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Abstract. The paper presents aspects regarding flexible model used for
describing the dynamics of the three stages micro-launcher. This work
analyses transverse flexible oscillations. By the hypotheses adopted, the
flexibility problem will be reduced to a group of equations that will be
attached to the rigid body model with six degrees of freedom, thus obtaining
an elastic model for the launcher. The results analysed will be the flight
parameters the launcher, with the influence of the elastic modes considered.
The novelty of the paper consists in highlighting the influence of elasticity
on the launcher control problem.

1 Introduction

As shown in reference [1] and [2], the analysis of the structural dynamicity of a vehicle is a
complex problem, which involves an approach in matrix technique, with the use of
specialized codes like ARTeMIS Modal [3]. Also, for analysis of the dynamic flight of the
launch vehicle the complex code is necessary. In this regard in reference [4] are presented
some solutions related to the design process of flight vehicles using ASTOS code. In
addition, is necessary to addressed also the flight control problem. As an example, in work
[5] is described the principles of launch vehicle flight control with application for Ares I.
Linking these two items is more difficult, the most common approach being to transfer the
results of structural analysis to the flight control issue. To avoid this development, we are
still proposing to find a simple analytical solution to the problem of transvers elastic
oscillations of small-scale launchers that can easily be integrated into the developed dynamics
code. The approach is based on solid fuel rocket work [6], but can also be expanded to rocket
with liquid fuel, if the structure is compact enough to be approximated with a homogeneous
bar.

2 Theoretical development

As shown in the paper [6], in the assumption of the beam, the transvers oscillation of a
launcher due to the elasticity of the body can be described with the differential equation:
2

d
El,— = M(x, 1), @)
dx
where w = w(x, t) is the deformation of the elastic axis of the launcher, E is the elasticity
module of the material from which the launcher is composed, I, = [ z2dA is the axial

moment of inertia and is M (x, t) the bending moment applied throughout the body, varying
over time.
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If we differentiate the relationship, results:
22 22
(Elxd—z)'i'mx%: q(x,t), )

ax2
where m, represents the distribution of mass along the body and g (x, t) the intensity of the
external lateral load

2.1 Free oscillations

To obtain free oscillations, we consider the equation (2) in the homogenous form:

? d*w a*w o )
El,— | +m,— =
ax? dx? ot?
for which free flight conditions are imposed:
%w . da?w
mXW|x=o =0; E(Elx dx >|x 0 =0, 4)

x=l

which represents the bending moment null and cutting force null. To obtain the equation
solution, the initial form of the deformation and its first derivative should be known

throughout the body:
6w(x 0)

w(x,0) = u(x); v(x). ()
which are the initial conditions of the problem. Because the body of the launcher will achieve
harmonic oscillations, we will look for the solution of the homogeneous equation (3) with
the conditions (4), (5)

w(x,t) = ¢p(x) cos( wt + ¢). (6)
Entering the solution (6) in equation (3), we obtain:
(ELg")" — w*my =0, (6)

This equation covers all its own pulsations and forms of oscillation, of which we can choose
own pulsation k to look for the solution of the problem:

(E1x¢"k) - wkzmx¢k =0, (7)
with the conditions at the ends:
%y _ d? ¢y _
dx? |)7(c 0 =0 _(Elx dx? ) X=(l) =0. ®)
x=

To find a simple solution to the problem, as shown in [6], we will consider a homogenous
body of constant section. If the elastic modulus E and the axial inertial moment I, no longer
vary along the longitudinal axis, the equation (8) become:

¢V —2*¢ =0, ©)
where we denote:
mwz
2=t (10)
with the solution:
¢(x) = AS(x) + BT (x) + CU(x) + DV (x), (11)

where S(x), T'(x), U(x), V (x) are Krilov functions:
S(x) = %(Ch/lx +cosAx);T(x) = %(shlx +sinAx);
U(x) =%(Ch/1x—c051x);V(x) =%(Shlx—sin/1x), (12)

and 4, B, C, D there are constant integration. Imposing conditions (9) at first end:
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¢"|x=0 =0 ¢’"|x=0 =0, (13)
two integration constants are null
C=0;D=0, (14)
obtained, from where
¢(x) = AS(x) + BT (x), (15)
Imposing conditions (9) at second end:
¢”|x:l =0 ¢’"|x:l =0, (16)
we obtain the following system with two unknowns A4, B:
d"(D) =22[AUD) + BV (D] = 0; " (1) = 2*[AT()) + BU(D)] = 0. (17

For the system (18) to not have only zero solutions, it is necessary that its determinant be
null, from where:

cos Al xchil =1, (189)
that means a transcendent equation with the following solution string:
Ml=1473,2,1=785° Al=2"1g (19)

2
Replacing in the relationship (11) we obtain:

2
2";{ 1) EI (20)

m
Further we can develop the previous assumptions, considering the body an empty
cylinder, with a section of the shape of a circular crown. In this case from (21) we obtain:

n? 2k +1\* [E(d> M
o= (5) H(5-2m) @22)
2 21 p\2 pnl
where p is material density, M launcher mass; [ launcher length; d body diameter.
Next, we can evaluate the shape of the oscillation. For this, from relationships (18)

wkénz(

Bk _ _Te® _ _Uk®
Ak Br(D) Vi@’ (21)
and from (16) it is obtained:

— _k®

S () = A (S () — KR T(®), (24)

From (6)
~ T, ()
wi (x, t) = A | Si(x) — U—(Z)Tk(x) cos(wit + &), (22)
k

where the initial phase &, and the integration constant A, can be obtained from the initial
conditions (5).

2.1 Forced oscillations

What we are still interested in is the influence of elastic transverse oscillations on a point of
the launcher, which can be the position of guidance system or the position of payload. For
this we return to the equation (2), which, in the hypothesis of a constant section body, acquires

the form:
d*w 2w
E1ﬁ+mm—q(x,t), (23)
If we replace the relationship (6)

d*¢ ?w _ :
Elmcos(wt-i-s)-l-mﬁ—q(x,t), (27

On the other hand, replacing the derivatives of four order of (10)
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2
EI)l‘*¢cos(wt+e)+m(;T‘:=q(x,t). (24)
After processing, for the & oscillation mode, it is obtained:
%w q(x.t)
e (25)

where m is a constant mass distribution along the body.
If we consider that the source of the oscillations only the lateral component of the thrust force,
its influence on a point on the launcher becomes:

T(1-x
qCx,t) =252, (26)

12
where x is the position at the peak of the launcher of the point where we evaluate the
deformation, [ is the body length. The lateral component of the thrust:
ZT = Tsiné,, (1), (27)
depends on time.
From (29), taking into account that M = ml, we obtain:

T(l-x)
(Mlx) siné,,, (28)

Wk +(A)I%W =
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Fig. 1 Idealized flexible launch vehicle [2]

If we transform the linear deformation into angular deviation, we obtain;

Pr + wip = Kgsing,y,. (29)
where we denoted the gain:
T(l—
s =10 (30)

As shown in works [2] [7] [1], in addition to the considered model the oscillations of the
launcher have damping effect, the equation (33)

l]).k + kawkl/.)k + w,zclﬂ = Kssin6m. (35)
where, as shown in work [2] the damping coefficient, has values ranging between:
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&, = 0,005....0,02. (36)
If we retain the first 7 frequency, then from (35)
qk = —kaa)qu—a),zcl,l}+1(55in5m;lpk = (qk ,Where kzl,}’l (31)

The angle and angular velocity in the oscillation plane will be affected by the sum of the
deviations introduced by the elastic oscillations:

q*=q+Aq; =9+ Ay (32)
where ¢, are the actual values, ¢* * are the measured values and Agq, Ay are the
influence of the flexible oscillations of the launcher structure in yaw.

Aq = Yi=1 i DY = Y—1 i (33)

3 Input data for micro-launcher model

The main input data used are extracted from paper [8]. In Fig. 2 we have: P/L Payload; ST -
Stage; All sizes are in meters.

Py P/L /\
1.2 o~

ST3 1 -
ST2
1.2 ol N
1.2
wn
ST1

Fig. 2 Micro-launcher configuration [8]

4 Results

Using relation (22) we obtain first three own frequencies, shown in Fig. 3. One can observe
that during launcher evolution the own frequencies increases due to the fact that the launcher
size is decreasing. The values obtained are close to those indicated in the paper [2].
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Fig. 3 Own frequencies during launcher evolution

Using relation (34) we obtain the gain K for transverse flexible oscillation shown in Fig.
4. One can observe that during launcher evolution the gain follow the thrust values.
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Fig. 4 Gain for flexible oscillations

Based on relation (39) we obtain the influence of flexible oscillation on pitch angle (DTE)
and yaw angle (DPS) shown in Fig. 5 . On can observe that these angular deviations follow
the angular deflections of the thrust vector &, , &,,.
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Fig. 5 Angular deviation due to flexible modes in the guidance section

Based also on relation (39) we obtain the influence of flexible oscillation on pitch angle
velocity (Dr) and yaw angle velocity (Dg) shown in Fig. 6. On can observe that these angular
velocity deviations follow also the angular deflections of the thrust vector §,, , &,,.
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Fig. 6 Angular velocity deviations due to flexible modes in the guidance section

5 Conclusions

As stated in the introduction the work seeks to highlight the influence of transversal
oscillations of the structure on the control of the launcher. For this, simple relationships have
been obtained for the calculation of own pulsations and gain necessary to construct the
equations of flexible modes, which can be easily attached to the rigid model with six degrees
of freedom (6DOF). Based on the flexible model developed, were evaluated the deviations
in assessing the main control sizes: angles and velocity angle in the yaw and pitch, that can
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be considered in the synthesis of the launcher control system. However, it is noted from the
results obtained that the errors introduced by the flexible modes in the measurement of angles
and angle velocity are not very high, compensation can be made by increasing the robustness
of the control system of the launcher. The analytical results obtained, beside the integration
into the dynamic code, can be used in other applications, for a preliminary evaluation of the
launcher features.

In order to obtain an analytical simplified results in this paper we approach only transvers
oscillations. Following similarly technique, in future works we will approach also
longitudinal oscillations.
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