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Abstract. The formation of the equilibrium matrix of the core system in 
the matrix form is based on the use of the mechanical model of the system 
obtained by its discretization. The topological structure of the model is set 
using the graph and the accompanying incidence matrix. The matrix 
transformation of the vector of nodal displacements in combination with 
the extended incidence matrix allows determining the absolute elongations 
and distortions of each finite element. The composition of only two 
matrices (matrix of incidence and lengths of elements) and the skew vector 
leads to a geometric matrix characterizing the dependence of concentrated 
bending deformations in the calculated cross sections of the core system 
from the nodal displacements for a given load. Based on the duality 
principle, by transposing the geometric matrix, the equilibrium equation of 
the core system is derived in matrix form.  

1 Introduction  

By analyzing the stress state of the core system with the subsequent compilation of the 
equilibrium conditions of its sections, the equilibrium matrix can be generated in a static 
way [1]. In accordance with the principle of duality of efforts and deformations known in 
structural mechanics, the equilibrium matrix of the core system can also be obtained by 
transposing a geometric matrix. The construction of a geometric matrix is carried out on the 
basis of consideration of the schemes of possible displacements of the core system for a 
given external action, carried out manually [2]. The article developed an algorithm for 
constructing a geometric matrix of the core system and the formation of an equilibrium 
matrix in the automatic mode. 

2 The method of automatic formation of the equilibrium matrix 
The method of automatic formation of the equilibrium matrix is advisable to present it on a 
specific example of the core system, in particular, for the frame shown in Figure 1, a. 
Initially, the design scheme of the frame is subject to discretization: design sections (nodes) 
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and finite elements are outlined; the first are denoted by Arabic numerals ( ),10,...,2,1=i , 
the second - by Roman (j = I, II, ..., VIII). At the same time, a global coordinate system 

θηΩ and local coordinate systems ( )VI,…II,I,=jjjj yOx  
are introduced, the abscissa 

axes of which are combined with the axes of the elements (Fig. 1, b). 
 

 
                                               a                                                                            b 

 

               
                                                     с                                                                   d 

Fig. 1. The design scheme of the frame, its graph and the designation of the nodal displacements 
 
To describe the structure of the frame design scheme, build a graph of a discrete frame 

model (Fig. 1, d), the vertices ( )8,...,2,1=iwi  of which are  associated with finite 
elements, and arcs ( )10,...,2,1=ju j  

- with nodes, and make up the incidence matrix 
accompanying it [3, 4] 

 
 

 
 
 
 
 
 
 
 
 

 
Given the position of the local coordinate systems on the frame elements shown in 

Figure 1, c, d with the help of block rotation matrices 
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- the cell of rotation of the vector of displacements of one of the ends of the i - th element, 
for each element it is easy to make the transition from global to local displacements ζ , 
according to the matrix transformation ( ) [ ] ( ) ( )6,...,2,1=Ψ= iZ i

i
i ζ . The set of similar 

transformations for all frame elements represented by a quasi-diagonal matrix of the form 
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where for example 

[ ] [ ] ,

60cos60sin00
60sin60cos00
0060cos60sin
0060sin60cos

21





















−

−
=Ψ=Ψ









 

[ ] [ ] [ ]


















−

−

=Ψ=Ψ=Ψ

0100
1000

0001
0010

654
 

- matrix of rotation of the vector of nodal displacements for the first, second and other 
elements (for the horizontal it will be single), it allows to establish the relationship between 
local and global movements of the nodes of the entire frame in the matrix form. 

In addition to the incidence matrix, a further developed incidence matrix [ ]S~  of the 
graph should be formed, which is obtained on the basis of the matrix [ ]S by its expansion. 
This procedure consists in transferring the significant elements of the matrix [ ]S  in the form 
of diagonal submatrices of the second order to the places corresponding to their degrees of 
freedom [5] 
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 The dependence of displacement increments directly on displacements in the global system 
is characterized by transformation ( ) [ ]( ) ( )12121212 ζγ ×Γ= , where 

( ) ( )66221112 ,...,,,,, χλχλχλγ =  is the column vector of the nodal displacements of the 

finite element displacements in the longitudinal direction ( )6,...,2,1=iiλ  and 

perpendicular to it ( )6,...,2,1=iiχ . The transformation matrix [ ]Γ , which is found by the 

formula [ ]( ) [ ]( )[ ]( )122424121412
~

××× Ψ=Γ S , is further corrected by crossing out the odd lines in it. 
Thus, in determining the internal forces of the frame, longitudinal deformations of finite 
elements are excluded. After deleting the specified rows come to the matrix 
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Here, abbreviations for the functions of a given angle of inclination of the left frame 
frame are taken: 

60cos=с , 60sin=s . This matrix allows you to find misalignments 
of the rods depending on the nodal displacements ( ) [ ] ( ).12)126(6 ζχ ×= G  Taking into account 

the immobility of the supports ( 0121121 ==== ζζζζ ), two extreme columns on each 

side should be omitted in the matrix [ ] )126( ×G ; in addition, exclude the sixth, eighth and 
tenth columns, since the longitudinal deformations of the rods are negligible. Thus, a 6 by 5 
rectangular matrix remains. 
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As a result of multiplying the transposed incidence matrix [ ]TS )68( ×
 by a matrix , [ ] )66(

1
×

−L  
( [ ] )66( ×L - the KE length matrix), a matrix [ ]U  of dimension 8 by 6 is found. The geometric 
matrix with which the concentrated bending deformations in the nodes of the core system 
are determined according to  ϰ̅ ( ) [ ]( ) ( )55808 ζ×= Н ,  is calculated by the formula 

[ ]( ) [ ]( )[ ]( )56068580 ××× = GUН  
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00020
31,231,2000
31,262,431,200

031,244,15,087,0
0087,05,087,0
00020
0005,087,0
0005,087,0

580

































−
−

−−
−−

−

−
−

=×Н
 

The resulting matrix characterizes the deformation frame of the frame, resulting from 
nodal linear displacements. Since the frame bolt is adopted inextensible ( 93 ζζ = ), the last 
column of this matrix should be combined with the first and, at the same time, 
supplemented with two columns corresponding to two more possible deformation schemes. 
The latter are due to the rotation of the nodes at the corners 65 , ϑϑ ; their indices 
correspond to the general numbering of finite elements (Fig. 1, b). 

If linear displacements of nodes are redesignated 74534231 ,,, ζϑζϑζϑζϑ ==== , 

having accepted, and for angular ones, to continue numbering, i.e., count them 65 , ϑϑ , 
then the concentrated bending deformations in the calculated cross sections of the frame 
can be calculated by the formula  ϰ̅ ( ) [ ]( ) 661010 ϑ×= Н , where  ( )621 ,....,, ϑϑϑϑ =   - 
generalized vector of nodal displacements.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2 shows the schemes of concentrated bending deformations: a) separately – with 

15 =ϑ , b) for the frame as a whole. 
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Fig. 2. Schemes of concentrated bending deformations of the frame: 
a) deformation of the frame when turning the middle node at an angle 15 =ϑ , 
b) a complete scheme of concentrated flexural deformations 

Using the principle of duality of efforts and deformations, by transposing a geometric 
matrix, a matrix is found 
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which as a result of multiplying by the vector the bending moments ( )10М  in the cross 
sections of the frame and the subsequent addition with the load vector 

( )0,0,,0,0,0 рР −=  leads to the equilibrium equation of the core system in the 
matrix form  [ ]( ) ( ) 010610 =+× РМV . 

The construction of the frame graph, the schemes of concentrated bending 
deformations, as well as the formation of the incidence matrices accompanying them and 
the rotation of the vector of nodal displacements together with the geometric matrix can be 
performed automatically [6, 7]. 

3 Findings 

The method of automatic formation of a geometric matrix and an equilibrium matrix of the 
core system, proposed in the work, can be used to perform calculations of the core systems, 
both in terms of rigidity, and strength, stability and vibrations [8]. 
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