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Interfacial instability of two inviscid fluid layers under quasi-periodic oscillations
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Abstract

We investigate the effect of horizontal quasi-periodic os-
cillations on the stability of two immiscible fluids of dif-
ferent densities. The two fluid layers are confined in a cav-
ity of infinite extension in the horizontal directions. We
show in the inviscid theory that the linear stability anal-
ysis leads to the quasi-periodic Mathieu equation, with
damping, which describes the evolution of the interfa-
cial amplitude. Thus, we examine the effect of horizontal
quasi-periodic vibration, with two incommensurate fre-
quencies, on the stability of the interface. The numeri-
cal study shows the existence of two types of instability:
the Kelvin-Helmholtz instability and the quasi-periodic
resonances. The numerical results show also that an in-
crease of the frequency ratio has a destabilizing effect on
the Kelvin-Helmholtz instability and curves converge to-
wards those of the periodic case.

Keywords: Interfacial instability, quasi-periodic os-
cillation, Floquet’s theory.

1 Introduction

Numerous theoretical and experimental works studying
the horizontal periodic forcing of two superimposed flu-
ids filling a rectangular cavity were realized in the last
decades [1, 2], leading to a thorough understanding on the
interfacial instability between the two fluid layers. The
oscillations can lead to significant and sometimes unex-
pected effects on the fluid interface. The oscillation can
also be used to delay instabilities, for instance, Wolf [3]
has shown that the horizontal modulation allows to sup-
press instabilities.

The studies cited above have examined the flow in a rect-
angular cavity subject to periodic oscillation. In this
study, we focus attention on the influence of a horizon-
tal quasi-periodic oscillation on the stability of the inter-
face between two invscid immiscible and incompressible
fluid layers of different densities filling a rectangular cav-
ity of infinite extension in the horizontal directions. In
this situation, we determine the quasi-periodic basic flow.
Hereafter, we perform an inviscid linear stability analysis
and we examine the effect of the frequency ratio on the
threshold of the interfacial instability.

2 Problem formulation

Consider two inviscid immiscible fluid layers filling a
rectangular cavity of height H = h; + ho and infinite
extension in the horizontal directions. The heavy fluid
of density p; occupies the bottom region of height hq,
and the light fluid of density ps occupies the upper re-
gion of height ho. Both fluids are in a stable gravita-
tional configuration. The cavity is submitted to a hor-
izontal quasi-periodic oscillation according to the law :
(a1 cos(wrt) + ag cos(wat))i.
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Figure 1: Two superimposed fluid layers in a rectangular
cavity

Under these assumptions, the physical problem is gov-
erned by the following Navier-Stokes equations written
in a relative frame:

oV
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= —VP;— gk
o V)V, VP =g

s
+(a1w? cos(wit) + asw? cos(wat))i, (1)

V.V5=0, )

where Pj is the pressure, V g(u,w) the velocity in each
fluid layer and 3 = 1,2. The corresponding boundary
conditions are :

No-slip condition at the rigid walls

Vl.ng = 0, z = h1 (3)

V2.n2 = 0, zZ = h2 (4)

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(http://creativecommons.org/licenses/by/4.0/).

hy



MATEC Web of Conferences 286, 07011 (2019)
CMM?2019

https://doi.org/10.1051/matecconf/20192860701 1

Kinematic and normal stress conditions at the interface
— =—4ugt+w 5
2 U8 B 5
Normal stress balance:
P, — P, =« div(n) (6)

where « is the surface tension. The integral condition of
balance of the displaced volume of both fluids is:

S ha
/ ledz + /VQ.XdZ =0 (7)
—h1 13

The governing equations of the linear stability (1)-(7) are
reduced to a quasi-periodic Mathieu equation for the am-
plitude & (z, t) describing the interface displacement from
its quasi-equilibrium horizontal position:

7(51 + 52)(51 + SQ) + QZk f

(SlUl + SQUQ)

+£(zk(51 Sg

where k the wavenumber, S; = p; coth(khy), Sy =
pa coth(khs) and

b _ P1—p
Uy = a1w1h2m sin(w1t)
9
P1—pP2 3
+aswaha oY sin(wot)
b _ _ _pPi—p2
U; = —ajwihy p2h1+p1h2 sin(wqt)
(10)
_ _pP1—=p2
aswahy F e sin(wat)

The dimensionless form of equation (8) is obtained us-
ing the following reference quantities for time and length:

1
T = wit, l. = (*) : [1]. The expression (8) is

g(p1—p2)
then written as follows:

L 4205 [sin(r) + AQsin(Q7)] 4
+ [i6 (cos(T) + AQ? cos(Q27)) (11)
— By (sin(7) + AQsin(Q7))? + ﬁz} £
with:

5=n 4Bv (p—1) pcoth(nH;i)Hs—coth(nHz)H;
- We (Hi+pH2) pcoth(nHy)+coth(nHs) (12)

> K1 (U)° + S2(U3)7)
+ak® + gk(m — 2)) =0 ¥

B _ 24Bv (p—1)2 pcoth(nH)H3+coth(nH>)H}
1 =N "y (H1+pH2)? pcoth(nHy)+coth(nHa)
(13)
B_n(nz—l-l)(p—l) 1
* Weq pcoth(nH;) + coth(nHs)
(14)
where, n = kl. is the dimensionless wavenumber, p =
% is the density ratio, A = 2 is the amplitude ra-

tio, ) = z—f is the frequency ratio, W, = wszlc is the
Weber number based on the capillary length and By =

alzwf
1
vibration intensity. Herafter, we use the Floquet theory

1
(mg;a”) * is the Bond number characterizing the

combined with the numerical method of Runge -Kutta for
the numerical resolution, and we determine the bound-
aries of the instability regions in terms of the two param-
eters, B, and n.

3 Results and discussion
We present in figure (2) the neutral stability diagram,
B,(n)for We =10, Hi = Hy =1,p=2,A=0.1
and for the frequency ratio 2 =

Q=v2

For 2 = 0, we obtain the marginal stability curves for

0 (periodic case) and

the periodic case (figure 2.a), where the first region corre-
sponds to the Kelvin-Helmholtz instability and the other
regions correspond to the quasi-periodic resonances lo-
catedatn = 3, n = 5.81. For Q) = /2 (quasi-periodic
oscillation), we have the Kelvin-Helmbholtz instability and
quasi-periodic resonances located at n = 1.58, n = 2.08,
n = 3, n = 3.87T and n = 5.55. We can see that the
quasiperiodic oscillation gives rise to more resonances
that the periodic case.

V2 V11 /37
81 1.680 1520 1.260

0 0
By, 1722 1.

Sl

[*))

Table 1:Threshold of Kelvin-Helmholtz instability.

The effect of the frequency ratio, €2, on the marginal sta-
bility curves is illustrated in figure 3. The marginal sta-
bility curves are plotted for We = 10, H; = Hs = 1,
p = 2, A = 0.1 and for various values of frequency ra-
tios, (2. By increasing the frequency ratio, €2, the thresh-
old of Kelvin-Helmbholtz instability decreases slightly and
keeps the same wavenumber n = 0.001 (see Table 1).
Also, when () increases, the resonance zones shift to the

right. For example, when 2 = the first region of the

parametric instability takes plac\e[at n = 1.26, while for
= /2, it takes place at n = 1.58. Beyond Q2 = V37,
the first region of the parametric instability takes place at
= 3 as in the periodic case. This behavior was also

observed in the recent works [4].
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4 Conclusion

In this paper, we have presented a study of the interfacial

instability of two immiscible, incompressible and invis-

cid fluid layers filling a rectangular cavity of infinite ex- -
tent in the horizontal directions. The cavity is submitted

to horizontal quasi-periodic oscillations. The linear sta-

bility analysis leads to the quasi-periodic Mathieu equa-

tion, with damping and describes the evolution of the am-
plitude of the interface. We have used the floquet’s the-
ory combined with the method of Runge-Kutta to solve

numerically this equation. The numerical results shows
the exsitence of two types of instability: The Kelvin-
Helmbholtz instability and the quasi-periodic resonances. @
We have examined the influence of the frequency ratio, 2.
We have shown that the increase of the frenquence ra-

tio has a destabilizing effect on the region of Kelvin-

Helmbholtz instability and allows to delete the paramet-
ric resonances, and we turn to the main resonance with 12

(d)

wavenumber, n = 3.
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Figure 3: Neutral stability diagram for We = 10,
/ Hy=H>=1,p=2,A=0.1 and for different
n frequency ratios: (a) 2 = %, (b)) Q2 =+2, (c)
Q=+11,(d) Q=37
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