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Abstract  
Based on the work of Dean (1927 and 1928) [1-2] 

and Cuming (1952) [3], the stationary flow of an 

incompressible Newtonian fluid through a curved pipe of 

uniform curvature and with elliptic cross section is 

studied. The Navier-Stokes equations are expressed in 

toroïdal coordinates system (s, r, θ). Following Dean’s 

approach, the governing equations for the fluid motion 

through a curved elliptical channel are solved by using an 

original semi analytical method for the resolution of a 

biharmonic equation. The main interest in this study is to 

test and validate in the case of an elliptical cross section 

the proposed semi-analytical method. The latter can then 

be used for other geometries for which explicit solutions 

are not available. 
 

Keywords : Toroïdal coordinates, Curvature, Curved 

pipes, Centrifugal force, Dean vortex.  
 

1. Introduction  
Recently, in the domain of microfluidics [4], a 

particular interest is brought to the flows in curved pipes 

of various cross sectional shapes because of their 

technical importance, for example in fluid transport 

industry, and heat transfer : helical and spiral coils are 

often used for transferring heat in mixing and storage, as 

well as for heat exchangers. 

Many studies have focused on the study of flows in 

complex geometries in different situations. Therefore, 

Dean [1] is the first who gave a mathematical proof of the 

existence of secondary flow, for flow through a curved 

pipe with constant curvature. The technique used was to 

assume that the secondary flow is just a small disturbance 

of the Poiseuille flow in a straight tube. He analyzed 

theoretically for low curvature pipes and fully developed 

laminar flow, the dependence of the movement of the 

fluid particles to a dimensionless dynamic parameter 

characterizing the secondary motion noted 𝐷𝑛 =

(𝐷ℎ 2𝑅𝑐⁄ )1/2𝑅𝑒, (𝐷𝑛  : Dean number, 𝐷ℎ  : hydraulic 

diameter, 𝑅𝑐  : radius of curvature, Re : Reynolds number). 

In 1928 [2], Dean showed in his second article that the 

pressure gradient and the flow rate through a curved tube 

depends on the curvature. A theoretical analysis was 

made by Cuming [3] in 1952, where he studied 

analytically the flow of an incompressible viscous fluid 

through curved pipes of different sections (circular, 

elliptical, square). Wang in 1980 [5] gave an exact 

solution for the flow through narrow with constant 

curvature and he used a perturbation scheme for the case 

of small, periodic curvature. Germano in 1982 [6] 

analyzed the effect of torsion on a helical pipe flow.  

An analytical and numerical analysis of the effect of the 

variation in curvature and torsion on the steady and 

unsteady flows in weakly curved pipes of different four 

pipe shapes was treated by Gammack [7] in 2001. Siggers 

in 2005 [8] focused in his research on blood circulation in 

a curved artery and studied the effects of centrifugal 

forces and Coriolis forces on flows in pipes of finite 

curvature.  

The aim of this study, based on Dean’s approach, is 

to use an original semi analytical method based on 

General Michell solution for the biharmonic equation in 

polar coordinates [9], for solving the governing equations 

of the 3D-flow of an incompressible fluid in a pipe for 

uniform curvature and with elliptical section.  

2. Formulation of problem  
Using the orthogonal coordinate system 

𝑅(O, 𝑥⃗, 𝑦⃗, 𝑧), we consider the steady flow of an 

incompressible Newtonian fluid in a curved pipe of 

elliptical cross section with uniform curvature. We define 

the orthonormal triad (𝜏, 𝑁⃗⃗⃗, 𝐵⃗⃗) where 𝜏 is the tangent 

vector, 𝑁⃗⃗⃗ the normal vector and 𝐵⃗⃗ the binormal vector, as 

shown in Fig.1. Let the velocity components along these 

axes be 𝑢, 𝑣, and 𝑤. 

 
Fig. 1 The coordinate system 

As shown in figure 1, 𝑎 and 𝑏 are respectively the major 

axis and minor axis of the elliptic cross section, 𝜃 is the 

angle between the normal vector and the vector O1𝑀⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗, 
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𝑅𝐹(𝑂1, 𝜏, 𝑁⃗⃗⃗, 𝐵⃗⃗) is the coordinate system located at the 

center of the cross-section and R⃗⃗⃗ = OO1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  is position vector 

of the center O1  in 𝑅(𝑂, 𝑥⃗, 𝑦⃗, 𝑧). Position of any point in 

the cross section of the tube is given by the polar 

coordinates (𝑟, 𝜃) in the plane (𝑁⃗⃗⃗, 𝐵⃗⃗) (with : 𝑟 = ‖𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗‖). 

By using the non-dimensionalized variables : 

𝑢 = 𝑈𝑢∗, 𝑣 = 𝑉𝑣∗, 𝑤 = 𝑉𝑤∗, 𝑝 = 𝑝0𝑝
∗, 𝑠 = 𝑅𝑚𝑠

∗, 

𝑟 = 𝑎𝑟∗ 

Where 𝑈 and 𝑉 are reference velocity, 𝑝0 is a reference 

pressure, 𝑅𝑚  is the characteristic length, and 𝑎 is the 

radius of curvature. 

 

 and by considering the case where 𝜀 = 𝑎 𝑅𝑐⁄ ≪ 1, the 

governing equations for the steady flow of a viscous 

incompressible fluid may be restated in the following 

dimensionless forms : 

Continuity Equation : 

 
𝜕(𝑟∗𝑣1

∗)

𝜕𝑟∗
+

𝜕𝑤1
∗

𝜕𝜃
= 0    (1) 

Momentum equation for secondary flow 

𝒆𝒔⃗⃗ ⃗⃗  :  

𝐷𝑛 (𝑣
∗ 𝜕𝑢

∗

𝜕𝑟∗
+

𝑤∗

𝑟∗

𝜕𝑢∗

𝜕𝜃
) = − {

𝑝0𝑎

𝜐𝑈𝑅𝑚
}
𝜕𝑝∗

𝜕𝑠∗
+

1

𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗

𝜕𝑢∗

𝜕𝑟∗
) +

1

𝑟∗2

𝜕2𝑢∗

𝜕𝜃2
      (2) 

 

𝒆𝒓⃗⃗⃗⃗⃗ : 

𝐷𝑛 (𝑣
∗ 𝜕𝑣

∗

𝜕𝑟∗
+

𝑤∗

𝑟∗

𝜕𝑣∗

𝜕𝜃
−

𝑤∗
2

𝑟∗
+

𝑢∗
2
𝑐𝑜𝑠𝜃

𝑅𝑐
∗ ) = − {

𝑝0𝑎

𝜐𝑉
}
𝜕𝑝∗

𝜕𝑟∗
−

1

𝑟∗

𝜕

𝜕𝜃
(
𝜕𝑤∗

𝜕𝑟∗
+

𝑤∗

𝑟∗
−

1

𝑟∗

𝜕𝑣∗

𝜕𝜃
)   (3) 

 

𝒆𝜽⃗⃗⃗⃗⃗ :  

𝐷𝑛 (𝑣
∗ 𝜕𝑤

∗

𝜕𝑟∗
+

𝑤∗

𝑟∗

𝜕𝑤∗

𝜕𝜃
+

𝑣∗𝑤∗

𝑟∗
−

𝑢∗
2
𝑠𝑖𝑛𝜃

𝑅𝑐
∗ ) =

− {
𝑝0𝑎

𝜐𝑉
}
1

𝑟∗

𝜕𝑝∗

𝜕𝜃
+ 

𝜕

𝜕𝑟∗
(
𝜕𝑤∗

𝜕𝑟∗
+

𝑤∗

𝑟∗
−

1

𝑟∗

𝜕𝑣∗

𝜕𝜃
)  (4) 

 

The non slip Boundary conditions are 𝑣 = 𝑤 = 0 at the 

wall.  

Where Dn is the Dean number defined by : 

𝐷𝑛 = 𝑅𝑒√𝜀 =
𝑈𝑎

𝜈
√𝜀 

3. Resolution 
Following the approach of Dean, the solutions of 

equations (1-4) with their associated boundary conditions 

is sought in the form of asymptotic expansions in 𝐷𝑛: 
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At zero order in 𝐷𝑛, we have : 

{
 
 

 
 0 = −

𝜕𝑝0
∗

𝜕𝑠∗
+

1

𝑟∗

𝜕

𝜕𝑟∗
[𝑟∗

𝜕

𝜕𝑟∗
(𝑢0

∗)] +
1

𝑟∗2
𝜕2

𝜕𝜃2
(𝑢0

∗)

0 = −
𝜕𝑝0

∗

𝜕𝑟∗
                                                                

0 = −
1

𝑟∗

𝜕𝑝0
∗

𝜕𝜃
                                                           

 (6) 

 

The profile velocity satisfying (6) and the no slip 

boundary conditions can be written as [10] : 
 

 𝑢0
∗(𝑟∗, 𝜃) =

2𝑄∗

𝜋𝑎𝑏
(1 −

𝑟∗
2
𝑠𝑖𝑛2𝜃

𝑎2
−

𝑟∗
2
𝑐𝑜𝑠2𝜃

𝑏2
)       (7) 

 

Where 𝑄∗ is the dimensionless flow rate. 
 

At first order in 𝐷𝑛, the system (1-4) reduces to : 
 

𝜕(𝑟∗𝑣1
∗)

𝜕𝑟∗
+

𝜕𝑤1
∗

𝜕𝜃
= 0      (8) 

0 = −
𝜕𝑝1

∗

𝜕𝑠∗
+

𝜕2𝑢1
∗

𝜕𝑟∗2
+

1

𝑟∗

𝜕𝑢1
∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢1

∗

𝜕𝜃2
    (9) 

𝑢0
∗2𝑠𝑖𝑛𝜃

𝑅𝑐
= −{

𝑝0𝑎

𝜐𝑉
}
𝜕𝑝1

∗

𝜕𝑟∗
−

1

𝑟∗

𝜕

𝜕𝜃
(
𝜕𝑤1

∗

𝜕𝑟∗
+

𝑤1
∗

𝑟∗
−

1

𝑟∗

𝜕𝑣1
∗

𝜕𝜃
)     (10) 

𝑢0
∗2𝑐𝑜𝑠𝜃

𝑅𝑐
= − {

𝑝0𝑎

𝜐𝑉
}
1

𝑟∗

𝜕𝑝1
∗

𝜕𝜃
+

𝜕

𝜕𝑟∗
(
𝜕𝑤1

∗

𝜕𝑟∗
+

𝑤1
∗

𝑟∗
−

1

𝑟∗

𝜕𝑣1
∗

𝜕𝜃
)     (11) 

Equation (8) implies the existence of a dimensionless 

pseudo-stream function defined in such a way that :  

 𝑣1
∗ =

1

𝑟∗
𝜕𝜓1

∗

𝜕𝜃
, 𝑤1

∗ = −
𝜕𝜓1

∗

𝜕𝑟∗
 

Inserting these expressions and eliminating the pressure 

terms between equations (10) and (11), give the following 

equation for 𝜓1
∗ : 

∆(∆𝜓1
∗) =

16𝑄∗2

𝑏2(𝜋𝑎𝑏)2𝑅𝑐
[𝑟∗𝑐𝑜𝑠𝜃 − (

1

4𝑎2
+

3

4𝑏2
) 𝑟∗3𝑐𝑜𝑠𝜃 +

                                        (
1

4𝑎2
−

1

4𝑏2
) 𝑟∗3𝑐𝑜𝑠3𝜃] (12) 

With the boundary conditions 
𝜕𝜓1

∗

𝜕𝑟∗
=

𝜕𝜓1
∗

𝜕𝜃
= 0 at the wall. 

After calculating the particular solutions and taking into 

account the Michel’s [9] solution for the bihamonic 

equations in polar coordinates to establish the solution of 

the homogeneous equation, we obtain the following form 

for the solution of (12) : 

𝜓1
∗(𝑟∗, 𝜃) =

16𝑄∗2

𝑏2(𝜋𝑎𝑏)2𝑅𝑐
(
𝑟∗5𝑐𝑜𝑠𝜃

192
− (

1

4𝑎2
+

3

4𝑏2
)
𝑟∗7𝑐𝑜𝑠𝜃

1152
+

(
1

4𝑎2
−

1

4𝑏2
)
𝑟∗7𝑐𝑜𝑠3𝜃

640
+ ∑ [(𝐴𝑛𝑟

∗𝑛 +
𝑝
𝑛=1

𝐵𝑛𝑟
∗𝑛+2)𝑐𝑜𝑠(𝑛𝜃) + (𝐶𝑛𝑟

∗𝑛 + 𝐷𝑛𝑟
∗𝑛+2)𝑠𝑖𝑛(𝑛𝜃)])     (13) 

𝐴𝑛,𝐵𝑛 , 𝐶𝑛, 𝐷𝑛 are real constants to be determined.  

The main difficulty in solving a biharmonic equation lies 

in obtaining integration constants that allow the solution 

to satisfy zero velocity conditions at the wall. For this 

purpose, the proposed method consists of decomposing 

the whole expression (13) at the wall in Fourier series, 

then by canceling the contribution of each of the 

harmonics at the wall, we obtain a system of algebraic 

equations whose resolution allows to fix the values of 

integration constants to a given order in p. In the case of 

an elliptic cross section of the torus, with semi axes a and 

b, we obtain: 

𝜓1
∗(𝑟∗, 𝜃) =

16𝑄∗2

𝑏2(𝜋𝑎𝑏)2𝑅𝑐
(
𝑟∗5𝑐𝑜𝑠𝜃

192
− (

1

4𝑎2
+

3

4𝑏2
)
𝑟∗7𝑐𝑜𝑠𝜃

1152
+

                       (
1

4𝑎2
−

1

4𝑏2
)
𝑟∗7𝑐𝑜𝑠3𝜃

640
+ (𝐴1𝑟

∗ +

𝐵1𝑟
∗3)𝑐𝑜𝑠𝜃 + (𝐴3𝑟

∗3 + 𝐵3𝑟
∗5)𝑐𝑜𝑠3𝜃 + (𝐴5𝑟

∗3 +

𝐵5𝑟
∗7)𝑐𝑜𝑠5𝜃 + 𝐴7𝑟

∗7𝑐𝑜𝑠7𝜃)                                    (14) 
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Where :  
 

𝐴1 =
375𝑎12𝑏4 + 820𝑎10𝑏6 + 1114𝑎8𝑏8 + 212𝑎6𝑏10 + 39𝑎4𝑏12

360(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐵1

= −
275𝑎12𝑏2 + 725𝑎10𝑏4 + 1030𝑎8𝑏6 + 434𝑎6𝑏8 + 87𝑎4𝑏10 + 9𝑏12

160(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐴3

= −
(𝑎2 − 𝑏2)(275𝑎10𝑏2 + 500𝑎8𝑏4 + 730𝑎6𝑏6 + 132𝑎4𝑏8 + 27𝑎2𝑏10)

480(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐵3

=
(𝑎2 − 𝑏2)(5𝑎2 + 3𝑏2)(175𝑎8 + 340𝑎6𝑏2 + 410𝑎4𝑏4 + 84𝑎2𝑏6 + 15𝑏8)

1920(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐴5

=
(𝑎 − 𝑏)2(𝑎 + 𝑏)2(175𝑎8 + 180𝑎6𝑏2 + 346𝑎4𝑏4 + 52𝑎2𝑏6 + 15𝑏8)

1920(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐵5 = −
(𝑎 − 𝑏)2(𝑎 + 𝑏)2(105𝑎6 + 77𝑎4𝑏2 − 5𝑎2𝑏4 + 15𝑏6)

23040(5𝑎4 + 2𝑎2𝑏2 + 𝑏4)𝐺
 

 

𝐴7 = −
(𝑎 − 𝑏)3(𝑎 + 𝑏)3(15𝑎4 − 34𝑎2𝑏2 + 3𝑏4)

23040𝑎2𝑏2𝐺
 

 

𝐺 = (35𝑎8 + 84𝑎6𝑏2 + 114𝑎4𝑏4 + 20𝑎2𝑏6 + 3𝑏8) 
 

From this latter expression, we directly obtain analytically 

the expressions of the velocities of the secondary flow 

using the relations 𝑣1
∗ =

1

𝑟∗
𝜕𝜓1

∗

𝜕𝜃
, 𝑤1

∗ = −
𝜕𝜓1

∗

𝜕𝑟∗
.  

We also note that in the case of a circular section (a = b = 

1), the relation (14) is identical to the expression 

established by Dean given by : 

𝜓1
∗(𝑟∗, 𝜃) =

16𝑄∗2

(𝜋)2𝑅𝑐
[
𝑟∗

288
−

𝑟∗3

128
+

𝑟∗5

192
−

𝑟∗7

1152
] 𝑐𝑜𝑠𝜃        (15) 

 

4. Results 

Fig. 2 show the axial, radial and transversal velocity 

in the case for uniform curvature with 𝑎 = 2, 𝑏 = 1 

and 𝑄∗ = 1 , the results shows that there is a secondary 

flow for curved elliptic channel as shown by the plot of 

the streamlines for the flow, and that the obtained results 

are in total agreement with those of Cumming [3] . 
 

(a)                                         (b) 

 
             (c)                                         (d) 

Fig. 2 : Contour plots of components of u0
∗   and ψ1

∗  : (a) 

Velocity axial at O(Dn
0) with a = 2b;  (b) Solution at 

O(Dn
1) with a = 2b (Semi-analytical method);  (c) 

Velocity axial at O(Dn
0) with a = 2b; (d) Solution at 

O(Dn
1) with  a = 2b (Cuming) 

 

 

 

                      (a)                                      (b) 

Fig. 3 : Contour plots of components of u0
∗   and ψ1

∗  with 

a = b = 1 : (a) Velocity axial at O(Dn
0) (Poiseuille flow), 

(b) Solution at O(Dn
1) (Dean flow)  

 

 

5. Conclusion 
The main interest of the proposed semi-analytical 

method, which give the exact result of Dean in the case of 

circular cross section and the same result as Cumming in 

the elliptic case is that the method is suitable for other 

geometries for which explicit solutions are not available. 
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