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Abstract. The fatigue assessment of notches under multiaxial and non-

proportional service loading is challenging. Simple models (e.g. local strain
approach based on normal stress and strain) are of poor quality for this general
case of stress states and ductile material behavior. Advanced approaches show
high accuracy, but require additional material testing and calibration. From an
engineering point of view, deviations are tolerable to a certain extent. This
contribution introduces two approaches for modeling multiaxial notch fatigue
which are easy to apply. The first approach is an extension of the classical local strain approach. The second approach implements a simplified multiaxial
notch approximation which enables the use of the extended short crack model
in practical applications.
A large database with experiments on notched components under multiaxial
stresses is set up and used to validate the proposed algorithms. Results show
the effectiveness of both approaches for ductile steels. Both approaches can be
useful for engineers who are faced to multiaxial fatigue of notched components.

1 Introduction
In spite of the progress over the last decades, the fatigue assessment of notched structures under multiaxial loading is still a challenging task. The main problem for numerical modeling
is the simultaneous appearance of multiaxial stresses with rotating principal axes and effects
of notches and loading sequence. Relatively simple models, like the local strain concept [1],
are widely used in practice. They are user-friendly and don’t require many input parameter. In some special applications, e.g. uniaxial stresses or brittle materials, they show good
agreement with experimental data. But for the case of multiaxial notch fatigue they lack in
accuracy. On the other hand, a lot of research effort has been spent on the mechanisms and
modeling of crack initiation and growth under multiaxial and non-proportional stresses [2].
As a result, a highly accurate model for the assessment of multiaxial notch fatigue was developed by Hertel and Vormwald [3, 4].
From a practical point of view, the most important criterion for a model is a general and
easy applicability. Drawbacks in accuracy are tolerable to a certain extent. Therefore, within
this contribution two approaches for modeling multiaxial notch fatigue are presented. The
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first approach is an extension of the classical local strain concept taking multiaxial, nonproportional and notch effects into account. For the second approach, a simplified multiaxial
notch approximation is implemented. In the second approach, fatigue lives are determined
on the basis of the extended short crack model [3, 4]. The aim of this work is to find a good
trade-off between simplicity and accuracy. It is out of scope to develop even more complex
algorithms to attain higher accuracy.

2 Previous work
2.1 Multiaxial damage parameters

A countless number of multiaxial fatigue hypotheses have been proposed by researchers during the last decades. These models can be classified into three main groups: Firstly, invariant
based parameters (e.g. [5]), secondly, integral damage parameters (e.g. [6]) and thirdly, critical plane approaches (e.g. [7, 8]). The latter ones have gained acceptance and are often
implemented in commercial tools. The models in this group differ in the way how normal
and shear quantities in the cutting plane are rated. In general, shear based methods are superior at torsional loading, whereas, normal stress and strain based parameters are well-fitting
at tension or bending loads. A commonly used normal strain based parameter has been proposed by Smith, Watson and Topper [7]. It is generally accepted that this parameter is a bad
choice for ductile materials under torsion. A first approach to scale the normal stress in critical plane was introduced by Gaier and Dannbauer [9]. A similar, but more efficient method
was recently proposed by Riess et al. [10]. The multiaxial effect is modeled depending on
the current extent of multiaxiality. For the special case of plane stress states, a measure for
the degree of multiaxiality is expressed by the biaxiality ratio
q
|σ xx (t) + σyy (t)| − (σ xx (t) − σyy (t))2 + 4τ2xy (t)
,
(1)
hbiax (t) =
q
|σ xx (t) + σyy (t)| + (σ xx (t) − σyy (t))2 + 4τ2xy (t)
which can be directly determined from the stress tensor [11]. A material dependent function





1 − fw,τ 
1

f (hbiax (t)) = 1 −
(2)
√ · 1 − q

1 − 1/ 3 
1 + h2biax (t) − hbiax (t) 
describes the effect of multiaxial stresses on fatigue lives. A time dependent application of
eq. (2) is given in section 3.2.2. This function is the result of a simple interpolation between
normal stress hypothesis and distortion energy hypothesis on basis of the shear strength ratio
fw,τ = τw /σw [10]. Fig. 1a) shows the application of the proposed multiaxial correction
compared to a ductile steel [12] and a brittle cast iron [12].
In contrast to this simple approach of modeling multiaxial effects, the extended short crack
model [3, 4] is a more advanced alternative. Due to its crack growth based formulation, it
is able to account for crack closure induced sequence effects, which makes it superior at
multiaxial and variable amplitude loading.
2.2 Non-proportional hardening

Rotating principal axes cause an additional hardening which depends on the material and the
degree of non-proportionality. Different measures for non-proportionality are known from
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literature: Firstly, transient measures in incremental plasticity (e.g. [13]), secondly, measures
that apply on single cycles (e.g. [14]) and thirdly, measures based on entire stress time series
(e.g. [15]). Within this contribution, a non-proportionality factor (NPF) from the latter group,
which was previously presented in [16], is chosen. It is an improved version of the inertia
based NPF proposed by Meggiolaro and Castro [17]. Moments of inertia are evaluated in the
Tresca-diagram with respect to the origin
I
I
I
2
2


1 
1 
1
o
o
o
IXX =
2τ xy dp , IYY =
σ xx − σyy dp , IXY = −
2τ xy σ xx − σyy dp (3)
L
L
L
with the length of the stress path L and the infinitesimal segment dp [16]. Thereupon, the
non-proportionality factor fnp is defined as the root of the ratio of both principal moments of
inertia:
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A simple approximation [18]
0
Knp
= K 0 (1 + α fnp )

(5)

which scales the cyclic hardening coefficient is used to describe the non-proportional hardening effect. A validation for this approximation is given in Fig. 1b) using the plasticity model
from Ohno and Wang [19] with (α = 1.0) and without (α = 0.0) non-proportional hardening
correction.
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Figure 1. a) Validation of the interpolation function from eq. (2) and b) validation of simplified nonproportional hardening using eq. (5) in an incremental plasticity model (Ohno and Wang [19]).

2.3 Size effects

Within this contribution, a stress gradient based approach is chosen to account for size effects and the notch support factor nσ is determined by a material dependent transfer function
nσ = f (χ, Rm ) [21]. For proportional loading, the normalized gradient χ is constant and can
be easily evaluated using finite element shape functions. For non-proportional loading, the
normalized gradient may change over time. In this case, the normalized gradient is evaluated
by non-linear superposition of unit load gradients. For more details, please refer to [11].
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2.4 Database with notched specimen under multiaxial loading

A database with notched members under multiaxial loading is implemented in order to validate different calculation approaches. It contains experiments from 9 different steel alloys and
11 notch geometries (1.5 < Kt < 3.5) [20, 22–29]. In total 819 data points are available for
recalculation. The distribution of the experiments with regard to material type, load sequence
and load type can be found in Figure 2. The majority of experiments have number of cycles
to failure in the range 104 < N < 106 . A big challenge results from different definitions of
failure at different research institutes. In some cases, the failure is defined as a surface crack
of 0.5-2 mm, other researchers only record cycles to rupture. This increases the scatter when
statistically evaluating the calculation approaches. A uniform failure criterion could help to
minimize this scatter caused by different failure criteria.
50CrMo4V 40CrMoV13.9
b)
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(135)
S460N
(49)
42CrMoS4V
(104)
SAE 1045
(91)
C40
CA
Ck45
(86)
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20MnMoNi5-5
(19) X6CrNiNb18-10
(15)
a)

VA
(171)

c)

tension
bending (56)
(89)

np
(212)

torsion
(191)
prop
(271)

Figure 2. Distribution of experimental data points in the database regarding a) material type, b) load
sequence and c) load type.

3 Modeling multiaxial notch fatigue
3.1 Simplified multiaxial notch approximation and extended short crack model

A crucial point for many advanced damage models is the determination of notch stresses and
strains. Multiaxial notch approximations in combination with advanced plasticity models
(e.g. Döring model [30]) yield precise results. However, the determination of model parameters is challenging and requires additional material testing and calibration. Therefore, a
simplified multiaxial notch approximation is used within this contribution. It is based on a
structural yield surface approach which was introduced by Barkey [31] and refined by Köttgen
[32] and Hertel [3, 23? ]. The main differences compared to Hertels approach are: 1. Usage
of the plasticity model from Ohno and Wang [19] and 2. simplified non-proportional hardening using eq. (5) to describe the material behavior in the second run of the plasticity model.
For more details, please refer to [11]. For this approach, the lifetime to crack initiation is
assessed using the extended short crack model [3, 4] without further modifications.
3.2 Modified local strain concept

A more simplistic approach to determine local stresses and strains is given by uniaxial notch
approximations. In combination with a cycle counting method (e.g. HCM), a damage parameter (e.g. PSWT ) and a damage accumulation hypothesis, this approach is known as the classical local strain concept. Three modifications are applied to account for non-proportional,
multiaxial and size effects.
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3.2.1 Non-proportional correction

In a similar way to the previous section, non-proportional hardening is modeled in the second
step of the notch approximation. At first, notch strains are determined using the uniaxial material deformation behavior (with K 0 ). Secondly, the corresponding notch stress is determined
0
including non-proportional hardening by using the scaled stress-strain behavior with Knp
.
3.2.2 Multiaxial & size correction

In practical applications, both the degree of multiaxiality and the stress gradient may change
over time. Therefore, a correction on time-step basis is reasonable. Both corrections are applied by scaling the pseudo stress tensor σ∗ prior to the critical plane projection. Accordingly,
the time series of pseudo stress in critical plane σ∗ (t) is expressed by
σ∗ (t) =

 ∗

1
σ (t) n n .
f (hbiax (t)) nσ (t)

(6)

Note that all modifications are simple add-ons to the classical local strain concept and may
be easily implemented in existing software.

4 Results and discussion
All experimental data points are recalculated using the following three approaches:
A) CPNH: classical local strain concept with normal stress in critical plane and PSWT ,
B) CPNH modified: modified local strain concept with proposed non-proportional, multiaxial and size correction,
C) MAX: simplified multiaxial notch approximation and extended short crack model.
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Figure 3. Comparison between experimentally determined and calculated cycles to crack initiation for
the steel 50CrMo4V under constant amplitude loading.
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4.1 50CrMo4V CA

At first, the accuracy of the different approaches is evaluated for the 50CrMo4V [22] data-set
with constant amplitude loading. The results in Fig. 3A) clearly show the drawback of the
normal stress based approach. Predictions for experiments with torsion loading are highly
unsafe. They are located outside of the factor 10 scatter band (thin lines around the bold
center-line). The proposed modifications of the normal stress based approach have a beneficial impact on the accuracy of the calculations, see Fig. 3B). All points under torsion loading
are moved towards the safe side and are now below the center-line. Best results are attained
with the combination of simplified multiaxial notch approximation and extended short crack
model, see Fig. 3C). All points are narrowly scattered around the center-line.
A statistical evaluation of these findings is given in Fig. 4 (left). The corresponding scatter
values T 90/10 are listed in Table 1, assuming a normal distribution in logarithmic scale. Obviously, the value of 178.6 for the CPNH approach is too high for practical applications. The
modified version with a value of T 90/10 = 9.89 is a reasonable compromise. The variance of
the MAX approach T 90/10 = 4.83 is almost in the range of materials scatter.
4.2 50CrMo4V VA

50CrMo4V, CA

99.9
99

frequency of occurance [%]

frequency of occurance [%]

Very similar results are observed under variable amplitude loading, see right side of Fig. 4.
Again, the normal stress based approach gives poor results. Modifying the CPNH approach
dramatically increases the accuracy (from T 90/10 = 943 to T 90/10 = 26.5). The lowest scatter
value T 90/10 = 12.1 is attained with the MAX approach. Furthermore, the mean value is close
to 1 which is an indication that all effects are modeled qualitatively correct. Note that it is still
possible that remaining uncertainties compensate each other and have a beneficial effect. It is
striking that the mean value of the modified CPNH approach has a distinct offset (m = 0.39).
That is not the case for constant amplitude loading, which means that load sequence effects
are not modeled properly. This simple approach can only account for mean stress induced
sequence effects. Crack closure induced sequence effects are not modeled in SWT-based
damage parameters.
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Figure 4. Statistical analysis for the accuracy of the different approaches (data-set 50CrMo4V): A)
normal stress in critical plane, B) modified normal stress in critical plane and C) multiaxial notch
approximation in combination with short crack model.
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Table 1. Accuracy (T 90/10 -value) of the different calculation approaches.

T 90/10 [-]
50CrMo4V, CA
50CrMo4V, VA
steel, CA
steel, VA

A) CPNH
178.6
943.3
395.8
8932

B) CPNH modified
9.89
26.5
65.4
94.8

C) MAX
4.83
12.1
34.2
18.3

4.3 Steel CA & VA

steel, CA

99.9
99

frequency of occurance [%]

frequency of occurance [%]

In a second step, the accuracy is evaluated based on all experiments for the material group
steel. Fig. 5 shows the corresponding distributions in a Gaussian probability net. The findings for the data-set 50CrMo4V are confirmed with the whole material group steel, for both
constant and variable amplitude loading. In general, the normal stress based approach is a bad
choice for ductile materials under multiaxial loading. Better results are attained by applying
two simple corrections for multiaxiality and non-proportionality. Best results are determined
with the combination of simplified multiaxial notch approximation and extended short crack
model. All scatter values T 90/10 are significantly lower. The problem of different failure criteria causes an additional scatter. Therefore, it is difficult to make a qualitative statement or
to determine a safety concept based on these data.
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Figure 5. Statistical analysis for the accuracy of the different approaches (materials group steel): A)
normal stress in critical plane, B) modified normal stress in critical plane and C) multiaxial notch
approximation in combination with short crack model.

5 Conclusion
A modified version of the classical local strain concept is proposed which accounts for multiaxial and non-proportional effects. The modifications are a modular add-on to existing
algorithms and may be implemented easily in commercial fatigue assessment tools. This
approach is a reasonable compromise between simplicity and accuracy. Furthermore, a simplified multiaxial notch approximation is introduced. The non-proportional hardening effect
is modeled by adapting the stress-strain behavior on basis of a non-proportionality factor. In
combination with the extended short crack model, very accurate results are attained using this

7

MATEC Web of Conferences 300, 13003 (2019)
ICMFF12

https://doi.org/10.1051/matecconf/201930013003

approach, though the calculation effort is comparably high. A database for validation is very
useful to automatically predict fatigue lives with different approaches for a large number of
experiments. This enables to compare damage parameters with respect to a general applicability. Future research should not only try to find more complex models with higher accuracy,
but also focus on simple models with general applicability.
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