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Universal approach to derivation of quaternion rotation formulas
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Abstract. This paper introduces and defines the quaternion with a brief insight into its properties and algebra.
The main part of this paper is devoted to the derivation of basic equations of the vector rotation around each
rotational x, y, z axis. Then, the equations of generalized quaternion rotation and express the general rotation
operator is derived. Finally the utilization of equations is demonstrated on a simple example. For purposes of
simplicity the quaternions theory is demonstrated around the z-axis by y angle. For the purpose of this paper,
the fact that the subspace of vector quaternions may be regarded as being equivalent to the ordinary is used.

1 Introduction

The development of quaternions is attributed to
W.R. Hamilton in 1843. The great mathematician
Sir W.R. Hamilton had been interested in complex
numbers in the form a + bi, where numbers a, b are real
and the unit i is imaginary. The rank of complex numbers
in the plane is 2. Some mathematicians sought other
mathematical systems over the complex numbers the rank
more than 2. Sir Hamilton for over 10 years tried to
extend concepts of complex numbers in the plane in order
to define a complex volume by searching for the second
imaginary axis. And on 16" October 1843 he invented
the so-called hyper-complex numbers of the rank 4 with 3
imaginary units needed.

2 The algebra of quaternions
2.1 Definition of quaternions

The definition of the real quaternion is expressed in the
form

9=q +qi+qj+qik )]
where q1, ¢2, g3, g4 are real numbers and i, j, k of ¢

are the imaginary units of quaternions, which satisfy the
equalities

i’=j% = k’=ik=-1;
j = —Ji=k )
ki = —ik=j;
jk = —kj=i.

Set of all quaternions are denoted H. The quater-
nion, g € H is defined as a pair (S(q), V(q)), where
S(g) =q1 €R is the scalar part of quaternion ¢ and
V(q) = q2i + q3] + g4 k, is the vector part of the quater-
nion.

q=S(@)+ V.
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2.2 Addition of quaternions

The addition rule for two quaternions is component-wise
addition. This rule preserves the associativity and the com-
mutativity properties of addition:
P+q = (pr+pai+psj+pak)+
+ @+ @i+t@ajtal =P +q)+ ()
+ (p2+q) +j(p3s +q3) +k(ps+qa).

2.3 Multiplication of quaternions

The multiplication rule for the quaternions is the same as
for the polynomials, extended by the multiplicative prop-
erties of the elements i, j, k given above. We have:

Pq = (pr+pi+pyj+pik)®

® (q1+q2i+qsj+qak)=

(P191 — P2g2 — p3qs — paqa) +
i(p1g2 + p2q1 + p3qa — pags) + )
J(P1g3 + p3qi + paqa — paqa) +
k(p1gs + pagi + p2g3 — p3q).

+ o+ +

The foregoing term reveals that the commutativity cannot
be preserved. The associativity and the distributive prop-
erty over addition are preserved.

2.4 Conjugates of quaternions

Consistent with the complex numbers, the definition of the
conjugate operation on a given quaternion q is

(g1 + @i+ q3j +qak) = 4)
91— qi—q3j—quk.
As with the complex numbers, note that both (g + ¢) and

(gq-q) are the real numbers. Moreover, defining the absolute
value or the norm the equation is to be

q

lgl = \/6112+6122+Q32+6142~ 6)
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Then evidently (q - §) = (7 - 9) = |¢*|. The conjugate oper-
ation is distributive over addition.
2.5 Unit quaternion
The subspace of the unit quaternions, satisfying the con-
dition |g| = 1, have some important properties. A trivially
hold
lgl =gl = 1 and 9-9=q-9=1

And a very useful form is

q=S(q)-cosf+V(qg)-sinf =cosf+V(qg)-sin6, (7)
where S(¢q)=(1, 0, 0, 0) is the scalar part of the unit quater-
nion, V(¢)=(0, 21, ¢3j, g4 k) is the vector part of the unit
quaternion and 6 is the real number.

2.6 Inverse quaternions

We define the inverse quaternion in the following form:

S _ D - pi-gi-qik g @)
lg? lg?”

where |g| = /q12 + ¢22 + g3% + q42 is absolute value of
the quaternion and ¢ = q; — g2 — q3j — g4 k is the con-
jugate quaternion. This expression was introduced by the
equationg-qg~' =q7'-q = 1.

2.7 Vector properties of quaternions

The quaternion ¢ = ¢q; + q2i + q3j + g4k can be in-
terpreted as the scalar part g; € R and the vector part
21+ g3j + q4 k, where the elements i, j and k are given the
added geometric interpretation as the unit vectors along
the x, y, z axes. Therefore, the subspace of the real quater-
nions may be regarded as being equivalent to the real num-
bers and subspace of the vector quaternions may be re-
garded as being equivalent to the ordinary vectors

qEq.’ci"'Qyj""kk- ©)]

This attribute is further used in our calculations.

2.8 Point as quaternion

If the point P = (x, y, z) is represented as the position vec-
tor, it can be represented as the quaternion

qg=0+xi+yj+zk. (10)

2.9 Product of vector quaternions

The product of two vector quaternions has an interesting
property

(p2i+ p3j+ pak) - (qi+q3j+qak) =
= =(p2g2 + P3q3 + paqa) +

i (p3qs — pag3) + (11)
J(Pag2 — p2ga) +

k(p2gs — p3q2) =

—P-q+pXgq,

p-q

+ + +

29 9

where ”.” is an operator of the real part of the quaternion
and ” X ” is an operator of the vector parts of the quater-
nions.

3 Rotation quaternion

The quaternion, which represents the rotation of the 6
around the axis n = (ny, ny, n3) is given by

g =cos@+n-sinf =cosO+(n i+nyj+nzk)-sinf, (12)
where ¢ is the unit quaternion, also n is the unit vector of

the unit quaternion ¢. For any unit quaternion ¢ = cos 6 +
n-sin @ and for any vector p € R3 he action of the operator

Ryp)=q-p-q (13)
may be interpreted geometrically as the rotation of the

vector p through the angle 260 around the g as the axis of
the rotation.

Figure 1. Rotation operator geometry.

3.1 Quaternion rotation around the z-axis by y

The rotation axis represents the unit quaternion
n = 0i + 0j + 1 k while the rotation operator is given by

q:cos%+n-sin%=cos%/+k'sin%.
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Using the rotation operator onto
p=xi+yj+zk peR:

any vector

Rq(P)z q-p-q=

= (cos%+k~sin%)'(xi+w'+zk)®
® (cos%—k-sin%):

= xi coszg +yj coszg + zk cos? ;/ +
+ xki sin%cos% +ykj sin%cos% +
+ zkk sin%cos%—xik sin%cos%—
- yijin%COS%—zkksin%cos%—
- xkik sin® % -ykjk sinzg _

Y
— zkkk sin®
Z Sln 2

Equation of the rotation operator R,(p).:

R,p). = t[x (cos2 % — sin’ %) 2y sin % cos %] +
+ j[y(cosz)zl — sin’ )2/)+2xsin%cos %]+
2 Y 2Y
+ k[ ( + )] 14
z[cos? 3 sin > (14)

3.2 Quaternion rotation around the y-axis by 3

The rotation axis represents the unit quaternion
n=0i+1j+0k while the rotation operator is given
by

B

q=cos§+n-sin§ =cos§+j~sin§.

Using the rotation operator onto any vector

p=xi+yj+zk peR:

R,p)y, = q'p-q=
= (cos§+j-sin§)-(xi+yj+zk)®
® (cosg—j-sing):
= xi cosz'§+y1 cos '§+zk coszﬂ

+ xji sin’gcos§+yjjsin§cos§+
.. B B ... B P
+ zjk sin> cos 35 — xij sin’> cos 3

- yjj siné cosé - zkj sinécosé -
2 2 2

2
- xjij sinz’g —yjjj sinz'g -
- zjkj sin? .

2

Equation of the rotation operator R,(p),:

R,p)y, = i[x(coszé sin 2§)+215m’§cos§] +
+ [y (cos2 B i E)] (15)
+ k [z (0052 /; — sin’ '{j) 2x Sln = cos —]

3.3 Quaternion rotation around the x-axis by «

The rotation axis represents the unit quaternion
n=1i+0j+0k while the rotation operator is given
by

@ L a @ @
= COS — n-Sin — = COS — r-SIn —.
1 2 2 2 2

Using the rotation operator onto any vector
p=xi+yj+zk peR:
Ry ) qp-q9=

= (cos%+i-sin6—2y)~(xi+yj+zk)®
® (cosa i sina)—
2 27

. @ ) o' @
= xicos’ = +yjcos’ = +zk cos® = +
2 2 2

+ .. . O/+ ... a
X1t SIn — COS — 17 S1In — COS — —
g €085 TYH SISO S
ik si (07 04 R 04 a
- Zl SIn — COS — — X1I1 S1In — COS — —
297 292
.. . a ki si a %
- 1 SIN —COS — —ZK1 SIn — COS — —
YJr smzcoss 273

ee. .2 @ ce.e . 2@
— xiiisin® = —yijisin° <
2 2

. .2
ziki sin” —.
2

Equation of the rotation operator R,(p),:

R, (p)x

i[x (cos2 % + sin? %)] + (16)

+

N/ L a
sin“ — | — 2zsin — cos — | +
2 2

i 2@
oo :

+

20 i €+ 2ysin & cos 2]
k[z(cos > sin 7 + ysm20052 .

3.4 Operator of composition

Let g, and g,; be two unit quaternions (7). The operator
R,(p); is first applied to the vector p. Then we apply the
operator R,(p);; and obtain the operator R,(p);, ;;. Equiva-

lently, the composition R, o R, of the two operators can

be applied:
R,R,p)) = qu-(qwq) 9=
= @) p - @Qq; = (17
= @) p @uq) =
= R,Piu-

Because ¢; and g;; are the unit quaternions, same as the
product q;; - q;. Hence the above equation (17) describes
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the rotation operator defining quaternion is the product of
the two quaternions q; and g;;. The following equation
describes the operator R, (p)., .« for three unit quaternions
4., q, and ¢,. These quaternions represent the unit quater-
nions rotations around the belonging axes x, y and z, re-

spectively, for the general p = xi + yj + zk,p € R®?
Rq(p)zyx = (qz qy q,\) p : (qz qy q,\) =
= [(cos%/ + k- sin %)(cos'g +j-sin§)®

®  (cos— +i-sin %)] ® (18)

2
. . Y .Y
® (x’+yJ+Zk)®[(COSE—k~sm§)®
® (cosg —j-sin’g)(cos% —i-sin %)].

Compound quaternion:

q.9,9,)
= (cos%cosgcos% +sin%sin'§sin %)+
+ i[(sin C—ZY cos g cos % —cos % sin§ sin %)] +
+ J [(COS % sin{; cos % + sin % cos§ sin %)] +
+ k [(cos % cos/; sin % —sin % sin’g cos %)] .

Conjugated compound quaternion:

q.9,9.) =
= (cos%cosgcos% +sin%sin§sin %)—
- i[(sin C—ZX cos 'g cos % —cos % sing sin %)] -

- J [(cos % sin/; cos % + sin % cosg sin %)] -

- k [(cos % cosg sin % — sin % sing cos %)] .
The compound and the conjugated compound quaternions
is put into the relationship for the R,(p),, » ; and after the

substitution (19) for a, b, ¢ and d, following is obtained:

a = (sin % cos g cos %/ —cos % sin'g sin %),
b = (cos % sin § cos %/ + sin % cos'g sin %), (19)
c = (cos % cosg sin % — sin % sing cos %),
d = (cos % cosg cos % + sin % sing sin %).

Then the general operator of the quaternion rotation is in

the form:
x(@® - b —c* +d*)+
Rq(p)zyx = i +2y(a -b—-c- d)+ +
+2z(b-d+a-c)

2x(a-b+c-d)+

+ j| ty~a? +b* - +d®)+ |+ (20)
+2z(b-c—a-d)
2x(a-c—b-d)+

+ k +2yb-c+a-d)+

+z(—a* - b* + F + d?)

4 Advantages and disadvantages of
quaternions

In previous sections, one of two principal rotational meth-
ods were introduced: one of them is the rotation defined by
the quaternions and the other one (not presented in this pa-
per) is defined by the Euler angles represented by the rota-
tion matrices, method, that is well known. In this section,
we will describe advantages and disadvantages of these
methods. First, the time quaternions are not so easy to
be represented mathematically — seem to be complicated.
The representation of the rotations by the quaternions has
several advantages over the other possible representation
by the Euler angles. The parametrization of the rotations
using the quaternions involve only the angle and the axis
of the rotation. In the theory of the quaternions, q and
— q correspond to the same rotation. Other advantage of
this approach is that the quaternion rotation is not influ-
enced by the choice of the coordinate system. Further, the
Gimbal lock problem does not appear in the quaternion
representation. Overleaf, the Euler angles are easy to un-
derstand and use, compared to the quaternions and matri-
ces, so can be a good choice for a user interface. Efficient,
easy to use with only three components, any rotation can
be represented. On the other hand, the most discussed dis-
advantage is the Gimbal lock and uniqueness for the Euler
angles calculations, which miss the inverse rotation in the
three-dimensional space. In conclusion, the quaternions
offer the best choice for representation of rotations.

Now, an example for a better understanding of this
problematic is depicted. For the purpose of simplicity, the
theory of the quaternions is demonstrated, but only around
the z-axis by y angle. The calculations are performed with
arespect to the presented theory and the mathematical no-
tation. Let have two points, for example, B (200; 0; 0)
and C (100; 100; 0) of space. We want to rotate them
by ¥y = 10,02895 degrees around the z-axis. New coor-
dinates, using the theory of quaternions, are found in the
Figure 2.

Quaternion rotation around the z-axis by vy angle
B(200.0:0

{RZE =1 (x

cos["] 751n[ ]) zycos[z]sm[z])
3 [y [cos[ ] -san[ X)) s 2x cos[ X ] san[ 1]«
e feoe 3T v 3T} -

{x—+200, y-0, 20, y - 10,028954525281096 Degree} // N

{RzB = @. +196.944 1 + 34,8292 j}

frac = 5 [ cos|
3 foe]
e cos ] 510 X])))

{x 100, y-100, z 50, y - 10,828954525281096 Degree} // N

= fsin[z]) ZyCOS[ ]51.. ”

COS ] - Sil n[ ] )iZXEDS S]n = )
2

{RzC = @. +81.85741 +115.887 j}

Figure 2. Quaternion rotation around the z-axis rotation by y
angle.
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