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Abstract. The article is devoted to the development of an approach to 
improving the electroplating uniformity on the cathode surface, rotating 
around its axis, using a figured anode. A mathematical model of a 
stationary process with distributed coordinates, based on the equations of 
theoretical electrochemistry, has been developed for this approach. The 
problem for optimizing the anode shape according to the criterion for 
minimizing the non-uniformity of the deposited coating on the rotating 
cathode is formulated. The results of solving this problem are 
demonstrated on the example of the Zinc plating. Possible improvements 
to improve the accuracy of the calculation results for the developed 
mathematical model are given in the conclusion of the article. 

1 Introduction 
Obtaining a uniform coating layer on a product of complex geometric configuration is one 
of the most difficult problems encountered when electroplating is applied [1]. Optimal 
technological conditions and geometrical factors during the course of the electroplating 
process can reduce the non-uniformity of the coating layer on the processed product [2]. 
The current density [3], temperature [4] and acidity of the electrolyte [5] are technological 
conditions. In addition, non-stationary electrolysis modes are used [6, 7]: reversible, pulsed 
and asymmetric current. These modes provide for changing the shape and parameters of the 
current in order to slow down the growth of the metal coating in areas with higher current 
densities, providing an opportunity to obtain better cathode coatings than during 
electrolysis with direct current. Giving the anode a shape that reproduces the outlines of the 
surface of the product, refers to the geometric factors [8]. Apart from the above, additional 
cathodes [9] and non-standard baths [10] are used. A significant part of the products, to 
which electroplating coatings are required, has the form of rotation bodies. In order to 
simplify the process of electrolysis, as well as to improve the quality of the deposited 
coating, instead of the fixed placement of parts inside the cylindrical anode in an 
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electroplating bath, use the following approach. The product is continuously rotated around 
its axis during the electrolysis process, and the anode is static and has the shape of a rod or 
plate [11]. The coating thickness along the radius of any cross-section is almost the same 
with a significant number of rotations. If the radius of the product along the axis of 
symmetry is not the same, then to achieve uniformity of the coating along the axis, an 
anode in the form of a curved rod or plate is required. It is extremely difficult to find a 
suitable form of the anode without experimental researches [12]. It should be noted that the 
formulation of experiments requires high time and financial costs. The use of computer 
simulation is a way out from the current situation [13]. In turn, numerical solutions to 
optimize the shape of the figure anode can only be obtained using a mathematical model of 
an electroplating process with a rotating cathode. 

The purpose of the article is the mathematical modelling and optimization of the 
electroplating process with a rotating cathode to reduce the non-uniformity of the coating 
thickness. 

2 Development of a mathematical model for an electroplating 
process with a rotating cathode 
We introduce some conventions and designations. The bath space with electrolyte and 
electrodes located in it is an area in the form of a rectangular parallelepiped. A Cartesian 
coordinate system has been introduced, the center of which is aligned with the lower corner 
of the inner rectangular area of the electroplating bath. The length, width and height of the 
electroplating bath inner area are labelled Lx, Ly and Lz respectively. The abscissa axis of 
the coordinate system is directed along the length, the ordinate axis is directed along the 
width, and the applicate axis is directed along the height of the electroplating bath inner 
area. The cathode has the shape of a rotation body, the axis of which is located along the 
applicate axis. The length of the anode coincides with the length of the inner area Lx. The 
height of the anode is limited to coordinates zamin below and zamax above. The length of the 
cathode lc may be less than Lx. The abscissa of the end face closest to the plane 0zy is 
labelled as xc. The axis of cathode rotation has ordinate yc and applicate zc. The cathode 
radius is variable and is given by the abscissa function r(x). The entire space between the 
walls, the bottom and the electrolyte mirror inside the electroplating bath is divided into 
several areas dependent on each other. This area is labelled as V. The surface located on the 
outside of the area V is labelled as S. These areas are described by the following equations: 

( ){ }zyx LzLyLxx,y,zV ≤≤≤≤≤≤= 000:  ,      (1) 

( ){ }zyx LzzLyyLxxzyxS =======  000:,, .   (2) 

The assumption of a rectangular inner area for the bath is essential because it can affect 
the type of the equations that describe the insulator, anode and cathode areas. 

The set of all points that determine the position of the anode, labelled as Va. The anode 
surface is labelled as Sa: 

( ) ( ){ }yaaaxa LyxyzzzLxx,y,zV ≤≤≤≤≤≤=  maxmin0: ,   (3) 
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where ya(x) is the function defining the anode boundary. 

2

MATEC Web of Conferences 298, 00014 (2019) https://doi.org/10.1051/matecconf/201929800014
ICMTMTE 2019



The function ya(x) is specified by linear interpolation at given points (x0, y0), (x1, y1), 
…, (xN, yN): 
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where x0 = xc and xN = xc + lc. 
The set of all points that determine the position of the cathode, labelled as Vc. The 

cathode surface is labelled as Sc: 
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222:,, ≤∆+∆+≤≤=  ,     (6) 
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where Δy = y – yc is the difference between the current ordinate and the ordinate of the 
product axis; Δz = z – zc is the difference between the current applicate and the applicate of 
the product axis. 

Since the cathode is a body of rotation and rotates around its axis of symmetry, areas Vc 
and Sc don't change over time. 

The electrolyte area Vel and the insulator surface Sins are labelled by the following sets: 

( ) ( ) ( ) ( ){ }cains VVzyxSzyxzyxS  ∉∈= ,,,,:,, ,    (8) 

( ) ( ) ( ) ( ){ }cainsel VVSzyxVzyxzyxV  ∉∈= ,,,,:,, .   (9) 

According to assumption 10, the thickness of the coating doesn't depend on the 
rotational speed, but depends on the section determined by the abscissa value, and can be 
calculated based on the distribution of the instantaneous deposition rate at arbitrary point in 
time by the formula: 

( ) ( ) ( )( ) ααsin,αcos,
π2

δ
π2

0

dxrzxryxTx KK∫ ++= υ ,      (10) 

where [ ]ccc lxxx +∈ , ; T is the duration of the electroplating process; α is the angle of 
inclination r(x) to the rotation axis of the product. 

The instantaneous deposition rate at a given point on the cathode surface is defined as 
the ratio of the coating thickness, determined according to Faraday's law, to the time 
interval: 

( ) ( ) ( ) cc Szyxzyxikzyx ∈= ,, ,,,
ρ
η,,υ ,              (11) 

where k is the electrochemical equivalent of a metal; ρ is the density of the coating metal; η 
is the cathode current output; ic(x,y,z) is the current density on the cathode surface.  

The instantaneous deposition rate distribution of the coating over the boundary of the 
cross section perpendicular to the cathode axis is shown in fig. 1. 
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Fig. 1. Illustration to the instantaneous deposition rate distribution of the coating along the boundary 
of the cathode cross section 

The current density can be found from Ohm’s law in differential form. Anode current 
density ia is defined as the current density through the surface of the anode, cathode current 
density ic is defined as the current density through the surface of the cathode: 

( ) ( ) ( )( ) ( ) aaa Szyxzyxnzyxzyxi ∈∇−= ,, ,,,,,,χ,,


ϕ ,   (12) 

( ) ( ) ( )( ) ( ) ccc Szyxzyxnzyxzyxi ∈∇−= ,, ,,,,,,χ,,


ϕ ,   (13) 

where χ is the electrical conductivity of the electrolyte; an
 , cn

  are the normals to the anode 
and cathode surface; ( )zyx ,,ϕ∇  is the gradient of the electric field potential at the point 
with (x,y,z) coordinates. 

The distribution of the electric potential φ in the electrolyte area Vel can be found from 
the Laplace equation [14]: 
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At the boundaries of the electrolyte area, the electric field is specified by the boundary 
conditions for equation (14) listed below.  

Since the current doesn't flow through the insulator, the derivative along the normal insn
  

according to Ohm’s law is zero: 

( ) 0,,
=

∂
∂

insSinsn
zyx


ϕ .      (15) 

At the electrolyte points bordering the anode, the electric potential is less than the anode 
potential by an amount of Fa depending on the anode current density: 

( ) ( )( ) UzyxiFzyx
aSaa =+ ,,,,ϕ ,         (16) 

where U is the voltage between anode and cathode. 
In close proximity to the cathode surface in the electrolyte, the potential is greater than 

the cathode potential by an amount of Fc, depending on the cathode current density: 

( ) ( )( ) 0,,,, =−
cScc zyxiFzyxϕ .               (17) 
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3 Formulation of the optimization problem and choosing an 
algorithm for solving it 
The optimization problem is formulated as follows. Search the values of coordinates yi, i = 
0, …, N, for which the criterion of non-uniformity R is minimal: 

( ) ( ) min1
δ

δδ1 2

0 min

min →





+

−
= ∫ dx

dx
xdrx

l
R

cl

c

,   (18)  

where δmin is the minimum value of coating thickness. 
The search for coordinates yi, i = 0, …, N are carried out using (1) – (17) and the 

following constraints: 

( ) ( ) [ ]cccyac lxxxdLxyxry +∈−≤≤+ ,,min ,   (19) 

( ) [ ] [ ]xccccyac LlxlxxdLxyy ,,0,min ++∈−≤≤  ,   (20) 

where dmin is the minimum value of anode thickness. 
The mathematical model calculation represented by (1) - (17) can occur for a 

considerable time depending on the dimension of the problem, which is determined by the 
grid step and distance between the electrodes [15]. This circumstance greatly complicates 
the use of gradient optimization methods, since a double recalculation of the coating 
thickness distribution is necessary to calculate the derivative [16]. In addition, the error in 
calculating the derivative increases significantly due to the approximation of the anode 
nodal points coordinates to the grid nodes, i.e. the minimum increment of the argument is 
the grid step. Using values close to the increments of the argument in calculating 
derivatives (i.e. order values of 10-6) as a grid step is obviously unacceptable. An attempt to 
reduce the search time for an extremum due to a relatively small number of iterations using 
second-order optimization methods based on calculating a matrix of second derivatives 
doesn't give the desired results, due to an even greater error in their calculation. The method 
of local variations is proposed to be used for solving problem (18). The method will avoid 
the need to calculate derivatives in order to determine the direction of the fastest movement 
to a minimum and at the same time preserve the possibility of a fairly rapid movement 
towards it. 

4 Materials and methods 
The solution of the optimizing problem anode shape will be considered on the example of 
the Zinc plating. The values list of constants and mode parameters that were used in the 
process of calculating the mathematical model is presented in Table 1. 

Table 1. The values list of constants and mode parameters. 

Symbol, 
unit of 

measurement 
ρ, kg/m3 k, kg/(А·h) η χ, 1/(Ωm) U, V δmin, μm 

Value 7130 1.22∙10-3 0.98 8.3 5 20 
 

The values of the electrolyzer geometrical characteristics and the electrodes located in it 
are presented in Table 2. 
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Table 2. The values of the electrolyzer geometrical characteristics and the electrodes. 

Symbol, 
unit of 

measurement 
Lx, m Ly, m Lz, m zamin, m zamax, m xc, m yc, m zc, m lc, m 

Value 1 0.5 0.5 0.2 0.3 0.05 0.2 0.25 0.9 
 

The cathode radius is given by the following function: 

( )








≤≤
<<−

≤≤
=

9.06.0,025.0
6.04.0,25.0175.0

4.01.0,075.0

x
xx

x
xr  . 

The anodic and cathodic polarization functions are: 

( )( ) ( )zyxizyxiF aaa ,,935.0,, = , 

( )( ) ( )( )zyxizyxiF ccc ,,43.0ln3.0188.0,, +−= . 

Seven variable points defining the anode shape were selected, which coordinates are 
presented in Table 3. 

Table 3. The coordinates of variable points. 

i 0 1 2 3 4 5 6 
xi 0 0.2 0.4 0.5 0.6 0.8 1 
yi 0.95 0.95 0.95 0.95 0.95 0.95 0.95 

5 Results and discussion 

Coordinate values that minimize the criterion for non-uniformity coating (18) are presented 
in Table 4. 

Table 4. The optimal coordinates of variable points. 

i 0 1 2 3 4 5 6 
xi 0 0.2 0.4 0.5 0.6 0.8 1 
yi 0.47 0.47 0.48 0.42 0.32 0.33 0.34 

 
The plane section, which is parallel to the bath bottom and passes through the cathode 

center, is presented in fig. 2. 

6

MATEC Web of Conferences 298, 00014 (2019) https://doi.org/10.1051/matecconf/201929800014
ICMTMTE 2019



 
Fig. 2. Illustration to the plane section 

The optimal anode shape for a given cathode shape in 3D is presented in fig. 3. 

 
Fig. 3. Illustration to the optimal anode shape for a given cathode shape in 3D 

The initial and optimal distribution of the coating thickness over the cathode length is 
presented in fig. 4. 
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Fig. 4. Illustration to the initial (1) and optimal (2) distribution of the coating thickness 

The criterion value for non-uniformity of coating (18) equal to 2.293 was obtained at 
the initial approximation of the variable coordinates of the anode nodal points. The non-
uniformity coating criterion (18) decreased to a value of 1.412 as an optimization result. 
The non-uniformity coating criterion was reduced by 38.4% for the Zinc plating example 
considered. 

6 Conclusion 

The use of optimal shape anodes seems to be a promising direction for improving the 
uniformity of electroplating coatings on products. It is practically impossible to manually 
calculate the anode optimum shape, since the mathematical model of electroplating process 
contains a partial differential equation, an analytical solution of which can be obtained only 
for very simple cases. Therefore, an adequate mathematical description of such an 
electroplating process is crucial. 

Possible improvements for the developed mathematical model in order to improve the 
accuracy of the results obtained with its help include: 

• generalization of the problem formulation of searching the anode optimal shape with 
simultaneous search for the optimal control non-stationary electrolysis modes, e.g. 
reversible, pulsed and asymmetric current; 

• other more suitable numerical methods can be used to interpolate the function of the 
cathode radius and the anode shape. 
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