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Abstract
We study the linear stability of two superposed layers
of viscous, immiscible fluids of different densities. The
whole system is subject to horizontal quasi-periodic oscil-
lation with two incommensurates frequencies ω1 and ω2.
The spectral method and Floquet’s theory combined with
Runge-Kutta method are used to solve numericelly the
linear problem. We analyse the influence of the frequen-
cies ratio, ω = ω2

ω1
, on the mariginal stability. The nu-

merical solution shows that the quasi-periodic excitation
has a stabilizing or a destabilizing effect on the Kelvin-
Helmholtz instability as well as in the parametric reso-
nances depending on the frequency ratio and the ampli-
tudes ratio α = a2

a1
.

Keywords Linear stability; quasi-periodic oscillation;
Runge-Kutta; Floquet’s theory; instability of Kelvin-
Helmholtz; parametric resonance.

1 Introduction
Several works have been carried out to study the interfa-
cial instability of two superposed layers subject to peri-
odic oscillations. Khenner and al. [1], have studied the
linear stability of the interface between two fluids fill-
ing a cavity which performs horizontal harmonic oscil-
lations. They have reduced the linear stability problem,
using the inviscid approximation to theMathieu equation.
Hereafter, they have examined the parametric resonant re-
gions of instability associated with the intensification of
the capillary waves at the interface and they have com-
pared their results to those found in the viscous case in a
fully numerical investigation.
Recently, the linear stability analysis model carried out by
Khenner and al. [1] has been extended both theoretically
and experimentally by Talib and al. [2] to include the ef-
fect of the viscosities of the fluid layers of finite depth and
confined between horizontal boundaries. In these studies,
the authors have solved numerically, using spectral meth-
ods, the linear stability problem for an exhaustive range
of vibrational to viscous force ratios and viscosity con-
trasts. They have shown that the viscous model allows to
predict the onset of each mode of instability, particularly
in the limit of high-viscosity contrast. Talib and al. [2]
have characterized the evolution of neutral curves from

the multiple modes of the parametric resonant instability
to the single-frozen-wave mode encountered in the limit
of practical flows. They have found that the interface is
linearly unstable to a Kelvin-Helmholtz mode and to suc-
cessive parametric-resonance modes.
In this work, we extend the study in reference [2] by con-
sidering quasi-periodic oscillations with two incommen-
surate frequencies ω1 and ω2. We focuse attention on the
influence of the frequency ratio and the amplitudes of ac-
celerations of the oscillatory motion, a1ω

2
1 and a2ω

2
2 , on

the marginal stability in terms of amplitude, A = a1
d2
, as

a function of the wave number.

2 formulation
We consider two superposed layers of immiscible and
incompressible Newtonian fluids, having two kine-
matic viscosities ν1, and ν2, densities ρ1 and ρ2 and
which are bounded below and above by rigid bound-
aries (see Figure 1). The dense fluid occupies the
lower region of height d1 and the least dense fluid
occupies the upper region of height d2. The system
is subjected to an oscillating motion according to the
law: ρβa1ω

2
1 cos(ω1t

∗) + ρβa2ω
2
2 cos(ω2t

∗) and to
the force of gravity ρβg (β = 1, 2), where a1, a2,
ω1 and ω2 denote respectively the displacement ampli-
tudes and frequencies of the oscillatory motion. The
interfacial tension between the fluids is denoted by γ.

FIG. 1. Schematic diagram of the two-layer fluid system
in the frame of reference of the oscillating rigid bound-
aries.
Using d2, a1ω1, ω−1

1 , ρ2υ2a1ω1/d2 as length, velocity,
time, and pressure scales, respectively, the dimensionless
equations governing the two-layer flows, in the relative
frame, are:

Ω
∂Vβ

∂t
+AΩ(Vβ∇)Vβ = −Rβ∇Pβ −

G0Ω

A
k
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+
1

Nβ
∆Vβ + Ω

(
cos(t) + αω2 cos(qt)

)
i (1)

∇.Vβ = 0 (2)

whereVβ = (Uβ ,Wβ) is the velocity in each fluid layer,
Ω =

(
ω1d

2
2/υ2

)
and A = a1/d2 are the dimension-

less frequency and amplitude of oscillations, respectively,
Rβ = ρ2/ρβ and Nβ = υ2/υβ where R2 = N2 = 1

are the ratios of densities and viscosities, respectively,
ω = ω2/ω1 and α = a2/a1 are the ratio of frequen-
cies and amplitudes of oscillation, respectively, andG0 =

g/
(
d2ω

2
1

)
= A2Fr−1 where Fr = (aω1)2/gd2 is a

modified inverse Froude number. The no-slip conditions
and the boundary conditions at the interface ξ(x, t) are
given by:

V1 = 0 en z = −d, (3)

V1 = 0 en z = 1, (4)

1

A

∂ξ

∂t
+ (V1∇)ξ = V1 · k, (5)

V1 = V1, (6)

(n.π1).n− (n.π2).n =
Ω

WeA
∇ · n, (7)

(t.π1).n = (t.π2).n, (8)∫ ξ

−d
V1.idz +

∫ 1

ξ

V1.idz = 0. (9)

where d = d1
d2
, πβ = −PβI+ 1

RβNβ

[
∇Vβ + (∇Vβ)

T
]

is the stress tensor in each fluid and We = ρ2d
3
2ω

2/γ is
the Weber number, n is the outward normal unit vector
pointing from fluid 1 into fluid 2 and t is the tangent unit
vector on the interface.

3 Base flow solution
The base flow, (V̄β , P̄β), is quasi-periodic, parallel to the
horizontal boundaries and the interface remains unper-
turbed. It takes the form:

Ūβ(z, t) = <
[
Φ1β(z).eit + Φ2β(z).eiωt

]
(10)

P̄β = <
[
−G0Ω

RβA
z + x(Sβe

it + Fβe
iωt) + C

]
(11)

where:
Φ1β(z) = A1βe

mβz +B1βe
−mβz + i

(
RβS

Ω − 1
)

Φ2β(z) = A2βe
wβz +B2βe

−wβz + i
(
RβF
ωΩ − αω

)
mβ =

√
iΩNβ

wβ =
√
iΩNβω

.

The integration constants A1β , A2β , B1β , B2β , F and
S are determined by imposing conditions (3),(4),(6),(8)

and (9) and C is an arbitrary constant.

Note that for α = 0, periodic case, we get the same pro-
files of velocity obtained by Talib and al. [2].
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FIG. 2. Base flow solution at t = π/2, calculated for
R1 = 0.49, d = 1, N1 = 1, Ω = 3.927 × 102 and for
different ratios of frequency.

4 Perturbation equations
We derive the stability equations by expressing the gov-
erning equations (1) ans (2) in terms of the stream func-
tion, ψβ , defined as

uβ =
∂ψβ

∂z and wβ = −∂ψβ

∂x

The small normal perturbation of stream function ψβ and
the interface position ξ are searched in the following form:

(ψβ , ξ) =
(
ψβ , 0

)
+ [ϕβ(z, t), h(t)] eikx + c.c., (12)

where k = 2πd2/λ
∗ is the dimensionless wavenumber

of the disturbance, λ∗ is the dimensional wavelength, and
c.c. denotes the complex conjugate. By substituting (12)
into the Navier-Stokes equations, as well as the boundary
and interfacial conditions, subtractiong out the base state,
eliminationg the pressure term, and neglecting higher or-
der terms, we obtain the following Orr-sommerfeld equa-
tions for the two layer flows:(

Ω
∂

∂t
+ ikAΩŪβ

)(
φ′′β − k2φβ

)
− ikAΩU ′′βφβ

+
1

Nβ

(
2k2φ′′β − k4φβ − φ′′′′β

)
= 0 (13)

where the prime (′) denotes partial differentiation with
respect to z. The no-slip boundary conditions become:

φ1 = φ′1 = 0 en z = −d, φ2 = φ′2 = 0 en z = 1

(14)
The linearized interface conditions, applied at z = 0, be-
come:

1

A

∂h

dt
+ ikŪ1h+ ikφ1 = 0 (15)

φ′1 − φ′2 + h
(
Ū ′1 − Ū ′1

)
= 0 (16)
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φ1 − φ2 = 0 (17)

[
Ω

R1

∂φ′1
dt
− ikAΩ

R1
Ū ′1φ1 +

ikAΩ

R1
Ū1φ

′+
3k2

N1R1
φ′1

− 1

N1R1
φ′′′1 +

ikG0Ω

AR1
h

]
−
[
Ω
∂φ′2
dt
− ikAΩŪ ′2φ2

+ikAΩŪ2φ
′
2 + 3k2φ′2 − φ′′′2 +

ikG0Ω

A
h

]
+
ik3Ω

ŴeA
h = 0 (18)

φ′′1 + hŪ ′′1 + k2φ1 −N1R1

(
φ′′2 + hŪ ′′2 + k2φ2

)
= 0

(19)

5 Numerical solution
To solve equations (13)-(19), we use the spectral meth-
ods based on the Gausse-Lobatto collocation points for
spatial resolution [3, 4]. The chebyshev polynomials are
defined in the meantime [-1, 1]. In order to achieve
high resolution near the boundaries and the interface, the
lower and upper layers are mapped onto Chebyshev space,
ζ ∈ [−1, 1], with the transformations ζ = 2z+d

d and
ζ = 1 − 2z, respectively, so that the interface is placed
at ζ = 1. One uses the fact that an irrational number,
ω = ω2

ω1
, can be approximated by a rational number of the

form ω = p
q , where p and q are relatively prime integers.

Finally we use the Floquet’s theory combined with the 4th
order Runge-Kutta method for temporal resolution.

6 Results and conclusion
We determine the value of the amplitude, A, at which the
parallel shear flow becomes unstable to standing waves of
wavenumber k. The neutral stability curves are shown in
Figures 3 and 4, for different values of the irrational ratio
of frequencies ω.
We assume in figure 3 that the amplitudes of acceleration
oscillatory motion are equal, i.e., a1ω

2
1 = a2ω

2
2 . In this

case we find that the increasing of the ω has a stabilizing
effect, also for the hight values of ω, the marginal stabil-
ity curves converge toward the stability boundaries of the
periodic case that was developped by Khennner [1] and
Talib [2]. Note that the Kelvin-Helmholtz region is in-
creasing when the ω is increasing.
Figure 4 shows the effect of ω when the amplitudes ratio,
α, is assigned. The increase of ω destabilizes the limit of
small values of k more strongly than the resonant mode
at higher k. Also, for the low frequency ratios, ω1 � ω2,
the neutral curve converge to the case of periodic oscilla-
tion.
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FIG. 3. Marginal stability curves showing the ampli-
tude, A, against the wavenumber, k for Ω = 25 and for
αω2 = 1. The other parameter values are R1 = 0.5,
N1 = 1, G0 = 0.16,We = 6.25 and d = 1.
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FIG. 4. Marginal stability curves showing amplitude, A,
against the wavenumber, k for Ω = 25, α = 0.5 and for
different values of the frequency ratio. The other parame-
ter values are R1 = 0.5,N1 = 1,G0 = 0.16,We = 6.25

and d = 1.
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