept states only of one class. For example, it is possible to understand as a 
class of states "an attachment in the transport area or zone" (an outlet-inlet of system 
elements). This class of states can be applied to elements with behavior type βs(t). The 
“average speed of a transport flow in a road span" applied to "vehicle" or "transport flow" 
elements with the determined behavior type βd(t)

 
can be another example of the concept 
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"state class". To such class the continuous (infinite) set of states connected by the determined 
manner with sets of states of other classes corresponds. Thus, systems with the determined 
type of behavior within the accepted definition cannot be uniform as are connected along 
with several classes of states. 

So, the uniform system has one set of states of elements σ , which subsets 1,... mσ σ  are 
such that their association coincides with σ , and the crossing of any couples is empty. 

Elements of a macro-system can incidentally and independently from each other get to 
any state from subsets 1,... mσ σ . Concerning each fixed subset nσ  it is two opportunities for 
an element: to get to any state from nσ  with aprioristic probability na  and not to get with 
probability (1 )na− . 

Let's consider as an example some set of elements of a transport macro-system of 
automobile (city) transport, which can be in the corresponding states (table 1). 

Table 1. Elements and states of a transport macro-system 

№ Elements States 
1 Vehicle (V) a. The element i is in the transport region of j; 

b. The element i is in the transport region of j  and 
a zone of the transport region of k; 

c. The element i is in a stage (span) of j of the 
street road network (SRN); 

d. The element i is in the j vehicle; 
e. The element i is on j route; 

f. The element i is on a stopping point of j, etc. 

2 Route Vehicle (RV) 
3 Not-route Vehicle (NRV) 
4 Driver of the Vehicle 

(DV) 
5 Passenger 
6 Pedestrian 
7 Route 

 

Table 1 contains basic elements and states, which can be supplemented depending on the 
maintenance of a task. The task definition, at which there are all elements (and the sets of 
states corresponding to them), is hardly expedient and possible in principle from the point of 
view of its resolvability. More rational way is the formulation of special cases, which contain 
no more than 2-3 elements. For example, it is possible to consider the solution of a task on 
filling of routes by vehicles taking into account fullness. Then in a task definition elements 
2,5,7 and the corresponding possible states {d, e, f} will be used. 

The theory of macro-systems has the main stages of development, which we specify in 
according to the Yu. S. Popkov's works [11, 12]: 1) terms and concepts, the 
phenomenological schemes are entered; 2) the basic concept "probability of a macro-state" 
as the value 𝑃𝑃𝑃𝑃(𝑁𝑁𝑁𝑁) = ∏ 𝑃𝑃𝑃𝑃𝑛𝑛𝑛𝑛(𝑁𝑁𝑁𝑁𝑛𝑛𝑛𝑛)𝑚𝑚𝑚𝑚

𝑛𝑛𝑛𝑛=1 , which is expressed through probabilities of states of 
separate elements 1,...n m= , is entered; 3) to define the function ( )P N  the mechanism of 
filling of states in nσ  depending on type of states is considered (Fermi-, Einstein-, or a 
Boltzmann-state), and on this basis the function ( )P N  is defined as physical (or information) 
entropy; 4) the received probabilistic characteristics allow to consider the features of the 
phenomenological schemes of the uniform isolated macro-system consisting in not 
equiprobable choice elements of system of the corresponding states in subsets ( 1, )n n mσ ∈ ; 
5) the conclusion that the generalized entropy for a macro-system has the only maximum 
which "sharpness" with growth of number of elements increases in system is done; 6) 
distribution of elements of uniform system on subsets of close states which can be connected, 
for example, with an expenditure of various resources, is established by existence and action 
of "price functions" of a transport network, etc., that is the solution of the specific objectives 
connected most often with determination of balance of a macro-system is carried out. An 
example of such task is classical statement about flows of a street road network [14, 15] in 
which entropy approach at the accounting of distribution of range of trips is used [16]. 
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Among the main shortcomings of the traditional theory it is necessary to specify lack of 
opportunities for the accounting of processes in open systems, and also impossibility of 
consideration of dynamical processes. 

The dynamic theory of transport macro-systems can be developed on the basis the 
following basic assumptions. 

• The phase space "the generalized coordinates - the generalized impulses" is entered. 
Dimension of space depends on conditions of specific objectives. 

• It is supposed that the phase space has a function of distribution of elements on 
"coordinates" and "impulses", which depends on time. 

• Existence of the generalized kinetic equation (like Boltzmann’s equation) is postulated 
if justice of a thermodynamic approach is established for the considered macro-system 
(possibility of the description of a macroscopic state of system, several parameters of which 
are consisting of a large number of elements). 

• It is supposed that macro-system carries out temporary evolution, which can be 
characterized by change of the degree of randomness with the entropy of a non-equilibrium 
process. The entropy is expressed through the distribution function entered above. 

• Change of the degree of randomness of a system is one of the basic concepts of the 
dynamic theory of transport systems, which is absent in an explicit form in the traditional 
theory of macro-systems. The analog of the H-theorem of Boltzmann for the externally closed 
systems is established to claim that during temporary evolution to an equilibrium state the 
entropy of a system increases and remains invariable at its achievement. 

• For the open transport macro-systems, which are in states of continuous interaction with 
the systems of a higher level, existence of the analog of "energy", possibility of change of the 
degree of randomness during evolution and use of the basis of physics of open systems, in 
particular Klimontovich's S-theorem, are postulated [7]. 
For the accounting of dynamics in macro-systems the concept "active particle" is entered, 
and then there are possibilities of application of results of the corresponding theory [10]. In 
particular, it gives the chance for transport systems to consider more fully probabilistic 
features of behavior of such particles, as which any element in table 1 can act. 

4 Results. Examples of the solved tasks  
Representing vehicles and goods as "active particles" within the corresponding theory [10] it 
is possible to consider a kinetic picture of collective behavior of a macro-system by means 
of logistic system model. The variant can be presented by the equations: 

( ) ( ) ( )( )
( ) ( )

;

;

.

x a X x ky mz Z z b Y y Z z

y c Y y lx nz z d X x z

z ex fy g

� = − + − − − − −� �� ��� = − + + − −� �� � �
� = − +��

,                    (1) 

 

Here the variables have the following sense: x  – the cars delivering freight into a 
warehouse; y  – the cars carrying freight from a warehouse; z  – quantity of freight in a 

warehouse. Parameters in the equations (1) note: X  – number of the cars participating in 
delivery of freight; Y  – number of the cars participating in the carrying of freight; Z  – limit 
(or the most probable value) warehouse capacity; g  – intensity of completion of freight by 

other types of transport. Such systems are the subject of consideration of nonlinear dynamics 
and the theory of catastrophes [17]. 
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5 Discussion 
The system of the equations (1) decided at different parameters by the Runge-Kutta method 
with a variable step and accuracy of the order 61 10−⋅ . All main types of the attractors (a 
focus, a limit cycle, or an irregular attractor) were found in the model. Some types of complex 
dynamics are presented to models (1) (see table 2). These results testify that rather simple 
equations of the model of a macro-system can show complex dynamics and at the 
macroscopic level can be observed not only an equilibrium state, but also chaotic fluctuations 
in the vicinity of these states. 

6 Conclusion 
In the present paper the examples of city transport systems (or agglomerations) with complex 
dynamics are shown. Such systems consist of a set of stochastic functioning elements, but 
their cooperative behavior transforms to deterministic phase trajectories. It allowed to choose 
the theory of transport macro-systems, which investigates emergence of the determined 
behavior at the level of "system in general", as the main theoretical basis. The found faults 
of the traditional theory, such as lack of opportunities for the accounting of processes in open 
systems, and also impossibility of consideration of processes in dynamics, stimulated to 
expand basic provisions of the theory for the purpose of development of dynamic models of 
transport systems and their separate processes or elements [8, 2, 3, 4]. Thus there is an 
opportunity to find not only equilibrium states of systems, but also transition processes. 
Separate elements can have properties of so-called "active particles" the set of which creates 
conditions of the coordinated behavior. 

The results of the research project are published with the financial support of Tula State 
University within the framework of the scientific project № 2017-82. 

Table 2. Complex dynamics in logistic system 

 
Type 1 

 
Type 2   

Type 3  

 
Type 4  

 
Type 5 

 

 
Type 6 

 
Type 7 
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