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Abstract. In the present paper, the binding energy of hydrogenic shallow-donor impurity in simple and
double coupled quantum wells based on unstrained wurtzite (In,Ga)N/GaN is investigated. Considering
the effective-mass and dielectric mismatches between the well and its surrounding matrix, the numerical
calculations are performed within the framework of the parabolic band and the single band effective-mass
approximations under the finite potential barrier using finite element method (FEM). According to our
results, it appears that the main effect of the wells coupling is to enhance the binding energy. It is also
obtained that the binding energy is strongly sensitive to the internal and external parameters and can be
adjusted by the quantum well/barrier width, the impurity position and the internal Indium composition.
Our results are in good agreement with the finding especially for those obtained by the variational
approach.

1 Introduction
Low-dimensional systems (LDS) based on single and
multiple quantum well (SQW, MQW) quantum well
wire (QWW) and quantum dot (QD) form a great
domain for research both theoretically and
experimentally [1-16]. During the few last decades, IIInitrides semiconductor systems such AlN, GaN,
(In,Ga)N and (Al,Ga)N have emerged as the adequate
materials for applications such solar cell, laser, diode
laser. They present attractive properties like chemical
and thermal stabilities, great radiation resistance and
high absorption and also because the recent progress in
quality of materials grown by different technique such
beam epitaxy molecular (BEM) and metal organic
chemical vapor deposition (MOCVD) [17-26].
It is well known that the impurity in such reduced
system has a great impact on the electronic and optical
properties. It is widely studied through several papers
[27-32] theoretically and experimentally. For instance,
based on photoluminescence and transmission electron
microscopy, Mutta et al. have examined some internal
and external parameters on the (In,Ga)N/GaN SQW
electronic properties [27]. The internal composition
effects on the optical properties have reported for
wurtzite (In,Ga)N/GaN QW [28]. The finite barrier and
built-in electric field influences are investigated on the
SQW [8]. In the same trend, the energy difference
between the implied states in SQW under BEF is
reported by Chi et al [33]. It is demonstrates that the
energy transition is strongly-dependent on the structure

size, composition, BEF and the impurity. But, to the
best of our knowledge, (In,Ga)N/GaN coupled QW
remains less commonly used and studied as active
systems. To the best of our knowledge, no work has
done to treat the coupling effect on the electronic
properties based on the finite element method (FEM).
In this paper, the effects of impurity’s position,
structure size, In-composition and coupling effects are
numerically investigated on the ground-state binding
energy based on the FEM. .

2 Theoretical framework
Let us to consider a hydrogenic shallow-donor impurity
𝑙𝑙
situated at 𝑥𝑥0 = 𝐿𝐿 + . The indium fraction in the
2
composite material is denoted ν while 𝑙𝑙 is the width of
the each well and 𝐿𝐿 is the width of the outer barrier and
𝐿𝐿1 is the width of the coupling barrier of SQW (DQW)
wurtzitestructure with 𝐺𝐺𝐺𝐺𝐺𝐺/Inν Ga1−ν N composition.
The schematic description of the structures under study
are given in Fig. 1. In this paper, the results are given in
the effective units, i.e., the effective Rydberg energy
R∗ =

m∗ e4

2ℏ2 ε2
0

as the unit of the energyand the effective
ε ℏ2

Bohr radius a∗ = 0∗ 2 as the unit of length. Within the
m e
framework of single-band effective-mass and the
parabolic band approximations, the Hamiltonian of the
electron in the presence of a shallow-donor impurity in
structures mentioned in Fig.1can be written as:
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For the dielectric constant at the interfaces, we have
adopted the expression:
𝜀𝜀(𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼) = √𝜀𝜀(𝐺𝐺𝐺𝐺𝐺𝐺) ∗ 𝜀𝜀(𝐼𝐼𝐼𝐼𝜈𝜈 𝐺𝐺𝐺𝐺1−𝜈𝜈 𝑁𝑁)

(7)

Using the effective units, the Hamiltonian described in
Eq. (1) becomes:
2

𝐻𝐻 = −∇2 − + 𝑉𝑉(𝑧𝑧)

(8)

𝐸𝐸𝑏𝑏 = 𝐸𝐸0 − 𝐸𝐸𝐼𝐼

(9)

𝑟𝑟

The eigenvalues of the Hamiltonian given in Eq. (8) can
be obtained with a numerical method using the finiteelement method. The ground-state binding energy is
obtained as follows:
Fig. 1.Single 𝐺𝐺𝐺𝐺𝐺𝐺/Inν Ga.2 N QW and double coupled
𝐺𝐺𝐺𝐺𝐺𝐺/In.2 Ga.8 N/𝐺𝐺𝐺𝐺𝐺𝐺/In.2 Ga.8 N/GaN QWs
description under study.

H=−

ℏ2

2m∗

∇2 −

𝑒𝑒 2

𝜀𝜀 ∗ |r⃗−r⃗0 |

+ V(z)

Where 𝐸𝐸𝐼𝐼 ( 𝐸𝐸0 ) is the ground state energy in the presence
(absence) of the impurity.

3 Results and discussion

(1)

The binding energy of hydrogenic shallow-donor
impurity in simple and double quantum wells based on
unstrained wurtziteGaN/(In,Ga)N/GaN is calculated as a
function of the quantum well/barrier width, the impurity
position and the well coupling. Our calculations are
performed based on the finite element method.
To investigate the influence of the well and barrier
widths and the impurity position, we have primarily
presented in Fig. 2 the binding energy of a wurtzite
(In,Ga)N/GaN SQW versus the well width. For all
impurity’s position and barrier’s width, the binding
energy increases with decreasing the well width until it
reaches a maximum corresponding to the critical value
(𝑙𝑙𝑐𝑐 ) of the well size around the effective bohr radius.
This is due to diminishing of the electron-impurity
distance which enhances the binding energy. For the
strong confinement regime (𝑙𝑙 < 𝑙𝑙𝑐𝑐 ), the majority of the
wave-function is in the barrier region. Therefore, the
electron is less attracted by the impurity which is
manifested by the reduction of the binding energy
tending to the GaN bulk value. According to the same
figure, the binding energy shows two behaviors limited
by the width critical value. The binding energy drops
(augments) with increasing the barrier width for strong
(low) confinement regime. The physical reason is that
for strong confinement, the whole of the wave-function
is in the barrier and then the barrier width increasing
induces its more spreading in the barrier which reduces
the binding energy. For low confinement, with
increasing the barrier width the wave-function spread in
the barrier diminishes and then the binding energy can
only enhanced.
The inset figure displays the results concerning the
effects of the impurity’s position on the binding energy
for a fixed value of the barrier width. With the
displacement of the impurity far away the structure
center the electron-impurity distance increases and
therefore the binding energy shows a significant drop. It
is clearly seen that this effect is more marked especially

|r − r0 | =
𝑒𝑒is
the
electron
charge,
2
2
2
is the electron√(𝑥𝑥 − 𝑥𝑥0 ) + (𝑦𝑦 − 𝑦𝑦0 ) + (𝑧𝑧 − 𝑧𝑧0 )
impurity distance and V (z) is the finite potential barrier
given as:
V(z) = {

0
𝑉𝑉0

well
barrier

(2)

V0 = Q. ∆Eg (x)denotes the potential barrier, whereas
Q (= 0.7) and ∆Eg are respectively the conduction band
off-set parameter nd the difference between the band
gaps of GaN and Inν Ga1−ν N which are defined as
follows:
∆𝐸𝐸𝑔𝑔 (ν) = 𝐸𝐸𝑔𝑔 (𝐺𝐺𝐺𝐺𝐺𝐺) − 𝐸𝐸𝑔𝑔 (Inν Ga1−ν N )

(3)

For 𝐼𝐼𝐼𝐼ν 𝐺𝐺𝐺𝐺1−ν 𝑁𝑁, the band-gap energy is obtained as
the interpolation between 𝐼𝐼𝐼𝐼𝐼𝐼 and𝐺𝐺𝐺𝐺𝐺𝐺corrected by
the bowing parameter [34]:
𝐸𝐸𝑔𝑔 (𝐼𝐼𝐼𝐼ν 𝐺𝐺𝐺𝐺1−ν 𝑁𝑁) =
ν. 𝐸𝐸𝑔𝑔 (𝐼𝐼𝐼𝐼𝐼𝐼) + (1 − ν). 𝐸𝐸𝑔𝑔 (𝐺𝐺𝐺𝐺𝐺𝐺) − 𝑏𝑏. (1 − ν). ν

(4)

𝜀𝜀 ∗ and𝑚𝑚∗ are respectively the main relative dielectric
constant and the effective mass. For(𝐼𝐼𝐼𝐼, 𝐺𝐺𝐺𝐺)𝑁𝑁, they are
equal to the linear combination of those of𝐼𝐼𝐼𝐼𝐼𝐼and 𝐺𝐺𝐺𝐺𝐺𝐺.
∗
ν. 𝑚𝑚𝐼𝐼𝐼𝐼𝐼𝐼

{

𝑚𝑚∗ =
− 𝑏𝑏. (1 − 𝑣𝑣). ν
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

∗
ν). 𝑚𝑚𝐺𝐺𝐺𝐺𝐺𝐺

+ (1 −
∗
𝑚𝑚𝐺𝐺𝐺𝐺𝐺𝐺

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

∗
ν. 𝜀𝜀 ∗ + (1 − ν). 𝜀𝜀𝐺𝐺𝐺𝐺𝐺𝐺
− 𝑏𝑏. (1 − ν). ν
𝜀𝜀 ∗ = { 𝐼𝐼𝐼𝐼𝐼𝐼 ∗
𝜀𝜀𝐺𝐺𝐺𝐺𝐺𝐺
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

(5)
(6)

∗
=
The electron effective-mass in GaN (InN) is 𝑚𝑚𝐺𝐺𝐺𝐺𝐺𝐺
∗
0.19𝑚𝑚0 (𝑚𝑚𝐼𝐼𝐼𝐼𝐼𝐼 = 0.1𝑚𝑚0 )𝑚𝑚0 is the free electron mass.
∗
∗
The mean dielectric constant is 𝜀𝜀𝐺𝐺𝐺𝐺𝐺𝐺
= 9.8𝜀𝜀0 (𝜀𝜀𝐼𝐼𝐼𝐼𝐼𝐼
=
13.7𝜀𝜀0 ) for GaN (InN) where ε0 is the static electrical
permittivity of the vacuum.

2
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in the moderate regime confinement than in the strong
one.

the well width under the effects of the In-composition in
the well. For instance, we have reported the results for
𝑥𝑥 = 0.1, 0.2 and 0.3for 𝐿𝐿1 = 𝐿𝐿 = 2. As expected, two
behaviors are obtained. On the one hand, for low
confinement regime, the binding energy dropps
according to the internal composition. The main reason
of this change can be explained by the diminishing of
the coupling effect, i.e., the increasing of Indium
fraction in the wells leads to the enhancement of the
potential barrier which induces more confinement of the
electron wave-function and then the binding energy can
only go down. On the other hand, for the strong
confinement regime it is found that the binding energy
is enhanced versus In-composition in the wells. As
known, in such regime the wave-function is more
spread in barriers, so, the In-fraction increasing
improves this confinement which enhances the binding
energy.

Fig. 2. Binding energy in GaN/(In,Ga)N/GaN SQW as
a function of the well width. The effects of the barrier
width and the impurity’s position are included.

Binding energy in DQW for two different barrier
widths and impurity’s position are displayed in figure 3
for a fixed coupling width 𝐿𝐿1 = 2. It is reaveled that the
behavior of the binding energy in DQW versus the well
size is the same as that of the SQW. The principle
characteristic is that the binding energy in DQW is more
greater than that in SQW. This enhancement can be
assigned to the coupling effect. For coupling barrier size
equals to 𝐿𝐿1 = 2, the improvement rate is about 77%.
In the same trend, the impact of the impurity’s position
is more significant in DQW in particularly for the
moderate confinement regime. The same figure (inset)
contains the variation of the binding energy versus the
well width for two different values of the impurity
position. It is clearly seen that as the impurity moves
from the left barrier to structure center, the binding
energy is strongly enhanced. For instance, the rate
enhancement is about 36% when it is moved from 𝐿𝐿to
𝐿𝐿 + 𝑙𝑙/2.

Fig. 4. Ground-state binding energy according to well
width for three different values of the Indium
concentrations.

Fig. 5. Ground-state binding energy in DQW as a
function of the well width for two different values of
the coupling barrier width.
Fig. 3.Binding energy in
GaN/(In,Ga)N/GaN/(In,Ga)N/GaN DQW as a function
of the well width. The effects of the barrier width and
the impurity’s position are included.

Finally, the variation of the ground-state binding
energy in DQW according to well width under the effect
of the coupling barrier width is depicted on figure 5.
The calculation includes 𝑥𝑥 = 0.2, 𝐿𝐿 = 10 and 𝑥𝑥0 = 𝐿𝐿 +
𝑙𝑙/2 as fixed parameters and two different values of the

Figure 4 depicts the results corresponding to groundstate the binding energy in double QWs as a function of
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intermidiatry barrier. It is observed that as the coupling
barrier width increases the binding energy drops. We
notice that the rate drop is about 20 𝑚𝑚𝑚𝑚𝑚𝑚 representing
12.5% of the binding energy. This result can be
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to the reduction of the
wavefunctionsoverlapping in both wells.
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