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Abstract. The study presents a method for application of the theory
Markov homogenous processes for modeling of the process of vehicle
operational state changes characterized by exponential distribution of their
duration time. A model of operation and maintenance of vehicles used in
the research object has been developed. The research object is a city bus
transport system situated in the analyzed agglomeration. Stochastic process
{X(t), t  0} is a mathematical model of the process of operation and
maintenance of public transport buses. The analyzed stochastic process
{X(t),t  0} has a finite phase space S, S={S1, S2, ..., Sn}. It was assumed
that operation of the model is to be described by the homogeneous Markov
process {X(t) : t  R+} with a finite set of S states. The states of the
analyzed stochastic process correspond to the operational states
distinguished for a bus. A hypothetical computing model was built in order
to illustrate the discussion and present a method for application of the
developed model. The parameters of the model were estimated based on
the analysis of initial results of experimental tests conducted in a real bus
transport system.

1 Introduction
Operation and maintenance of transport means is accompanied with different events whose
effects have an impact on the processes of their operation and maintenance, as well as the
economic effect worked out by the transport company. Technical objects used in a technical
system undergo different operational states which make up the state space [1-3].
Assessment, analysis and prognosis of reliability and efficiency of transport systems are
associated with mathematical modeling of technical object operation and maintenance
processes characteristic of this class of systems [1-2, 4-6].
Operation efficiency of city transport systems and operated by them transport means can
be analyzed in terms of economy and technology [1, 7-9].
When analyzing operating costs of such systems it is necessary to take into
consideration different cost categories including the costs involved in operation of
subsystems whose task is to provide transport means with usability and those which deal
with maintenance of the vehicles to keep them ready for use [2, 7-8]. Bus transport system
operations involve many different costs including those involved in application of
lubrication oils. In the case of relatively big bus combustion engines and a short time
(coverage, service life) between successive oil changes this is a problem significant both in
terms of economy and ecology [10-14]. Hence, many authors take up the subject of engine
lubricants, the possibility of extending their operation time, and the models of transport
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means operation and maintenance processes often include the costs of lubrication oils as a
separate cost category [1, 10-11].
It was assumed that the general mathematical model of the process of transport means
operational states operated in city transport systems is stochastic process {X(t), t  0}. The
analyzed stochastic process {X(t), t  0}has a finite phase space S, S={S1, S2, ..., Sn}.
One way to facilitate maintenance of appropriate level of reliability, availability and
efficiency of public bus transport systems are to get familiar with the results of analysis of
the operation and maintenance process models. This involves a necessity to provide a
formalized description of transport means operation and maintenance processes. The most
important is the one which involves changes of technical and operational states of objects
and the processes connected with their operation and maintenance. These processes are of
interrelated random character. Mathematical models of these processes are intrinsically
simplified, therefore, practical conclusions provided by these models should be carefully
formulated [1, 2, 5, 15-21].
Operational states of technical objects change in different sequences and their duration
times like values of their other characteristics depend on decisions made by the decision
makers [1-3, 5-6, 9].
In order to determine the values of technical and economic measures for technical
objects used in complex technical systems including city bus transport systems, such as
reliability indices, it is necessary to obtain and process information on the subject of vehicle
operation and maintenance. For this purpose, it is necessary to carry out experiments in a
real system of technical object operation and maintenance [1-3, 7-8, 9, 15-16, 18-21].
Due to random character of the technical object sates, stochastic processes are used for
modeling of operation and maintenance processes of these systems [1, 4-6, 8, 17, 22-24].
A natural model of operation and maintenance processes for many categories of
technical objects is a random X(t) process with a finite state space S and a set of parameters
R+ (subset of real numbers  0) [1]. Markov and semi Markov theory is used for
mathematical modeling of the operation and maintenance processes of many technical
objects [4-6, 9, 17, 22-24].
An analysis of models of operation and maintenance processes and systems allows to
take up rational actions to improve reliability and safety of technical objects.
Both analytic and simulation methods are used to analyze the processes of an object
state changes including those connected with occurrence of failure in random time
moments. Literature provides examples of application of the homogeneous Markov and
semi Markov processes as well as decision Markov and semi Markov processes in
modeling of operational state changes [1, 3, 5-6, 9, 22].
The study presents an example of application of the homogeneous Markov process
theory for modeling of the process of state changes of the analyzed technical objects
operated in a city bus transport system.
In technical sciences, stationary and homogeneous Markov processes are used, among
others, for construction of models of reliability, inventory systems, risk analyses, spare part
management and for modeling of technical object state changes [4, 9, 23-24].
Markov models are used, among others, for determination of the optimal number of
spare objects [1, 17]. In this area, a function of purpose in the form of minimization of a
back-up system utilization costs and downtimes as well as the method of spare object
utilization cost -benefit analysis are most commonly used for optimization.
Application of homogeneous Markov and semi Markov process in determination of
technical object decision indices has been presented, among others, in work [9].
An analysis of the results of experimental test conducted in natural operation and
maintenance conditions and tests of the operation and maintenance process models and
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systems can provide the basis for decision makers to take rational decisions that would
increase efficiency of the system operations [1].

2 Research object
The research object is an operation and maintenance system of city transport buses in a
selected urban agglomeration. According to the Central Statistical Office data of 31
December 2019, the population of the investigated town was about 110 thousand
inhabitants.
The main goal of the considered socio-technical system is safe transport of passengers
in assigned time in the qualitative and territorial scope. The analyzed objects are transport
means used in the system. Transport tasks involve providing transport services along
assigned traffic routes.
The net of the city bus transport encompasses an area inhabited by about 113 thousand
people. The territorial scope of the transport net also covers seven neighboring locations,
inhabited by about 3 thousand people. Only 2.56% of the population of the whole area
where the analyzed transport means operate live beyond the town borders. The vehicles
used in the research object, as in April 2019, provide transport services over twenty regular
traffic lines, four express lines and one, the so called, special line (connection with a
municipal cemetery).
O weekdays, depending on the time of day, the number of vehicles in use ranges from
10 in late evening hours (about 23) to 48 in the morning rush hours.
As on 01.01.2020, the research object used 68 buses. Buses of Solaris Urbino 10 prevail
in the research object. There are also: Solaris Urbino 12, Solaris Urbino 12 Hybrid and
Solaris Urbino 12 Electric.
The unit of measure for transport task accomplishment is the so called ‘VKT -vehicle
kilometers travelled” denoting coverage of a distance of one kilometer along an assigned
route scheduled in a transport plan or in connection with accomplishment of other transport
tasks.
The tasks accomplished in the first half year of 2019 were 1.8 million ‘VKT’ including:
town lines about 1.75 million ‘VKT’, suburban lines outside the town borders, about 32
thousand ‘VKT’ and the so called commissioned transports and others, about 21 thousand
”VTK’ .
During the whole 2019 transport tasks were accomplished for particular transport routes
in the total number of 3.7 million ‘VKT’. 3.6 million ‘VKT’ were covered for city
transports, whereas, about 65 thousand for the so called ordered transports and the
remaining ones covered about 48 thousand ‘VKT’.
For the purpose of this study, the research object was divided into two subsystems. The
first one is called an executive subsystem responsible for accomplishment of its major
tasks, consisting of elementary subsystems of the type <operator-vehicle>, which carry out
passenger transports. The second subsystem is responsible for maintenance of transport
means and is made up of subsystems that provide diagnostics, servicing, repairs and other
services for the elementary subsystems of the executive system [1].
The executive system consists of an operating subsystem containing n basic elements
necessary to carry out a task and a reserve system containing k spare elements [1].
Direct accomplishment of tasks is the responsibility of the executive subsystem
containing elementary subsystems of the type H – E> TO (H-human Env. – technical
object), in which a human is coupled with a technical object through a series structure.
Reliability of the operated technical objects is kept at an appropriate level through services
provided by the maintenance subsystem. In the analyzed transport system, a damaged bus is
referred to the maintenance subsystem, where it undergoes maintenance. If available at a
given moment, spare vehicles are directed to the executive subsystem where they replace
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the damaged vehicles. Since the buses sustain damage on a random basis, reports come to
the maintenance system randomly as well. After a repair, a serviceable vehicle goes to the
executive subsystem or to an internal parking of the bus garage. The bus is stored on an
internal parking when the number of serviceable vehicles is sufficient to provide a full
range of transport services. The time of the vehicle servicing is of random character [1].
Further, the vehicles used in the analyzed research object are assumed to be
homogeneous in terms of the assumptions accepted in the model.

3 Assumptions of the operation and maintenance process
It was assumed that, from the point of view of the study goal, separate subsets of
homogeneous objects can be distinguished in the set of technical objects operated in the
research object. It means that within the analyzed subsets, the objects have the same
characteristics in terms of their operation and maintenance. Further considerations are
related to a subset of such objects [1].
Stochastic process {X(t), t  0} is a mathematical model of bus operation and
maintenance. The analyzed stochastic process {X(t), t  0} has a finite phase space S,
S={S1, S2, ..., Sn}. It was assumed that operation of the model is described by the
homogeneous Markov process {X(t) : t  R+} with a finite set of S states. The states of the
analyzed stochastic process correspond to the operational states distinguished for a bus
operation. When using the homogeneous Markov process for mathematical modeling of the
operation and maintenance process, an assumption was accepted that from the perspective
of the study goal, the process well represents the real operation and maintenance of
technical objects.
It is possible to determine probabilities Pi(t), i = 1, 2, ..., n, of technical objects’ being in
the distinguished operational states Si by using the Markov theory of processes. For this
purpose, A. N. Kołmogorov differential equation system of the form:
P’(t) = P(t),

(1)

needs to be solved,
where:
P’(t) - column vector consisting of derivatives Pi’(t),
P(t) - probability vector Pi(t),
- matrix of the process state changes,

t
- time, t  0.
For illustrative purposes, the following bus operational state changes were analyzed:
S1 - operational state - a state in which a bus and its operator accomplish their
transport tasks;
S2 - maintenance state in the subsystem of maintenance;
S3 - servicing state within the bus transport system - a state in which a bus is
serviced by the so called, technical emergency service;
S4 - standby state when a bus is waiting for service.
Possible transitions between the states have been determined. Matrix of
{X(t), t  0}process intensity change was determined for the distinguished operational
states.
Probability that in time t, process {X(t), t  0} will be in Si  S state, was denoted by
Pi(t) = P{X(t)=Si}, i = 1, 2, ..., 4. State S1, was assumed to be the initial state of X(t), eg,.
that the initial distribution of the analyzed process has the following form:

P{X(0)=Si}=0

P{X(0)=S1}=1,

(2)

dla i  1, Si  S, i = {1, 2, 3, 4}.

(3)
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Intensities i,j, i,j = 1, 2, 3, 4 of {X(t), t  0} process state transformations from Si  S
into Sj  S were included in transition intensity matrix 

=

− 11

12

13

14

0

−  22

0

 24

 31

 32

−  33

0

 41

0

0

−  44

(4)

Denotations were introduced:
11 = 12 +13 +14

(5)

22 = 24

(6)

33 = 31 + 32

(7)

44 = 41

(8)

Transition intensity matrix  allows to develop a system of differential equations of the
form:

 P1©(t ) = −11P1 (t ) +  31P3 (t ) +  41P4 (t )
 ©
 P2 (t ) = 12 P1 (t ) −  22 P2 (t ) +  32 P3 (t )
 ©
 P3 (t ) = 13 P1 (t ) −  33 P3 (t )
 ©
 P4 (t ) = 14 P1 (t ) +  24 P2 (t ) −  44 P4 (t )

(9)

To provide equation system (9) with an unequivocal solution, it is necessary to accept
initial conditions defined by dependencies (2) and (3).
For the analyzed {X(t), t  0} process there is a stationary distribution which does not
depend on the process initial distribution:

limPi (t ) = p*i

(10)

t →

Stationary probabilities

p *i satisfy the equation system:
 n *
 p i λ ij = 0,
 i =1
 n
 p* = 1
i

 i =1



dla j = 1,2,3,..., n
(11)



Determined matrix  and a normalizing condition, equation system (11) can be written
as follows:
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− λ 11p1* + λ 31p*3 + λ 41p*4 = 0

*
*
*
*
λ 12 p1 − λ 22 p 2 + λ 32 p 3 + λ 42 p 4 = 0

*
*
λ 13 p1 − λ 33 p 3 = 0
 *
*
*
*
 p1 + p 2 + p 3 + p 4 = 1

(12)

Experimental tests were performed in a real operation and maintenance system in order
to estimate the values of the model parameters.
An analysis of duration times of the distinguished operational states was performed as
part of the initial experimental tests conducted in a real city bus transport system. The tests
were carried out in natural conditions of bus transport operation and maintenance by the
method of passive experiment.

4 Calculation example
A calculation example was provided to illustrate the discussion. The calculations were
performed for different values of the model parameters representing changes of a
controlling function in the research object. An impact the analyzed events on the process
was prognosed.
Selected results of two calculation variants have been presented. Calculations performed
for the model parameter values, estimated for the existing system, corresponding to its state
prior to the effects of simulated events, were marked as model ‘M1”.
The calculation variant, marked as „M2” model, reflects the impact of reduction in the
so called number of ‘secondary’ failures and a change in the service process organization.
A secondary failure is referred to as a failure of the same vehicle unit. To put it simply,
simulation of a decrease in the number of this type of failures involved changing the value
of elements of the state change matrix of Markov chain imbedded in X(t). The simulation
of changes of the servicing process organization involved changing the expected value of
random variables denoting duration times of states, respectively S2 and S3.
Change of the expected value of a random variable denoting the duration time of
services provided both at the service stations and by the technical emergency units can also
be the effect of the impact of other factors, eg, change of organization, conditions of
maintenance service provision, increase in the number of operators of technical emergency
services, etc. [1].
Table 1. Basic input data used for calculations.














M1

0,00638

M2

0,004074 0,005044 0,041322 0,538932 1,293301 0,323301 0,2425

0,01276 0,04477 0,34375 0,73337 0,18337 0,24882

The basic data used for calculations are presented in table 1. Table 2 shows the results
of boundary probability calculation results for particular calculation variants.
The results of the model tests confirm the model expected reaction to the values of its
parameter changes. It confirms correctness of the calculations and usefulness of the model
for initial prognoses of the analyzed system state after a change of the analyzed factor
impact levels on the system.
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Table 2. Results of calculations for stationary probabilities.

p 1*

p *2

p *3

p *4

M1

0,796348449

0,020693028

0,011084284

0,17187424

M2

0,830626178

0,007833746

0,002591657

0,158948418

4 Conclusions
The aim of the study is to show the possibilities of using the Markov process theory for
modeling of the process of transport means operation and maintenance in city bus transport
systems.
When using the homogeneous Markov process for mathematical modeling of the
process of operation and maintenance it was assumed that, from the point of view of the
study goal, the process well reflects the real operation and maintenance processes.
An analysis of the study results shows that the developed model is sensitive to the input
parameter value change.
The proposed method allows, depending on the needs and goals, to construct models
with an adequate level of specificity and identified state space. It seems that an analysis of
the results of tests of models built for different parameter values, being decision variants,
can facilitate making rational decisions about the system operation.
Such an analysis enables, among others, an initial assessment of technical and
organizational aspects of vehicle operation and maintenance and economic aspects of
transport services, which can allow to take rational actions in order to improve operation of
an engineering system.
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