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Abstract. The present study consists of a theoretical, experimental and
fractographic investigation of the effect of superimposed static axial and
shear stresses on the high cycle fatigue behavior of a 34CrNiMo6 high
strength steel in quenched and tempered condition (UTS = 1210 MPa),
commonly employed in highly stressed mechanical components. The
Haigh diagrams for the axial and torsional cases under different values of
mean stress were obtained. In both cases, experimental results showed that
increasing the mean stress gradually reduces the stress amplitude that the
material can withstand without failure. The results of the present tests are
compared with the theoretical predictions from Findley, based on the
maximum damage critical plane; and the methods of Marin and Froustey,
which are energetic based criterions. Froustey's method shows the best
agreement with experimental results for torsional fatigue with mean shear
stresses, showing a non-conservative behaviour for the axial fatigue
loading case. Macro-analyses and micro-analyses of specimen fracture
appearance were conducted in order to obtain the fracture characteristics
for different mean shear stress values under torsion fatigue loading.

1 Introduction
Modelling the effect of medium stresses is a vitally important issue in fatigue. Not in vain,
the influence of the mean stress σm on the fatigue limit was already observed as one of the
main factors influencing the fatigue resistance by Wöhler in 1870 [1], who pointed out that
the fatigue limit decreased with the increase of the mean stress σ m.
The relative importance of axial mean stresses has been especially noted in Papuga's
exhaustive comparison of multi-axial methods in 2011 [2], who concluded that the ability
to correctly capture the effect of axial and shear mean stresses is a determining factor in the
ability of a multi-axial fatigue method. Although virtually all multiaxial methods take into
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account the influence of axial mean stresses, the way in which they treat the effect of these
stresses can differ greatly.
With respect to the mean shear stresses, a widespread hypothesis in the literature is that
the mean shear stress does not influence the torsional fatigue limit as long as the maximum
shear stress is below the yield limit in shear τyp. This theory is based, among others, on
Smith's research in the 30s and 40s of the last century [3,4].
However, there are many trials in which the effect of mean shear stresses is appreciable
even for elastic stresses, such as the experimental campaigns conducted by Sauer [5],
Findley [6] or Chodorowski [7]. Figure 1 shows the results obtained by Sauer for a 14S-T
aluminium.
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Fig. 1. Torsional Haigh diagram with experimental results for a 14S-T aluminium alloy [5] at 107
cycles together with predictions from various empirical lines.

In any case, it can be stated that the influence of mean shear stresses is less than that of
mean normal stresses, especially in ductile materials. In this sense, modern design
standards such as FKM Guideline [8] take into account the effect of average shear stresses
on fatigue. The effect on ductile steels is approximately 58% of the effect of static axial
stresses at the axial fatigue limit. This is expressed through equation (1), which shows the
relationship between the slopes of the axial and torsion Haigh diagrams, M σ and Mτ
respectively:

M 

M
3

(1)

A greater sensitivity to mean axial stresses than torsion was observed by Findley [9],
and also in a recent article by Mayer et al. [10] of a spring steel.
In order to investigate the relationship between mean shear and axial stresses, the
authors have decided to conduct both a torsional fatigue campaign with mean shear stresses
and an axial fatigue campaign with mean axial stresses, and to compare the results with the
predictions from some of the best known multiaxial fatigue theories.

2 STATIC AND FATIGUE TESTS
The material chosen for the tests was 34CrNiMo6 steel, supplied by Thyssen-Krupp in 30
mm diameter bars and in the hardened and tempered state. The choice of this material is
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based on its habitual use in parts of high responsibility subjected to fatigue. Its monotonic
properties are shown in Table 1. As it can be seen, this is a ductile material despite its high
mechanical strength.
Table 1. Static properties of 34CrNiMo6 steel used in the multiaxial campaign
Monotonic properties

Symbol

Value

Ultimate Tensile Strength

σUTS

1210 MPa

Yield strength

σyp 0.2

1084 MPa

Rupture strain

A (%)

12.18%

Reduction of area

Z (%)

60.17%

For axial and torsional fatigue tests, as in other similar tests [11], specimens with
"hourglass" geometry have been chosen to reduce dispersion by concentrating faults in a
localized area of the specimen. The dimensions of the torsional and axial specimens are
respectively shown in Figures 2 and 3.

Fig. 2. Hourglass specimen used in the torsional fatigue tests. Dimensions in millimetres.

Fig. 3. Hourglass specimen used in the axial fatigue tests. Dimensions in millimetres.

The torsional fatigue tests were carried out in Bordeaux (France) with servo-hydraulic
equipment with multiple actuators allowing bending-torsion loads. This machine has
previously been used in other experimental campaigns [12], and allows a maximum torque
of 150 N·m to be applied. To avoid possible bending, the bending actuators were checked
at all times and set at 0 N·m. All tests were performed at 50 Hz.
Figure 4 shows the results for the inclined part of the S-N torsional amplitude curve for
different constant mean torsion values. As can be seen, the effect of the mean torsion is
clearly measurable in the finite life zone.
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Fig. 4. Cyclic torsional S-N curves for different values of mean shear stress

The uniaxial tests were performed in the Faculty of Engineering of Bilbao on a Instron
8801 ±100KN servohydraulic axial testing machine with 8 mm diameter specimens
following ASTM E 466-15 [13]. Figure 5 shows the axial S-N curves for 4 different stress
ratios.
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Fig. 5. Axial S-N curves for different stress ratios

The sensitivity to the mean torsional stresses Mτ, defined as the slope of the Haigh diagram
in torsion, can be calculated for the case of mean torsion of 350 MPa through equation (2).
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 a ( R  1)   a (

m  350)

(2)

350

Similarly, the sensitivity to axial mean stresses can be calculated as the slope of the
axial Haigh diagram, in this case using the data R=-1 and R=0.05 in equation (3):

M 

 a ( R  1)   a ( R  0.05)
 m( R  0.05)

(3)
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Fig. 6. Axial and mean shear stress sensitivity indices for the range 50,000 < Ncycles < 500,000

Using equations (2) and (3) a representation of sensitivities to mean axial and shear
stresses as a function of the number of cycles can be made, showing the values of Mσ and
Mτ for the range 50,000 < Ncycles < 500,000 in Figure 6. As it can be seen, the sensitivity
to axial mean stresses is notably higher than for shear mean stresses. In addition, both
sensitivities decrease with the number of cycles.

3 Correlations of experiments with multiaxial fatigue methods
This paper will analyze the correlation of experimental results obtained with various
formulations of multi-axial fatigue whose analytical expressions for cases of uniaxial and
torsional fatigue can be obtained in a simple way. Among the methods chosen are the
formulations of Findley [14], based on the critical plane method of maximum damage; and
the energetic methods of Marin [15], Froustey [16]. Findley's Critical Plane Method [14]
was published in 1956 along with experimental fatigue tests on an AISI 4340 steel. This
method looks first for the plane in which the damage function (4) is maximized:

 a * ( , )   F   max * ( , )

(4)

Once the pair of angles has been obtained (ϕ*,θ*) in which this function is maximum,
the criterion is applied by means of the expression (5), where α F and λF are material
parameters that can be adjusted with the fully reversed axial and torsional fatigue strengths.

 a * (*, *)   F   max * (*, *)  F
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Since it is not necessary for the Findley function plane to be the maximum shear
amplitude, there is an influence of the mean shear stresses, which can be represented by the
relationship (6):

a 

F 2   F 2  F 2   F 2 m 2   F 2  m
2
1 F

(6)

The application of the Findley method to the uniaxial case leads to equation (7):

 a  2  F 2   F 2  F 2   F   F   m  2   F   F

(7)

The constants αF and λF depend on the value of the fatigue ratio κ = σ-1/τ-1 . When κ
takes a value of 2, which corresponds to Tresca's criterion, αF takes the value of 0, therefore
there is no effect of the average voltages. For materials that follow the Rankine criterion of
maximum main stress, i.e.: κ ≈ 1, the influence of medium stresses is very high.
Marin's method [15] was presented at the first International Fatigue Congress in 1956
along with an extensive database compiled by the author, consisting of 289 fatigue limits
from 23 test series. This method can be generally expressed by equation (8). Its physical
interpretation is a balance of the distortion energy between the uniaxial static case and the
fully reversed uniaxial fatigue strength.
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(8)

This method requires only fully reversed axial fatigue strength σ -1 and ultimate tensile
strength σUTS. For the particular case of pure torsion it can be defined by the expression (9),
which is an ellipse in the torsional Haigh diagram.
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As can be seen after examining equation (9), Marin's method uses the Von Mises ratio,
and therefore the ratio between the fully reversed axial fatigue limits (σ -1) and the fully
reversed torsional fatigue limit (τ-1) is assumed to be equal to √3. For axial fatigue case, the
application of the method leads to the elliptical relationship, equation (10):

 
 a   1  1   m 
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2

(10)

Another widely used method is that of Froustey [16], which is based on a balance of the
total deformation energy. The application of this method to the case of torsional fatigue
with mean shear stresses leads to the analytical formula of equation (11):
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Which, like Marin's method, is also an ellipse in the torsional Haigh diagram, but using
the experimental relationship κ = σ-1/τ-1 instead of the theoretical relationship of Von Mises.
The application of the Froustey method to the case of axial fatigue with mean axial stresses
leads to the same elliptical relationship as Marin's method, equation (10), which is not in
agreement with the experimental results of ductile materials, as shown in [17].
Figures 7 and 8 show the Haigh torsion and axial diagrams respectively together with
the experimental results and theories analyzed for 5·105 cycles.
Experimental results and Multiaxial theories @ 500,000 cycles
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Fig. 7. Torsional Haigh diagram with experimental results and theories for N=5-105 cycles

Experimental results and Multiaxial theories @ 500,000 cycles
800

34CrNiMo6 steel experimental results
Findley
Marin & Froustey

σa axial stress amplitude (MPa)

700
600
500
400
300

200
100

σuts

0
-600

-400

-200

0

200

400

600

800

1000

1200

1400

σm mean axial stress (MPa)
Fig. 8. Axial Haigh diagram with experimental results and theories for N=5-105 cycles
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As can be seen, the Froustey method obtains a good correlation with the experimental
results in torsion, being slightly conservative. As for its axial behaviour, it is extremely
non-preservative, foreseeing a more ductile behaviour than that observed in this steel. The
Marin method shows an extremely conservative behaviour for this steel in the case of
torsional loads due to the use of the Von Mises ratio. On the other hand, in uniaxial fatigue,
like the Froustey method, it is not conservative for mean tension stresses, and conservative
for the mean compression loading case. Findley's critical plane methodology is shown to be
slightly conservative in torsional fatigue for this steel, and with a higher degree of
conservatism for axial fatigue, except for the mean compression loading case.

4 Fractographic analysis
In general, there is similar behaviour to that observed by other researchers when the number
of cycles is relatively high [11]: in tests with failures in a high number of cycles, a visible
crack was not observed until a few cycles before rupture. In the case of axial fatigue, in
some specimens the failure started inside the specimen. However, in the case of torsion, the
crack always started and propagated on the surface.
In torsion, the nucleation of the cracks took place in planes close to the plane of
maximum shear amplitude, independently of the applied shear stress, with maximum
angular deviations of 15° (Figures 9 and 10).

Fig. 9. Fractured surface for τa= 480 MPa; τm= 0 MPa; Ncycles=93,400

Fig. 10. Fractured surface for τa= 480 MPa; τm= 250 MPa; Ncycles=68,920

5 Conclusions
The tests show a greater sensitivity to mean axial stresses than to shear stresses for the
34CrNiMo6 steel studied, for a range of number of cycles 5∙104 < N < 5∙105. Among the
multi-axial fatigue methods analyzed, the Froustey method obtains an excellent
correspondence in torsion but, following the elliptical relation in axial, it shows a nonconservative behaviour for tensile mean loading. The Marin method, which assumes the
von Mises ratio for axial and torsional fatigue limits, is highly conservative in torsion and
highly non-preservative in axial. Findley's Critical Plane methodology shows a generally
conservative behaviour for this steel, except for mean compression stresses in axial fatigue.
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