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Abstract:
In this paper, we study theoretically the peristaltic trans-
port of a generalized four-parameter plastic fluid in a cir-
cular cylindrical tube. The present fluid model is pre-
sented for the rheological characterization of inelastic
fluid foods. Long wavelength and low Reynolds num-
ber approximations are taken into account to get solu-
tion. The effects of embedded parameters on pressure
rise , frictional force and especially on the mechanical ef-
ficiency have been numerically displayed and physically
discussed.
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1 Introduction
Viscoplastic materials are fluids that exhibit a yield stress:
below a certain critical threshold τ0 in the imposed
stresses, there is no deformation and the material behaves
like a rigid solid, but when that yield value is exceeded,
the material flows like a fluid. Practically, such flow
behavior appears in many situations, including slurries
and suspensions, certain polymer solutions, crystallizing
lavas, muds and clays, heavy oils, avalanches, cosmetic
creams, hair gel, liquid chocolate, and some pastes. Con-
sequently, the theory of the fluid mechanics of such ma-
terials has applications in wide array of different fields,
ranging from the oil, gas and chemical industries, to food
processing and to geophysical fluid dynamics. The most
commonly studied such fluid is the Bingham fluid, which
is often uppermost in the minds of the scientists when
they think of non-Newtonian fluids. This model is a two-
parameter fluid (the dynamic viscosity µ and the the yield
stress τ0) and is was the object of several studies as in
[1, 2]. The suitable model is the so-called Herschell-
Bulkley and it is a true rheological behavior over a suf-
ficiently wide range of shear rates. This three-parameter
fluid (µ, τ0 and the power law index n) has been stud-
ied bay many authors as in [3, 4]. There are other three-
parameter plastic fluids namely the Casson and the Vo-

cadlo (often called Robertson-Stiff model) fluids which
have been analyzed in some works [5, 6]. In 1987, Ofoli,
Morgan and Steffe presented a versatile generalized four-
parameter viscoplastic model (OMS) that offers improved
capabilities and more flexibility over existing models in
the characterization and analysis of non-Newtonian fluid
foods, even for large ranges of shear rates [7]. In this pa-
per, we attempt to investigate the effects of the rheologi-
cal and geometrical parameters on the peristaltic pumping
phenomenon. The numerical results of the pressure rise,
frictional force and of the mechanical efficiency have been
physically interpreted through graphs.

2 Formulation and analysis
Let us consider the peristaltic transport of a four param-
eter plastic fluid in a tube. The flow is induced by si-
nusoidal wave trains propagating with constant speed c
along the tube walls. In the fixed frame (R̄, Z̄), the di-
mensional equation for the tube radius for an infinite wave
train is: H = a+ b sin 2π

λ (Z̄ − ct̄).

Where a is the radius of the outer tube at inlet, b is the
wave amplitude, λ is the wavelength, c the wave speed,
and t the time.
The basic equations governing the flow of an incompress-
ible fluid are the continuity equation and the momentum
equations. For the present OMS model fluid, the extra
stress tensor is given by:

τ̄m = τ̄m0 + µ∞ ¯̇γ
n (1)

τ̄0 is the yield stress, µ∞ is the high-shear limiting viscos-
ity, ¯̇γ is the rate of shear, m and n are the power indices
for behavior related to the shear stress, yield stress, and
shear thinning, respectively.
We notice that the flow is unsteady in the fixed frame but
in the wave frame (r̄, z̄) the flow becomes steady. These
frames are related by: r̄ = R̄; z̄ = Z̄ − ct̄;

p̄(z̄) = P̄ (Z̄, t̄); ū(r̄, z̄) = Ū(R̄, Z̄ − ct̄);

w̄(r̄, z̄) = W̄ (R̄, Z̄− ct̄)− c; q(z) = Q(Z, t)−πcH̄2.
Where (ū, w̄) are the radial and axial components of ve-
locity in the wave frame and (Ū , W̄ ) are the radial and
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axial components of velocity in the fixed frame.
The dimensionless parameters used in the problem are de-
fined as follows:

z =
z̄

λ
; r =

r̄

a
; t =

ct̄

λ
;u =

λū

ac
;w =

w̄

c
; p =

a
n
m+1p̄

µ∞λc
n
m
;

Q =
Q̄

πca2
; τ =

τ̄

µ∞( ca )
n/m

; τ0 =
τ̄0

µ∞( ca )
n/m

γ̇ =
¯̇γ

( ca )
;ϕ =

b

a
; δ =

a

λ
;Re =

ρa
n
m

µc
n
m−2

where δ is the dimensionless wave number, Re is the
Reynolds number and ϕ is the occlusion with 0 < ϕ <

1. For long wave-length (δ << 1) and negligible in-
ertia (Re << 1) approximations and using these non-
dimensional quantities, the basic equations become:

∂u

∂r
+

u

r
+

∂w

∂z
= 0

∂p

∂r
= 0 ; − ∂p

∂z
=

1

r

∂

∂r

(
rτrz

)
(2)

τrz =


[
τm0 +

(
− ∂w

∂r

)n] 1
m , |τrz| > τ0

γ̇ =
∂w

∂r
= 0 , |τrz| ≤ τ0

(3)

The dimensionless boundary conditions are given by:

∂w

∂r
= 0 at r = r0;w = −1 at r = H (4)

3 Solution
Using the boundary conditions (4) we find the solutions
as follows:

- In the non-plug flow region r ≥ r0:

w = −1− 1

2
m
n

(
− ∂p

∂z

)m
n ∫ r

H

(
ηm−(τH)m

) 1
n dη (5)

- In the plug flow region r ≤ r0:

wp = w(r = τH) (6)

with τ =
r0
H

=
τ0
τH

with 0 ≤ τ ≤ 1. The pressure
gradient is given by:

∂p

∂z
= 2

(Q+ h2 −
∫ 1

0
h2 dz)

n
m

(I1 + I2)
n
m

(7)

with I1 =
∫ τh

0
2η
∫ τh

h
(ξm − (τh)m)

1
n dξ dη and I2 =∫ h

τh
2η
∫ η

h
(ξm − (τh)m)

1
n dξ dη.

We notice that if n = m = 1, τ = 0;n ̸= 1,m = 1, τ =

0;n = m = 1, τ ̸= 0;n ̸= 1, τ ̸= 0;n = m = 0.5, τ ̸=
0 ou n = 1,m ̸= 1, τ ̸= 0 we obtain the behavior of a
Newtonian; power law; Bingham; Heschell-Bulkley; Cas-
son or Vocadlo fluids.
The pressure rise∆p and the frictional forceF across one
wavelength, in their non-dimensional form, are given by:

∆p =

∫ 1

0

∂p

∂z
dz ; F = −

∫ 1

0

H2 ∂p

∂z
dz (8)

The mechanical efficiency is defined as the ratio between
the average rate per wavelength at which work is done by
the moving fluid against a pressure head and the average
rate at which the walls do work on the fluid [8]. The ex-
pression of E is found as follows [9, 10]:

E =
Q∆p

∆p H2
(z=0) + F

=
Q

1 + F
∆p

(9)

with H(z = 0) = 1.

4 Results and conclusion

Figure 1: Pressure rise ∆p versus time-averaged flow rate Q.

Figure 2: Frictional force F versus time-averaged flow rate Q.

Figure 3: Mechanical efficiency E versus time-averaged flow rate Q.
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Figure 4: The ratio F
∆p versus time-averaged flow rate Q.

In this section, we study the effect of the physical param-
eters of problem (m,n, τ and ϕ) on the pressure rise ∆p,
the frictional force F and on the mechanical efficiency E

versus the time-averaged flow rate Q. Before we notice
that for n = m = 1, τ = 0 we find the results of Shapiro
et al. [8]. In Fig. (1) we plot∆p for different values of the
power indices for behaviorm and n, yield stress threshold
τ and of the amplitude ratio ϕ. First, the figures indicate
that Q increases when ∆p decreases. Second, we notice
that we have three regions, peristaltic pumping (∆p > 0

and Q > 0), free-pumping (∆p > 0 and Q = 0) and co-
pumping (∆p > 0 and Q < 0). Third, the figures show
that the curves are intersecting in the co-pumping region
for different values of m, n and ϕ while they are intersect-
ing in the free-pumping region for different values of τ .
Finally, we observe that the pumping Qmax (for ∆p = 0)
increases with n and ϕ but it decreases with m while it re-
main the same although τ changes. Fig. (2) represents the
influence of the physical parameters on the relation fric-
tional force-averaged flow rate F −Q. It is found that F
has an opposite behavior versus Q compared to ∆p. Fig.
(3) displays the behavior of the mechanical efficiency E

versus Q. Graphically and from Eq. (9) it is clear that
E increases from zero (when Q = 0) to a maximum in a
certain value of Q = Qc then it decreases to zero (when
∆p = 0). In order to explain these variations of E, we
notice that Q and the ratio frictional force/pressure rise
F
∆p both influence on E. In Fig. (4) we plot the last ratio
versus Q for different values of the physical parameters.
The figures show that when Q → Qmax we observe that
F
∆p → ∞ i.e, E = 0 (see Eq. 9). For 0 < Q < Qmax,
the time-averaged flow rate enhances the ratio frictional
fore/pressure rise because of the increase of F and the de-
crease of ∆p with increasing Q (see Figs .(1-2)). When
Q < Qc the variation of Q is dominant compared to F

∆p

for this reason the mechanical efficiency E increases with
increasing Q. But for Q > Qc the opposite remarque
is observed. For the third case Q = Qc, no one of the
two quantities has a dominant effect on the mechanical
efficiency i.e, E becomes maximum. In addition, m en-

hances the ratio F
∆p but n and ϕ reduce this ration while

τ has no effect on it. These last results explain the oppo-
site effect of the physical parameters on the mechanical
efficiency versus the time-averaged flow.
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