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Abstract. The indentation of a sphere into an elastoplastic half-space is 

considered, which is accompanied by pile-up / sink-in effects, extrusion of 

material around a sphere (formation of a bulk) and elastic sinking of the 

material. The evolution of studies of the indicated phenomena is shown. 

Based on the similarity of the deformation characteristics, expressions are 

obtained for determining the indentation depth, the depth of the residual 

crater, and the contact depth depending on the degree of loading. In this 

case, the influence of the characteristics of the hardened material — the 

yield strength and the hardening exponent — were taken into account. The 

radial boundary of the bulk is determined from the volume of the displaced 

material. Expressions are obtained for describing the profile of a loaded 

and unloaded crater. 

1 Introduction 

The operational performance of the joints of machine parts, including tightness, are 

determined of the relative contact area and the density of the gaps at the junction of rough 

surfaces [1, 2]. For determining contact characteristics at the junction of rough surfaces, 

various roughness models are widely used, in which microasperities (hereinafter, asperities) 

are represented as spherical segments with the same radius. Moreover, the asperities height 

distribution corresponds to the normal law [3] or the surface bearing curve [1, 4]. It should 

be noted that in [2] the equation of the entire profile bearing curve is used, and not only its 

initial part as in [1, 2, 4]. For elastic contact of asperities, Hertz theory is used to determine 

contact characteristics. When the contact characteristics reach critical values, the stress state 

will begin to cause fluidity inside the body. In most cases, the contact of metal surfaces is 

elastoplastic. As indicated by the authors of [5], in the past many analytical, experimental, 

and numerical studies have been performed for modeling and predicting the properties of an 

elastoplastic contact, such as the contact radius, the average pressure, and the contact 

strength. However, because of their complexity, no closed solution was proposed for 

elastoplastic contacts. An exception is the work [6], which was not considered in [5]. From 

a review of numerical studies [5], it follows that for simplify the problem, most authors 

model the contact of a sphere and a half-space. Moreover, contact models can be divided 

into two main groups: indentation models and flattening models [7]. In flattening models, a 
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plane is considered rigid and the sphere is deformed, while in indentation models, the plane 

is deformed, and the hemisphere is either rigid or elastic. 

The presented results of numerical studies for a separate spherical asperity [5, 8] relate 

the relative contact area and the relative applied force to the relative displacement in the 

contact. Given the known asperities height distribution, it is possible to determine the 

relative contact area of the junction of rough surfaces. Difficulties arise in determining the 

density (or volume) of gaps in the joint. The volume of gaps in the joint is determined by 

the total volume of gaps per one asperity, which is determined by the geometry of the 

contact – the indentation depth of the asperity h , the contact depth ch  and the profile of the 

deformable surface. If the problem of determining the density of gaps is solved for an 

elastic contact of asperities, including under the mutual influence of asperities [2, 9, 10], 

then for an elastic-plastic contact this solution is associated with “sink-in / pile-up” effects 

(Fig. 1). The aim of this work is to determine the contact geometry when introducing a rigid 

spherical asperity into an elastoplastic hardened half-space. 

2 «Sink-in/pile-up» effects 

Mayer was the first who described the behavior of the material in the elastoplastic region, 

which related the load P  to the imprint diameter ad 2  by a power law [11], which is 

often represented as: 
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where m is the Mayer index, 
A  is a constant that has a stress dimension. 

The expression on the left is the average pressure at the contact area, which is called 

Mayer hardness. 
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For the first time, attention was paid to the effects of “pile-up / sink-in” (Fig. 1) when 

measuring hardness according to Brinell Norbury and Samuel [12]. The ratio of hs  where 

hhs c  , they are associated with the ability of materials to harden. 

Given that for a wide range of materials, the true stress under uniaxial deformation is 

described by a power law 

nkS  ,         (3)  

where k  is the coefficient,   is the plastic deformation, n  is the exponent of hardening, 

Matthews [13] proposed the following expression for 8040 ,...,Ra  : 
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Theoretically studying Brinell hardness using finite element analysis, Hill et al. [14] 

proposed a new parameter 
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including also only the exponent of hardening. 

  

Fig. 1. Pile-up / sink-in effects diagram       Fig. 2. The kinetic indentation diagram  

Further development of the study of the effects of "pile-up / sink-in" was associated 

with the improvement of the method of measuring hardness and elastic modulus, developed 

in 1992 by Oliver and Farr [15, 16] and adapted for characterization at the micro- and 

nanoscale. The method is based on the expression for contact stiffness obtained by 

Bulychev et al., who first proposed the kinetic indentation of materials (Fig. 2) in order to 

determine their mechanical properties. 

According to [17], the contact stiffness of the initial part of the unloading curve 
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where A  is the contact projection area, 
E  is the contact modulus of elasticity: 
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iv , iE  and v , E  are the Poisson's ratio and elastic modulus of the indenter and material, 

respectively. 

In the proposed method [15], the hardness and elastic modulus were determined by the 

expressions: 
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where 05,1  is the correction factor. 

As follows from expressions (13), special attention should be paid to the accuracy of 

determining the projection area of the print, since neglect of the pile-up effect leads to 

underestimation of the contact area to 60% [16]. 
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Further refinement of the parameter 
2c  occurred for any specific conditions [18, 19, 

20]. In the indicated papers, the parameter 
2c  depends only on n , and the influence of the 

material properties y  and E  on 
2c  is not shown. 

In a later paper [21], Taljat and Pharr focused on a more detailed study of the pile-up 

effect. Using finite element modeling, they studied the effect of elastic deformation 

depending on the yE  ratio, the influence of the relative penetration depth Rhh  , the 

exponents of hardening, and the friction coefficient, but they did not present the results in a 

form convenient for engineering calculations. 

In this regard, the papers [22, 23] differ in which 
2c  is represented in the form 

 hncc y ,,22  , where Eyy  , Rhh  . In [22] Lee et al. describe the 

characteristics of an elastoplastic contact by polynomial functions obtained as a result of 

finite element analysis. Hernot et al. [23] obtained for spherical indentation: 

   NNNc hM
h

h
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where  nMM y , ,  nNN y ,  . 

Kim et al. [24] indicated that the contact depth ch  can be represented by the addition of 

two independent terms 

  pilecc hhh ,                (9)  

where 

ch  is the elastic contact depth, 


pileh  is the depth due to the plastic bulk. 

Elastic displacements can be calculated according to [15]: 

S

P
hh max

maxc  ,              (10)  

for a spherical indenter 75,0 . 

The value of plastic bulk is obtained as a result of finite element analysis: 
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Earlier in [25], it was also suggested that elastic deformations and plastic “bulk” should 

be described by separate equations or functions, but this was not realized. 

Based on the above data and taking into account the work [6] devoted to the interaction 

of a rigid sphere with an elastoplastic half-space, the following conceptual model for 

achieving this goal is proposed. The elastic-plastic contact occurs at yPP  , where yP  is 

the critical load at which plastic deformation begins. The degree of loading is characterized 

by the value yPPK  . In case of elastoplastic deformation, an elastic sinking of the 

material and the formation of plastic bulk always occur simultaneously. In the loaded state, 

the profile equation around the contact area is described by the equation  ruz , in the 

unloaded state,  rup . Depending on the degree of loading K, the surface outside the 
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contact area can either be below the original surface (left side of Fig. 1) or above the 

original surface (right side of Fig. 1), so respectively, the value of the parameter hhc c2
 

will be less or more than 1. When unloaded, the surface outside the contact area will always 

be higher than the original surface. The depth of the residual crater from the initial surface 

is 0whh f  , where 0w  is the elastic restoration of the center of the crater. The height of 

the pile in the unloaded state is hwhu ccp  , where cw  is the elastic restoration of the 

contour of the crater (indentation). 

3 Description of the elastic-plastic implantation of the sphere 

To describe the indentation of the sphere, we use the kinetic indentation diagram (Fig. 2). 

The loading curve is described by the expression 

 hCP l ,        (12)  

and the unloading curve 

  feunle hhCP ,             (13)  

where 
 mml hPC  ,   

 fmmunl hhPC , Rhh mm  , R –sphere radius; 5.1...1 , 

5.1...3.1  – exponents 

Differentiating expression (13) from expression (6), we obtain an expression describing 

the process of elastoplastic penetration of a sphere [5] 
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Substituting expression (15) into (14) and denoting: 
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we get 
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Using the similarity of deformation characteristics [5], we have 
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the critical load yP  at which plastic deformation begins is determined from the expression: 
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where yy pK  /0  – constant, 0p  – maximum contact pressure at load yP ; 613.1yK  

Substituting expressions (18) and (19) in (17), we obtain the equation 
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the free term, which is characterized by dimensionless quantities: the degree of loading K  

and the constants for a given material m ,  , K  and the parameter  nKK yhh , , which 

takes into account the characteristics of the hardened material and is determined according 

to the data [26]. 

Having the solution ky  of equation (20), we find from (16) and (15) the depth of 

indentation of the sphere and the depth of the elastically contacting part 
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In view of expressions (18) and (19), we have 
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Thus, all deep-seated characteristics of the indentation of the sphere into the elastic-

plastic half-space are determined. 

4 Contact geometry description  

Height of unloaded Bulk is  

ccp whhu  .           (25)  

According to [27], taking into account (19) and the fact that  2aKPp ym  , 
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where      1,5,0B1,1B21
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If the indentation of a sphere can be described by expression (12), then the parameter 

1-β   [5]. 

The radius of the sphere of the restored crater. 
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where crh  is the relative depth of the recovered crater, 

cccr wwhh  0 ,          (28) 
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   1,1B21 12  
oK .      (30)  

Based on the analysis of the profiles of the unloaded crateres presented in [21, 28, 29, 

30], we make the assumption: the profile of the bulk of the unloaded hole for ar   is 

described by the expression (Fig. 3) 
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where arr  ,   aaa pp  . 

The profile equation of the unloaded hole (Fig. 3): 22)( rRhRrz crfcr   

 

Fig. 3. The surface profiles of the unloaded crater 

The value of pa  is found from the condition: 
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The elastic displacement  ruc  of the surface points outside the contact area is 

described by the expression [27] 
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Then the profile of the noncontacting surface in the loaded state is described by the 

equation 

     rururu epz  .              (34)  

In order to verify the obtained expressions, we considered the profiles for different 

indentation values Rhhr   (Fig. 4b) obtained in [21] as a result of finite element 

modeling. Similar profiles were obtained (Fig. 4a) using expressions (31), (32) and (34). 

The values of the coefficient  nK yh ,  were calculated according to the procedure [26] 

using the values of rih  and iP  from [31]. 

а)                   б) 

 

Fig. 4. Half-space profiles for different values of the indentation of the sphere: a) – by expression 

(44); b) – according to [21]  

As follows from fig. 4, there is a fairly good qualitative and quantitative agreement of 

the results with the data of finite element modeling. 

5 Conclusion 

1. The indentation of a sphere for the entire range of elastic-plasticity is described by a single 

expression in a dimensionless form depending on the degree of loading K, taking into account 

the characteristics of the hardened material. 

2. The authors hypothesis was confirmed [24, 25] that “sink-in / hile-up” effects are 

separate processes and should be described by separate equations. 
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3. A comparison of the obtained results indicates the acceptability of the obtained 

expressions for engineering calculations of half-space profiles when introducing spherical 

asperity and the reliability of the assumption made on the bulk profile. 

4. The results obtained allow us to determine the amount of clearance per one asperity 

     
ca

a

zii rdrrurzV 2 ,             (35) 

where   5,0
 cc Aa , cA  is the area per single asperity;  rzi  is the equation describing 

the i-th asperity. 

Given the distribution function of spherical asperities along the height of the rough 

layer, it is possible to determine the density of the gaps when a rigid rough surface is 

embedded in an elastic-plastic half-space, depending on the applied load and the properties 

of the half-space material. 

5. A similar approach can be used to describe the flattening of a spherical asperity. 
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