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A mesh-free approach for the simulation of incompressible flows
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Abstract:

In this work, we propose to investigate numerically the in-
compressible flows by the Asymptotic Numerical Method
(ANM) with the Moving Least Square (MLS). The mathe-
matical formulation is based on the Navier-Stokes equations
written in a strongly formulation to avoid all difficulties of
the numerical integration. The used algorithm is developed
to investigate the effective of the ANM with the MLS in the
strongly formulation.
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1 Introduction

Several methods have been proposed to solve several prob-
lems of fluid mechanics. The concept of each method dif-
fers from one problem to another depending on the diffi-
culties encountered during the discretization or resolution.
The cost time has always been an important parameter of
these methods. This factor has limited the use of some
of these methods and it has motivated others which have
been successful in recent years. Among these methods,
meshless methods have been developed rapidly as tools of
discretization and approximation. Most of these methods
have been mainly, attending to solve problems mechanics
[1]. Their theoretical foundation allowed the researchers to
avoid problems related to the mesh. Indeed, these mesh-
less methods have been proposed to solve the mesh genera-
tion problems encountered in classical numerical methods
such as finite elements and finite volumes for complex prob-
lems. This advantage makes it possible to freely add and
delete points of the mesh generated inversely to the finite
element method requiring adaptive re-meshing with a high
cost time.

Especially designed to solve fluid problems, several mesh-
less methods are developed and used to solve the Navier-
Stokes equations [2, 3].

In this work, we propose to investigate numerically the in-
compressible fluid flows by the ANM with MLS. This al-
gorithm is based on the use of the Asymptotic Numerical
Method [4] with MLS [1] as a discretization method. The
performance of this algorithm will be tested on an exam-
ple of backward-facing step [5]. The results obtained using

our approach will be compared with those obtained by the
Newton-Raphson method with MLS.

2 Governing equations

The two-dimensional incompressible flow of a fluid is com-
pletely described by the Navier-Stokes equations. If §2 is the
domain occupied by the fluid and 0f2 is its boundary, these
equations are written in the steady state as follows:

p(VNV)W = —VP+uVV+f in Q
V.V =0 n Q
14 = AV over 08y
f = MFy over 0f),

ey
where p is the fluid density, p is his dynamic viscosity,
V =T< u, v > is the velocity field, P is the hydrostatic
pressure, V; and F; are the Direchlet and Neumann bound-
ary conditions respectively and A is a control parameter. In
order to satisfy the incompressibility condition, we intro-
duce the penalty method to express the pressure field versus
the speed field. The problem (1) becomes:

p(VV)W = —VP+uVV +f in Q
P = ¢V.V n Q
\%4 = AV over 0y
f Ay over 0%,

2
This problem can be writing in a quadratic form (3) for the
used algorithm to be easy applied:

LV)+GP)+Q(V,V) = AF in Q

P—¢D(V) =0 n Q

%4 = AVg over 0Q4
(3)

3 Resolution strategy

The problem (3) is a non-linear system that requires nu-
merical resolution techniques such as iterative or Newton-
Raphson methods. For that, we propose an algorithm based
on the following steps: Development of Taylor series, ap-
proximation MLS meshless type followed by a continuation
procedure.
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3.1 Taylor series expansion

In order to transform the nonlinear problem (3) into a se-
quence of linear ones, the variables (V, P, \) of (3) are
sought in the Taylor series development with respect to a pa-
rameter of path ”a” defined by the famous arc-length con-
tinuation method [4]. The expansion development is de-
fined by:

\%4 VO i=k V;
P y=q P o+> 4P 4)
A /\0 i=1 /\i

with (Vp, Py, Ao) are the initial considered known variables
at each branch of the solution and (V;, P;, ;) corresponds
to the solutions at order i. This series development is in-
jected into the problem (3) and by identifying each term
according to the powers of the parameter "a", we obtain a
succession of linear systems all having the same tangent
operator that are easy to solve. These linear systems are de-

fined at each order by:

Atorder: = 1:
L,(Vi)+ G(Py) = AF
Py —¢D(W) =0 ®)
<V>{}+A =1

Atorder2 <i < k:

Li(Vi) + G(F;) = NF+FM
P; = £D(V;) =0 (6)
<V > {V;} +XMN = 0

where L;(e) = L(e) + Q(Vo, ) + Q(e, Vp) and
Frl= =572 Q(Vr Viey)

3.2 MLS approximation

So many physical and mechanical problems in particular
have been solved using conventional discretization meth-
ods such as the finite element method. These methods of-
ten face computational cost difficulties required by adaptive
re-meshing to the state of the problem treated especially
for complex problems in large deformations. To overcome
these disadvantages, meshless methods have been success-
fully developed. We use among these MLS meshless pre-
sented in [6, 7] for approximate the unknowns of the prob-
lem at any point M (x,y) of support {2, as follow:

(M

WVt = [@v{Vs}
Py = [®p[{Ps}

where [®y/] and [®y/] are the matrices with the size (2x2N)
and (1 x V) respectively which are constructed by the MLS
shape function with N is the neighbors in the support do-

main (2,. Taken into account of these approximations and
adopting an assembly technique in the whole neighbors for
all points in domain, we obtain the compact problem de-

scribed by:

Atorder: = 1:
(K(Vo){Vi} + [K{P} = M{F}
[Kp{ P} — [Kal{V1} =0 ®)
<V1>{V1}+)\% = 1

Atorder2 <i < k:

[K(Vo){Vi} + [K { P}
K P} — [Kal{Vi}
<Vi> {Vl} + A

M{F} + (P
0
0

©))
To solve the obtained problem verified by the speed and
pressure fields. By the penalty method, we transform this
problem into a problem with the velocity as unknown as

follow:
[Kr(Vo)l[{V1} = M{F} in Q
{Vl} = )\1{Vd} over 0f)
<V >{"n}+ )\% = 1

(10)
Atorder2 <i < k:

[Kr(Vo){Vi} MNAFY+{FM} in Q
{Vi} = M{Vi} over 09
<Vi>A{Vi} + M\ 0

(1)

3.3 Continuation technique

For the calculation of the whole solution, we use the tech-
nique of continuation [4] which consists in estimating the
range of validity of the series of Taylor by the criterion
Gmaz following:

_ (AN
fmaz = ( |{vk}||) (12

where € is a tolerance parameter and || e || is the Euclidean

norm. In addition, this technique consists in considering
the point ({V (@maz)}, AM@maz) as being the starting point
({Vo}, Ao) of the following branch. The whole solution
of the problems (10, 11) is determined branch by branch
(8,6, 7].

4 numerical application

To evaluate the efficiency of the algorithm developed in
the previous sections, we propose a numerical test of the
flow problem in a backward-facing step [5]. The geome-
try and the boundary conditions are presented in figure (1)
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of the following characteristics: | = 1m, b = 2.5m and ,
L = 18m. The Reynolds number is defined by Re = %
with p = 1K g/m? and = 0.1K g/(m.s).
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Figure 1: Geometric of backward-facing step

We choose a truncation order of series k = 15 and a toler-
ance parameter ¢ = 10~%. The MLS shape functions pre-
sented in [6, 7] are used with the radius h of support domain
is chosen in this study as follows:

— ] YA —
h=dyA d=3 (13)

with A is the area of the estimated domain and N, = 7081
is the number of nodes covered by the domain with the
area of A. The results obtained are compared with those
obtained using a predictor-corrector algorithm based on
the coupling of the Newton-Raphson method with MLS
method.

In figure 2, horizontal and vertical velocity profiles versus
Reynolds number at the point M (3.5, 0.25) computed with
the present approach are compared with those given by the
Newton-Raphson method with also MLS. The results are in
good agreement with a saving of cost time in terms of tan-
gent matrix inversions with our approach (ANM with MLS
20 inversions and Newton-Raphson with MLS 2624 inver-
sions ).

—o— ANMwich MLS. o VM ith VIS
= = Nenelom-Raphson with MLS! ~ — Newton-Raphson with MLS.
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Figure 2: Evolution of the x-component and y-component
of velocity versus Reynolds number

Streamlines are plotted in figures 3 and 4 for Reynolds num-
bers equal to 94 and 924 respectively, showing the vortex-
flows in the backward-facing step. This vortex-flows are
coherent with those found in the literature [5].

Figure 3: Streamlines for the backward-facing at Re = 94

Figure 4: Streamlines for the backward-facing at Re = 924

S Conclusion

In this work, we have proposed and developed a meshless
approach based on the Asymptotic Numerical Method for
solving the Navier-Stokes equations in the two-dimensional
stationary case. The MLS method has been used in the
ANM method. According to these obtained results, we note
that the used algorithm is effective to solve the incompress-
ible fluid equations. The work is in progress to extend this
technique to compressible fluid flows.
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