MATEC Web of Conferences 298, 00094 (2019) https://doi.org/10.1051/matecconf/201929800094
ICMTMTE 2019

Influence of the form of axisymmetric load on the
stress-strain state of an elastoplastic half-space
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Abstract. The problems of elastic sinking of materials and elastic
restoration of an imprint under loading of an elastic-plastic half-space with

an axisymmetric load of the form p(r)=p, (1—r2/a2)[5 ,  Where
0<B<0.5 are considered. Expressions are obtained that describing the
stress-strain state of an elastoplastic half-space. The conditions of the onset

of plastic deformation in the near-surface layer and on the half-space of
surface are considered depending on the parameter g .

1 Introduction

Many models of rough surfaces are represented by asperities in the form of a set of
spherical segments with the same radii [1, 2, 3, etc.]. In most cases, the contact of metal
rough surfaces is elastoplastic [4]. However at present, there is no analytical solution to the
contact problem for an elastoplastic force indentation [5, 6]. As indicated in recent reviews
[7, 8], many analytical, experimental, and numerical studies have been performed in the
past to model and predict the properties of an elastoplastic contact. However because of
their complexity, a closed solution has not been proposed. The authors of [5, 6] attribute
this to the difficulties of taking into account the hardenability of the material during
loading. Other authors find the reason for the difficulties in describing the effects of “pile-
up / sink-in” [9, 10, 11, 12, etc.]. There are also problems in describing the contact of
bodies with similar physical and mechanical properties [5, 13, 14, 15, etc.]. To simplify the
complex solution of these problems, most authors model the contact of the sphere and half-
space. Moreover, contact models can be divided into two main groups: interstitial models
(rigid or elastic sphere) and flattening models (rigid half-space) [13].

When a sphere is introducted into a deformable half-space, an elastic region, a region of
limited elastic elasticity and a region of developed elastic elasticity are distinguished [4, 7].
They differ in the ratio of the role of two independent processes: elastic pushing of
materials (sink-in) and plastic displacement of material (pile-up). In our view of the above
problems of studying elastoplasticity, we can include the issues of elastic sinking of
materials and elastic restoration of the imprint due to their practical importance. Their
solution is relevant when using the kinetic indentation diagram to describe the elastoplastic
contact indentation [16], when determining the joint density of rough surfaces [17, 18],
when determining contact characteristics when unloading a pre-loaded joint [19].
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It was shown in [16] that if the branch of elastoplastic loading of the sphere of the
kinetic indentation diagram has the form

P =Chy*, (1)

where hy is the maximum displacement in the contact, C and « are constants, then the
pressure distribution at the contact site is described by the expression

2

B
p(r)= po(l—;—z] , @

where B=a -1, py=pn(B+1), Pm = P/(naz) is the average pressure in contact.

In view of considerable practical interest, the goal of this research is to determine the stress-
strain state of a half-space under the action of a load described by expression (2) at 0 < <0.5.

2 Determination of displacements and stresses from the action
of the applied load

Using finite element modeling when introducting a sphere into an elastoplastic hardened
half-space, the authors of [20] obtained that

P=Cle,.nh*r"), @3)

where €y v =0.001...0.005 and

n=0..0.3: Ale,,n)=1.017...1.277. So in the equation (2) p=0.017..0.277.

In the technical literature on the theory of elasticity and mechanics of contact
introduction [21, 22, etc.], particular cases of the stress-strain state are considered for =0
(uniform distribution) and for B=0.5 (hertz distribution). For 0<B<0.5, data are not

available due to the difficulties of obtaining analytical expressions when integrating
products of power functions with fractional powers.

In a cylindrical coordinate system for an axisymmetric load, the Hooke relations have
the form [6, 7]:

is the yield strain, n is the hardening exponent. For ¢
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where G = E/2(1+ v) is the shear modulus, E is the elastic modulus, v is the Poisson's
ratio; o, o,,
displacements.

o, - radial, circumferential and axial stresses, U,,U, - axial and radial
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The stress and displacement from the action of normal pressure distributed over the
half-surface area S of the surface can be found by superposition using the results for the
concentrated force. So, for radial and axial movements [7] we have

_ 1-2v P I v p
0 =——"">-—, a, =
AnG r 2TEG r

®)

To calculate the displacements at the internal and external points from the load applied
in a circular region, we use the approach proposed in [7, Fig. 3.5] for p=0 and g=0.5.

Interpreting the pressure p(t) at the internal point as a concentrated force, using expression
(5), we find the normal displacement

_ 0
1, = 2 pls.p)asto,
S

where 0 = (1—v2) E
Moving points of a loaded area is

Il( sf'(s-s,) dsdo,

where S;,S, are the real roots of the equation ¢? —2bs—s? =(s, —s)-(s—s,) for c>0:

Sl’ZZ—bi\)b2+CZ, C2=a2—r2, b:rCOS(p.

As a result of integration, we obtain

2
0(r)=6poa- 2" BB +1,p +1}, Fl(_ p- %;1; rz} (6)
a

where B(al,ocz) is the beta function, , Fl(a,b,c, X) is the Gauss hypergeometric function

To determine the tangential displacement at the internal point, which due to axial
symmetry must be radial, we use expression (5). The pressure at the elementary site at the
point causes a tangential displacement at the internal point, equal to

N |-

12\/9
1\/2

p(t)dsde
The radial component of this movement is

172v 0 p(t)cospdsde .
1-v 2=

The total tangential displacement at the internal point under the action of the total
pressure distribution is

_ 1-2u Op, 7%
0.() =75 2% T (=96 dscosodo.

1-u 27a?? o
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As a result of integration, we obtain

p
0,(r)= 0 pya- 2| oz Y BTV - P YL (Lj
b, (r)=0pya = [ 2 B(B+1,B+1)2F1[ =515 2]+2{1 az] Fol 5 . ()

where Fw(éj:i( b(e) +c(9) ), [ BLB+2; M]cosmdm,

2 2
re .
b(e) = cose, c(o)= (1——23|n 2 (pJ :
a a
For a point outside the circular loading region, the integration limits over ¢ are equal to

- .
¢, = farcsin—. In this case, we have
r

o\ 20p, %S
0,(1)= 220 F (s, - sP(s—s, Pasdo,
ma" 0g
v~ 2B +1,p+1) (1, 3 1.1 “a?
a,(r)=6p,a r 'B(E'BJFZJ Fl = 55 [3+2,r—2 . (8)
a

The components of deformations on the surface €, =dU, /or and €, =U,/r can be
determined from expressions (6) — (8). For points of the loaded region, we have
& _v.o 1 [aﬁr(p)wﬁr(p)J
Pm 1-v Pm epma ap p
v, 1 [Ur(p)waﬁr(p)J

1_V pm epma p ap

=-prfioptf, =t

To determine the stresses inside the half-space, we use the expressions for the stresses
from the concentrated force [7]

)
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Consider a ring element with an area of 2nrdr and radius r. The load on the ring is
2nrp(r)dr . Integrating over the area of the circle for o,, we have
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5, = _3z3p0 ar(az B rz)ﬁ(rz 4 Zz)‘gdr ,

a® o
G—; =-(p +1)'{2F{— B,L—%;—;—z}zﬁ%~(0,25—B2);—2[1+;—2T+1] . ésl, (11a)
Z_;z_g.j_j.zpl[l,g;mz;_j_EJ , 221_ (11b)
From the expressions (10) it follows that
P+v)z .

GZZGr+G¢+GZ:—; 3
p

Substituting the pressure on the annular element 2rrdr , we obtain

oy __2U+v)zpo (L+v) 20 Ja'r (az —rz)B(r2 + zz)_gdr,

a’p 0
G_E__2(1+V)(1+[3 Fl-B 1-&-_5 _M.E 1+i e E<1 (12a)
P T2 a2 ) T(R+05) al a? Ca
2 2
Cs a 3. . a z
—==—{1+v)=5HFK|L = B+2-——|, —=21. 12b
. ( V)ZZ 2 1( > p ZZJ a (12b)

On the z axis, we have ¢, = Gy therefore, from (11) and (12) we have
Or =0, = 0,5((52 - GZ). (13)

In the loading region and on the z axis, the stresses 6,, &, 6, are main, with 6; = o,

y 02 :G(P’ G3=Gr.
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Fig. 1. The main stresses on the contact areaat §=0.3 Fig. 2. Equivalent stresses at the contact area
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In fig. 1 shows the principal stresses on the loaded surface at $=0.3. In fig. 2 shows
equivalent stresses on a loaded surface. In fig. 3 shows the principal (a) and equivalent (b)
stresses on the z axis for the same values of B. Equivalent stresses in the center of the

circular region are proportional to (1+ [3) ,Oeq (O)/ Pm = 0,2(1+ B).

3 Plasticity criterion

Of interest is the load at which the plastic flow begins under conditions of a complex stress

state, which is determined by the yield strength &y of the softer tensile material, which is

part of the corresponding yield stress (plasticity). The closest coincidence with the

experimental data on the indentation of indenters into elastoplastic media was shown by the

Mises energy theory of shear strain and the Tresca theory of maximum tangential stresses.
According to Mises:

Gy :%\/(01_02)2+(02_53)2+(03—f51)2 : (14)

According to Tresca:
Ov =max(|01 ~ 03|02 - o3) o —01|)- (15)

The difference between the two criteria is small, so it is advisable to use the Tresca
criterion because of its algebraic simplicity.

a) b)
0 0
1 1
o ]
< ( 1
~
~ N
2 2
3 3
0 -0.5 -1 -1.5 0 0.2 0.4 0.6 0.8 1
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Fig. 3. The main stresses (a) and equivalent (b) stresses on the z axis at  values: (curves from left to
right) 0.1; 0.3; 0.5

As follows from fig. 3, the maximum values of equivalent stresses occur on the Z axis.
According to the criterion of the maximum tangential stress of Tresca, plastic deformation
on the Z axis corresponds to the equivalent stress

Ogq = |63 - 61| = 2Tlmax = Oy

For B=0,5, the maximum contact pressure at which Ggq =Gy , we have
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po = 1.613GY .

The maximum contact pressure at which plastic deformation begins can be represented
by the expression

Pop = Kyoy,

where Ky is a constant.

In contact problems of tribology, a Ky value close to 3 is used. Obviously, the onset of
plastic deformation on the contact surface is of interest in this case, which can explain that
the value Ky >1.613.

The equivalent stress O, (p) has the greatest value at the edge of the loading region,

where it slightly exceeds the value of Og (0) in the center of the loading region. It is
convenient to imagine the equivalent stress at the edge of the loading region:

Goq(L) =Ky 05 (0)

For B=0,5, according to the energy theory of shear strain, K, =1.16, according to
the theory of maximum shear stresses K, =1.33, and according to the theory of maximum
reduced stress K, =1. For other values of B, K, takes different values (fig. 4).

0 0.1 0.2 8 0.3 0.4 0.5

Fig. 4. The dependence of the parameter K on the exponent [3

An analysis of expressions (11), (12), and (13) at p=0 implies

1-2v
2

Geq = cho:GY-

Then the maximum contact pressure in the loading region at which plastic deformation
takes place, is

20y

Tk, o

Pop

2
a-2v)K,
This expression is valid for all values of 3 .

then K, =
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4 Conclusion

1. Expressions are obtained that are of practical interest in determining the stress-strain
state when loading an elastoplastic half-space with an axisymmetric load of the form

p(r)= po(l—rz/az)ﬁ, where 0<p<05. For B=0 and B=0.5, there is complete

agreement with the data [21, 22].

2. The conditions of the onset of plastic deformation in the near-surface layer and on the
surface of the half-space are considered. The maximum equivalent stresses are achieved in
the surface layer on the axis of symmetry. The values of these stresses are determined by

expressions (12) - (15). The maximum values for v = 0.3 vary from 0.93p,, at depth

0.48a to 0.666 p,, at depth as B change from 0.5 to 0 (Fig. 3). The condition for the

appearance of plastic deformations on the surface is described by expression (16).
3. As follows from fig. 4, with O <3 <0.068 equivalent stresses at the edge of the

loading platform less than equivalent stresses in the center of the platform.
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