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Abstract:
In this work, we study the forced nonlinear vibrationswith
large amplitude and large torsion of composite thinwalled
beams with open variable cross sections under external
dynamic loads using a high order implicit algorithm. The
used algorithm is based on the temporal and spatial dis-
cretizations, the homtopoy transformation, Taylor series
expansion and the continuation technique. A 3D beam el-
ement with two nodes and seven degrees of freedom per
node is adopted. The obtained results are compared with
those computed by the industriel Abaqus code.

Keywords: Composite thin-walled beam, open vari-
able cross section, large displacement, large torsion,
forced nonlinear vibrations, Newmark implicit scheme,
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1 Introduction
For about a century, many industrial sectors have sought
to strengthen and at the same time lighten the structural
solutions to optimize the efficiency and cost of struc-
tures. Among them are the civil, mechanical, naval and
aerospace industries. This has led to an increasing use of
thin-walled open-section structures such as cold-formed
steel girders, steel and concrete girders, ship hulls, trape-
zoidal steel sheets and other structures in which a dimen-
sion is small compared to other dimensions. The use of
rigid beams that have a slight weight encourages industri-
als to use composite beams with open and variable sec-
tions.
To ensure the use of thin-walled composite beams, it is
important to study their behavior when it is subjected to
external dynamic loading. Several efforts have been de-
voted to this research domain. Many finite element mod-
els have been proposed to study the linear and nonlinear
dynamic responses of these thin-walled structures with
constant and variable open sections under these external

loadings.
This work deals with the study of forced nonlinear vibra-
tions with large amplitude and large torsion of composite
thin-walled beam with open variable cross sections under
external dynamic loads. The free vibrations of composite
beams have been studied in [1] using the thin tube theory
for analyzing thin-walled composite beams. This study is
focused on an analysis of free vibrations of a composite
thin-walled beam with open and variable cross section.
We propose in this work to study the nonlinear forced vi-
bration of this structures type. The influence of the sec-
tion and the material effect on the vibrational behavior of
thin-walled beam is also studied. The nonlinear dynamic
behavior of this structures type is investigated by a high
order implicit algorithm [2]. This algorithm combines the
discretization procedures in space and time respectively,
homotopy technique, Taylor series representation and a
continuation procedure.

2 Governing dynamic equations and reso-

lution strategy

Consider a composite 3D thin-walled beam of length L
and open variable cross section of area A(x). The used
rectangular cartesian co-ordinates system is Gxyz with
origin at G, Gy and Gz are the principal bending axes
and Gx is the axial axis (see figure 1). The co-ordinates
of shear point C located in Gyz plane are yc, zc. An ar-
bitrary pointM of a section is defined by its coordinates
(y, z, ω); with ω is the sectoriel coordinate. The displace-
ment components uM , vM and wM at point M are ex-
pressed by the following relations [3]:
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{UM} =


uM = u− yαz − zαy − ω(y, z)θ

′

x

vM = v − (z − zc)s+ (y − yc)c

wM = w + (y − yc)s+ (z − zc)c
(1)

with:{
c = cos(θx)− 1 , s = sin(θx)

αy = (1 + c)w
′ − v′

s , αz = (1 + c)v
′
+ w

′
s
(2)

where u represents the axial displacement of G, the
transversal components v and w represent the displace-
ments of shear point C in y and z directions and θx is the
torsion angle.

Figure 1: Thin-walled variable open section beam and co-
ordinates of the pointM on the cross section

The governing dynamic equations are obtained from the
principle of virtual work: δ(T + U −Wext) = 0; with
δU is the virtual strain energy, δT is the virtual kinetic en-
ergy and δWext is the virtual work of the external forces.
The discretization of governing dynamic equations by the
finite element method using a 3D finite element beam
with two nodes and seven degrees of freedom per node
are given by:

[M ]{r̈}+ [C(θ̇, θ̇)]{ṙ}+ [K(θ, α)]{r} = {Fext} (3)

where [M ] is the mass matrix, [C(θ̇, θ̇)] is the damping
matrix, [K(θ, α)] is the stiffness matrix and {Fext} is the
applied load vector. To solve the nonlinear dynamic equa-
tions (3) we adopt the high order algorithm presented in
[3].

3 Numerical applications and discussions
To investigate the influence of composite sections on the
behavior of the thin-walled beam and also to show the
importance of using composite thin-walled beams with
variable open cross section, we analyze the dynamical be-
havior of this beam for two cases: the first concerns the
free vibration and the second is dedicated to the nonlinear
forced vibration.

3.1 Linear case
In this section, we study the linear free vibration of comp-
site thin-walled beam with variable open cross section.
Indeed we consider a clamped-free bi-symmetrical com-
posite beam of length L = 40cm, of an I-section varying
in web height and flange width linearly, while all other
dimensions remain constant (see figure 2-(a)). All nu-
merical analyses performed in this section are the same
data used in [1]. The geometric characteristics of the
extreme end sections of the beam are shown in the fig-
ure 2-(b). The beam is composed of two material types:
flange and web. The mechanical characteristics of the
web areEw = 7.0103KN/cm2,Gw = 2.6103KN/cm2

and ρw = 2.85t/m3 and the mechanical characteris-
tics of the flange are: Ef = 2.1104KN/cm2, Gf =

8.05103KN/cm2 and ρf = 7.85t/m3. The considered
beam is meshed in 20 3D beam elements. In Table (1),
the ten first eigenfrequencies of the free vibrating beam
are presented and compared with those obtained by the
industrial Abaqus code and those given in [1].

Figure 2: Geometrical characteristics of a I section com-
posite thin-walled beam with variable open cross section
and temporal evolution of external dynamic load

ωi [1] present study Abaqus
1 282.5493 284.1088 285.3457
2 974.6288 979.8491 981.7391
3 2244.756 2254.054 2255.276
4 4127.814 4132.001 4132.765
5 6633.401 6640.321 6641.566
6 9762.938 9765.432 9766.941
7 13516.330 13519.899 13520.189
8 17892.780 17895.911 17896.744
9 22891.272 22896.100 22897.243
10 28510.183 28512.002 28512.581

Table 1: Comparison of eigenfrequencies ωi of the com-
posite beam

According to the table (1), we notice that the results are
in good agreement with those calculated by the industrial
Abaqus code and those given in [1].

3.2 Nonlinear case
In order to study the forced nonlinear vibrations of com-
posite thin-walled beam with variable open cross sec-
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tion, we consider the same beam studied in (section 3.1).
This beam is subjected to two temporal eccentric load-
ings F o

y (t) and F o
z (t) applied at point O; with F o

z (t) =

600KNλ(t), F o
y (t) = 100KNλ(t) λ(t) is that plot-

ted in figure 2-(c), eccentricities of these loadings are:
ey = −0.5cm and ez = 4.5cm. Firstly, we study the
influence of the variation of the section on the forced non-
linear vibrations behavior. To do this, we take three val-
ues α1 = 0◦, α2 = 32.0054◦ and α3 = 48.3665◦ with
the corresponding heights hA1 = 9cm, hA2 = 14cm,
hA3 = 18cm and hB = 9cm. The nonlinear dynamic
analysis is made in the time range [0, 1s] with a time step
∆t = 10−3s. The problem have been solved by the high
order implicit algorithm with a truncation order p = 12

and a tolerance parameter ε = 10−6. The obtained re-
sults are compared with those obtained by the industrial
Abaqus code, using (30 × 2 × 3 = 180) 3D-Shell ele-
ment « S8R » and with the same time step. The figure
(3) presents the temporal evolution of the torsion angle
component θx for different values of α.

Figure 3: Temporal evolution of the component θx

The obtained results are in good agreement with those cal-
culated by the industrial Abaqus code. In addition, this
study shows that the axial variation of the open cross sec-
tion achieved by varying the values of the angle α which
has a significant influence on the dynamic responses of
the thin-walled beam. Secondly, we study the effect of
composite section on the dynamic response of composite
thiw-walled beam with open variable cross section. For
this, the study is analyzed with the ration ri = Ef/Ew

for a fixed value of Ew = 70Gpa.

ri
Flange Web

Ef νf ρf EW νW ρW
r1 = 1 70 0.34 2.85 70 0.34 2.85
r2 = 3 210 0.3 7.85 70 0.34 2.85
r3 = 5 350 0.25 3.95 70 0.34 2.85
r4 = 0.71 50 0.3 1.8 70 0.34 2.85

Table 2: Values of mechanical characteristics of used ma-
terials

The figure (4) shows the temporal evolutions of the dis-
placements components u, v,w and θx of composite thin-
walled beam with open variable cross section.

(a) Temporal evolutions of u (b) Temporal evolutions of v

(c) Temporal evolutions of w (d) Temporal evolutions of θx

Figure 4: Dynamical response of thin-walled composite
with open variable cross section for different values of ra-
tio ri

According to figure (4), we note that the obtained results
are in a good agreement with those calculated by the in-
dustrial Abaqus code. On the other hand, we remark that
when the ratio ri increases the effect becomes important
and the amplitude decreases. In addition, we notice that if
the material used in the flange is more rigid than the other
used in the web the amplitude decreases and the beam be-
comes more rigid and in contrary if the material of the
web is more rigid. The influence of composite sections is
remarkable, thus, the amplitude of the forced vibrations
decreases in a considerable manner.

4 Conclusion
This work is dedied to investigate numerically the behav-
ior dynamic of thin-walled composite beams with open
variable cross section subjected to external arbitrary load-
ings by the high order implicit algorithm. The obtained
results are compared with those calculated by the indus-
trial Abaqus code. Indeed this comparison shows that
these results are consistent and illustrate the performance
of this algorithm.
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