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Abstract. The polaronic effect on the linear, third-order nonlinear and total optical absorption coefficients 
have been  calculated  in the case of GaAs/AlAs core/shell quantum dot, with the impurity is positioned at 
the central radial position of the GaAs shell. The calculations are realized in the framework of the effective 
mass approximation and the numerical results are  obtained by using a variational method and an infinite 
confining potential. The results show that the polaronic effect has a great influence on optical properties of 
core/ shell quantum dot, he causes a red-shift of the nonlinear optical coefficients associated to light 
absorption. Also, the polaronic effect is enhanced with the decreasing of quantum dot radius.  

1 Introduction 
The electronic and the optical properties in a 
semiconductor quantum dot structure are influenced by 
the presence of impurities, the physical properties related 
with impurity centers have been systematically 
investigated with the use different methods such as the 
variational approach[1-8], the tight-binding self-
consistent linear screening scheme[9], the strong 
confinement approximation[10-11], and the perturbation 
theory[12]. Using the potential morphing technique, the 
binding energies of hydrogenic impurity states confined 
in a quantum well with an external field are  investigated 
by Baskoutas et al [13-14]. Furthermore, Zhu et al [15] 
investigated the binding energy of hydrogenic donor 
impurity in a spherical quantum dot using the linear 
variational method. Li et al [16] calculated the electronic 
states of a hydrogenic donor impurity in low-
dimensional semiconductor nanostructures in the 
framework of effective-mass envelope-function theory 
by using the plane wave method. Recently, impurity 
states in core/shell with different potential have been 
studied as well [17-20]. 

The linear and nonlinear optical properties of 
semiconductor quantum wells and QDs have attracted 
much attention in recent either theoretically of with a 
practical view. The features of the optical absorption 
(OA) [9, 21-24] and refractive index change (RIC) [25] 
in these systems have the potential for device 
applications in far-infrared laser amplifiers[26], 
photodetectors [27], and high speed electro-optical 

modulators [1]. The linear and nonlinear optical 
absorptions in semiconductor superlattice systems were 
afterwards investigated by Shi et al.[28]. More recently, 
Unlu et al. [29], have analyzed the linear and nonlinear 
intersubband optical absorption coefficients and 
refractive index changes in a quantum box with finite 
confining potential, whilst the optical absorption and 
refractive index changes in a cylindrical QD were 
examinated by Liu et al [30]. 

As QDs are usually made of polar materials, the 
electron-LO phonon interaction must be taken into 
consideration for the appropriate description of 
electronic properties. Recently, a considerable number of 
theoretical studies on the electron-phonon effect on 
impurity energies in QDs in the presence of external 
fields have been performed [31-38]. M'zerd et al. have 
investigated the influence of the electron-LO-phonon 
interaction and of the position of a donor impurity atom 
on the linear and third-order nonlinear optical absorption 
and relative refractive index change coefficients in 
core/shell quantum dot [39]. 

In the present work, we are aimed at studying the Optical 
Absorption Coefficient associated to a hydrogenic donor 
states in GaAs-based inhomogeneous QD, so-called 
core/shell structure, taking into account the effect of the 
interaction with polar optical phonons. The article is 
organized in the following way: The model considered, 
the method used and the relations for OAC are presented 
in Section 2. Numerical results and related discussions 
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will be given in section 3 while the corresponding 
conclusions are presented in section 4. 

2 Theoretical Framework 

2.1 The electron-impurity plus LO-phonon 
Hamiltonian 

Let us consider a hydrogenic impurity located anywhere 
in the shell region of a core/shell quantum dot of the 
AlAs(core)/GaAs(shell)/AlAs (outer matrix) design. The 
confining potential is assumed to be an infinitely deep 
well -as depicted in Fig. 1- and the charge carrier is 
interacting with LO- phonons. 

 

Fig. 1. Schematic diagram of core/shell Quantum Dot 
structure. RC and RS the core and the shell radius respectively 

In the framework of the effective-mass approximation 
and using the Frohlich model for describing the electron-
LO phonon coupling, the Hamiltonian of the system is 
given by: 

                                  (1) 

Here the electronic Hamiltonian is  given by: 

                             (2) 

Where Vw(r) is the confining potential : 

    (3) 

V(r) is the impurity-related Coulombic potential energy: 

 

                                                       (3) 
 
Where   is the electron 

impurity distance, and θ is the angle between the 
electron , and the impurity vector position, . 
 
The LO phonon Hamiltonian Hph is written as [40]: 

               (4) 
 
where  and   are, respectively, the 
creation and annihilation operators of a LO-phonon with 
quantum numbers l,m and frequency . 
 
The electron-phonon interaction operator He-ph is given 
within the well-known Frohlich continuum model 
adapted for this particular physical situation of an 
electron in a spherical environment. He-ph depends on the 
coordinates of both impurity and electron, reflecting the 
fact that both of them, being  charged, interact with the 
polar optical phonon polarization field. Using the Lee-
Low-Pines canonical transformation [41], Aldrich and 
Bajaj [42] have deduced an effective Hamiltonian Heff 
for a Coulombic-coupled system, taking into account the 
interaction with LO-phonons:  

   (5) 
Here mep

* denotes the so-called polaron (electron-
phonon-renormalized) effective mass, given by: 

                                    (6) 
 
While the term Ht

ph is the renormalized phonon energy 
due to the interaction with the electron. Its expression for 
an off-center impurity in a quantum dot is given by: 
 

(7) 
In these expressions, the appearing parameters are: 
 

                                        (8) 

  ,                        (9-10) 
In this case, α is the electron-LO-phonon coupling 
coefficient and m*

e is the electron conduction band 
effective mass in the GaAs-shell region. The donor 
impurity ground state wave function is a solution of the 
Schrodinger equation: 
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                                                  (11) 
 
In order to determine it we shall use the variational 
method to solve the Schrodinger-like effective mass 
equation. In accordance, the trial wave function of the 1s 
state is chosen as [39]: 

(12) 
while for the 1p-like excited state the trial wave function 
is taken as[39]: 

 
                                                                  (13) 

with N1 and N2 being the normalization constants, and γ 
represents the second zero of the spherical Bessel 
function [39]. 
The first and second state energies are obtained by 
minimizing the following means values respectively with 
variational parameters a and b: 
 

     (14) 

2.2 Linear, nonlinear and total Optical 
Absorption coefficients 
 
In this work, we limit ourselves to consider the optical 
transition between the ground (1s) and first excited (1p) 
states. The expressions of the linear and third-order 
nonlinear Optical Absorption coefficients can be 
obtained by a density matrix approach and a perturbation 
expansion method [22]. The first and third components 
of Optical Absorption coefficients are [43]: 
 

                 (15) 

and the linear and third-order nonlinear parts of the OAC 
are, respectively: 

(16) 

And 

(17) 

In the former equations Efi=Ef-Ei denotes the difference 
between the final and initial level energies, whilst Mfi= 
e<ψircos(θ)ψf> is the electric dipole moment of the 
transition between the states i and f with selection rule 
on the quantum number l given by Δl=1. In addition, 
we use the following notations for the remaining 
parameters: c is the speed of light in vacuum,  is the 
electron density related to the occupied volume by the 
relation: 

 
I is the intensity of the -linearly polarized- incident 
electromagnetic field,  is the permeability of the 
system, nr is the semiconductor relative refractive index, 
0 is the dielectric constant of the vacuum,  

 is the incident photon energy; and ℏГfi=1/τfi is the 
non-diagonal damping term associated with the 
relaxation rate between the final and initial states. ℏfi is 
defined as the inverse of the relaxation time τfi. 

3 Results and Discussion 

In this section, we will discuss the influence of polaronic 
corrections on the linear, third –order nonlinear, and total 
contributions to the optical absorption coefficient (OAC) 
in a spherical AlAs/GaAs core/shell according with the 
model outlined above. In Table 1 we present the values 
of the basic material input parameters considered in the 
calculation. 
 
Table1: Physical parameters, of GaAs and AlAs. R0 and a0 are 

the donor energy and Bohr radius respectively. 

 
 
The Fig. 2 shows the variation of the transition energy Efi 
as a function of the width of the shell layer RS-RC in a 
structure in which RC is fixed at 0.5 a0. For the sake of 
illustration, we choose to discuss in detail the case in 
which the impurity is positioned at the central radial 
position of the GaAs shell. The transition energy goes 
from larger to smaller values as long as the thickness of 
the shell augments mainly due to the reduction in the 
degree of electron wave function localization inside the 
quantum well region. To justify this assertion just focus 
our attention on the curve that corresponds to the 
absence of phonon effects. Although the presence of the 
impurity center includes an attractive interaction that 
tends to lower the electron energy, even for small shell 
thickness, where the proximity of the electron and the 
impurity would lead to a stronger electrostatic coupling, 
the increase in the transition energy indicates that when 
(RS-RC )→0 there is a further separation between the 
state energies. The experience shows that the greater 
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displacement -upwards- occurs for the 1p state whereas 
the ground state suffers a smaller shift. Then, for 
increasing values of the shell width, the reduction in the 
transition energy has, again, more to do with the fall in 
the energies of the two involved states, with a stronger 
reduction in the 1p-like state level. This time, the 
electrostatic attraction plays an even lesser role provided 
the increment in the expected electron-impurity distance. 

 
Fig. 2. Transition energy Efi=ET1p-ET1S as a function of the 
shell layer width (RS-RC), with and without electron-phonon 
interaction contribution, with D=(RS+RC )/2. 
 
 
On the other hand, when the influence of the electron-
phonon interaction is taken into account, the transition 
energies keep the decreasing behavior with (RS-RC) but 
their values are all the way lower than those obtained 
without including the electron-phonon coupling. The 
reduction is less notorious in the interval of small values 
of the shell thickness and this effect has two main 
explanatory reasons. First, as one may see from Eq.(6), 
that the renormalized carrier mass is larger than the 
conduction band effective one. This implies a reduction 
in the transition energy. But, at the same time, the 
decrease in the shell size leads to the growth of this 
energy difference. This means that there is a competition 
between the two influences and the resulting lower 
values indicate that the mass-increasing effect seems to 
predominate. Moreover, when the difference (RS-RC) 
augments, the further reduction of the transition energy 
difference has a clear dominance from the increment in 
the effective mass due to the polaronic effect. Indeed, 
one must not forget the contribution coming from the 
renormalized phonon energy of Eq. (7) which causes a 
shift downwards of the whole calculated spectrum. 
For small enough values of reD, the negative term could 
prevail over the remaining two positive ones, thus 
adding an additional reduction of the electron energies. 
However, this part does not influence the transition 
energy difference because it is the same correction to 
both involved levels. 
 

The variation of the off-diagonal component of the 
electric dipole moment associated with the transition 
between the 1s- and 1p-like states is shown as a function 
of the shell layer width is shown in Fig. 3. Considering 
that the squared absolute value of this quantity is the 
factor having an impact on the optical coefficients it is 
possible to conclude that M fi ² has, in this case, a mixed 
behavior that shows an initial increase and, for larger 
values of (RS-RC), a reduction, which is slighter in the 
case where the electron-phonon interaction is included. 
In this latter case, the magnitude of the non-permanent 
polarization is significantly larger, which indicates a 
stronger overlapping of the involved wave functions 
owing to the higher carrier localization associated with 
the electron-phonon interaction. 

 
Fig. 3. Electric dipole Moment Mfi with and without phonon as 
a function of the shell layer width (RS-RC), with D=(RS+RC )/2. 
 
The behavior of the OAC can be explained in 
straightforward manner by taking into account the 
features of both the transition energy difference and the 
electric dipole moment squared modulus matrix element. 
In what follows, we proceed to discuss these optical 
responses when the donor is localized on center the 
GaAs shell. 
The Fig. 4 illustrates the linear, third-order nonlinear and 
total OACs, as functions of the incident photon energy 
for different QD radius, RS=1a0 and RS=2a0, with and 
without the inclusion of polaronic corrections. The single 
dopant is supposed to be placed at the center of the shell 
D= (RS+RC )/2. In addition, the nonlinear contributions are 
calculated assuming a value of I=200 MWm-2 for the 
incident light intensity. 
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Fig. 4. The linear,third-order nonlinear and  total Optical 
Absorption coefficients with phonon as a function of photon 
energy ℏ for different IQD radii RS=1a0 and RS=2a0, with D= 
(RS+RC )/2. 
 

 
The features of the OAC,  in regard to the resonant peak 
or maxima and minima positions as well as with their 
amplitudes can be understood following the discussion 
made above for the transition energy difference and the 
M fi ²  factor. As long as the value of RS diminishes 
(with RC fixed), the signals become blue-shifted. 
This also implies a growth of the OAC resonant peak 
amplitudes due to the combination of the increase in fi 
and the increment in the squared modulus of the electric 
dipole moment off-diagonal matrix element. 
 
It can be readily noticed that he influence of the electron-
phonon interaction causes the overall red-shift of the 
optical responses, which is in accordance to the 
associated variation of Efi shown in Fig. 2, On the other 
hand, the polaronic effect reflects in a significant 
increment of the coefficient amplitudes, even in the 
OAC case where a diminishing value of fi is involved. 
Again, the explanation follows our comments on Fig. 3 
above. 

4 Conclusions 

We have investigated the influence of the electron-LO-
phonon interaction when the donor is localized on center 
the GaAs shell on the linear and third-order nonlinear 
optical absorption  coefficients in core/shell quantum dot 
of the AlAs(Core)/GaAs(well)/AlAs(outer matrix) type, 
assuming an infinite confining potential model. Our 
results reveal that: 

 The polaronic effect causes a red-shift of the peak 
position of the optical response.  

 The polaronic effect is enhanced with the 
decreasing quantum dot radius and that the 
increase in the radius leads also to a red-shift  of 
the coefficients.  

 The polaronic effect acts, as an enhancer of the 
electric dipole polarization and, in consequence, 
of the amplitude of the calculated  optical 
properties.  
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