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Abstract 

The dynamic analysis instability of axially moving 

rectangular composite graphene sheets with visco elastic 

foundation is modeled and numerically simulated for various 

boundary conditions based on the differential quadrature 

method (DQM). The partial differential equation of motion 

based on the nonlocal elasticity and the Kirchhoff plate 

theories is given. The Galerkin and harmonic balance 

methods are used for the linear and parametric vibration 

analysis. The influences of nonlocal parameter, the fibers 

orientation and the viscoelastic foundation effects on the 

dynamic behaviors of the rectangular graphene sheet as well 

as the instabilities induced by the time dependent axial speed 

and its excitation frequency are investigated.  
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1. Introduction 

Vibration analysis of structures traversed by moving load is 

a well-known subject in structural mechanics and has been 

of great interest in many engineering disciplines and studied 

by many researchers. Several researches for the description 

of dynamic responses of the isotropic beams and plates due 

to the moving loads and masses based on the various 

methods were developed.  A recent study by Nami and 

Janghorban [1] proposed the dynamic analysis of isotropic 

nanoplates subjected to moving load using state-space 

method based on nonlocal second order plate theory. 

Vibration response of CNTs is considered by many 

investigators using local and nonlocal theories. Analytical 

and numerical modeling of higher order free vibration 

characteristics of single walled Carbon NanoTubes and CNT 

conveying fluid have been elaborated by Azrar et al [2-3].  

In this paper, the problem of composite nanoplates traversed 

by a time dependent moving axially load is studied and the 

dynamic behavior of the system components is investigated.  

A numerical procedure based on the differential quadrature  

method and multimodal formulations has been elaborated for 

the linear dynamic and parametric instabilities of axially 

moving load. Frequency and time domains are considered 

and instability analyses have been performed with respect to 

the considered influencing parameters based numerical 

procedure. 

2. Mathematical formulation 

Based on the nonlocal and Kirchhoff plate theories, the 

partial dimensionless differential equation of motion for 

axially moving composite nanoplates with visco-elastic 

foundation is given by: 
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where w, KE, KG and CE are the dimensionless transvers 

deflection, Winkler foundation modulus, the shear layer 

foundation stiffness of Pasternak model, and the damping 

coefficient of the foundation respectively. 𝜇 is the nonlocal 

parameter, V is the dimensionless axial speed. 𝜆 = 𝑎/𝑏 in 

which a and b are respectively the length and width of the 

graphene sheet. 

The transformed reduced stiffness constants 𝜂12, 𝜂22, 𝜂16 

𝑎𝑛𝑑 𝜂66 are given by:  
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where 𝑐 = cos(𝜃) ; 𝑠 = sin (𝜃) and 𝜃 is the angle between 

the fiber direction and the longitudinal axis of the plate. The 

reduced stiffness constants 𝑄11, 𝑄22, 𝑄12 and  𝑄66 are given 

by 
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where 𝐸1, 𝐸2, 𝐸12 and 𝜐12are the mechanical  elastic 

constants of rectangular plate and the coefficient 𝜐21 can be 

determined according to the following relation 

1 12 2 21/ /E E    

Various boundary conditions are considered. 

Based on the differential quadrature method in the space 

domain, Equation (1) can be rewritten in the following 

matrix form: 
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where the matrices M, C and K are given by: 
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The expressions of 𝐻𝑖,𝑗
𝑘,𝑙

 are omitted here due to limited 

space.  

3. Flutter and divergence formulations 

For the analysis of complex eigenmodes and associated 

complex eigenfrequencies, the problem (2) is reduced to the  

following speed dependent eigenvalue problem:  
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For dynamic analysis, the frequency and time domains are 

considered and the focus is first on the frequency domain. 

4. Dynamic stability analysis 

In this paper, a pulsating force is considered and the axially 

speed is assumed to be harmonically fluctuating and has the 

following dimensionless form: 

 0( ) 1 cos( ) (4)V V    

where V0 is the mean of dimensionless axially speed, η the 

amplitude of the harmonic fluctuation and Ω its frequency. 

The deflection of the nanoplates can be approximated by the 

first 𝑁 modes using the Galerkin procedure.   
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where 𝜑𝑖(𝜉, 𝜁) and 𝑞𝑖(𝑡) are the numerical eigenmodes and 

the unknown functions of time. Substituting Eqs. (4), (5) into 

(2), and according to the orthogonal property of the 

eigenmodes, the following differential equation is obtained:   
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where the matrices C1, K1 and K2 are given by: 

  

  

  

1 2 3 2 (1,2)

1 , 0

2 2 4 2 (2,2) 2

1 , 0

2 2 4 2 (2,2) 2

2 , 0

2 2 ;

2 ;

;

x x x y

x x x y

x x x y

C H H H V

K H H H V

K H H H V

 

 

 

  

  

  
 

5. Parametric instability formulation 

The generalized coordinate qj(τ) is assumed periodic and is 

expressed in the following form [4]: 

0
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Based on the two-mode and one-harmonic approaches the 

instability boundaries can be obtained by solving the 

following nonlinear algebraic equation. 
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The expressions of the coefficients 𝛽0, 𝛽2, 𝛽4, 𝛽6, 𝛽8 are 

omitted here due to limed space. 

Based on these relationships, the parametric instability 

analysis can be elaborated. The effects of the considered 

parameters on the divergence, flutter and parametric 

instabilities can be investigated.  
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6. Numerical results 

In this section, numerical calculations of the vibration of 

composite graphene sheets with the small scale, axial speed 

and viscoelastic foundation effects are performed. The 

material constants used in these calculations are defined in 

table 1. 

Material E1(GPa) E2 (GPa) G12 υ12 ρ(Kg/m3) 

M2 208 18.9 5.7 0.23 2000 

Table 1: Material properties of composite graphene sheet 

 

B.C 
method 

Mode sequence number 

1st 2nd 3rt 4th 

SSCC DQM 4.019 4.3865 5.098 6.064 

FEM [4] 4.02 4.39 5.10 6.07 

SCCC DQM 4.051 4.5006 5.293 6.310 

FEM [4] 4.05 4.50 5.29 6.31 

CCCC DQM 4.806 5.1025 5.704 6.573 

FEM [4] 4.81 5.10 5.70 6.57 

Table 2: Frequency parameter for orthotropic plates with 

various boundary conditions, where μ=0, θ=0, V=0. 

The first fourth dimensionless natural frequencies of 

orthotropic plates without Winkler-Pasternak visco-elastic 

foundation and axial peed are calculated by the present 

analysis and compared with Xing and Liu [4], using finite 

element method for different boundary conditions are are 

presented in Table (2). It can be seen; in this comparison 

study that very good agreements are achieved. 

 

Figure 1. Effect of the axial speed on the divergence and 

flutter behaviors of a clamped graphene sheet case, with 

μ=0.005, KE=80; KG=80; θ=0. 

Figure (1) shows the real and imaginary parts of 

dimensionless frequencies for clamped boundary conditions. 

It can be seen that increasing the axial speed, the real part 

decreases and the imaginary part would reduce, and at axial 

speed equal to 14.5 the imaginary and real parts of the 

dimensionless frequency reaches zero for the first mode. 

This would correspond to a divergence instability for the 

graphene sheet. At the divergence instability the axial speed 

is independent of the vibration frequency, since it is a static 

behavior. When the dimensionless axial speed reaches 18,  

the coupled-mode flutter could occur, and at this point, the  

first and the second modes would combine with each other. 

  

 

 

 

 

 

 

 

 

Figure 2. Parametric instability regions of a clamped 

graphene sheet with respect to the fibers orientation θ with 

μ=0.005, V0=4.  

The evolutions of the parametric instability frequencies and 

the associated bifurcation points for different fiber angle and 

a fixed static speed V0 =4 in the buckling zone as shown in 

figure 1 are presented in Figure 2. It can be seen from this 

figure that with the increase in the fiber angle from 0 to π and 

the dimensionless axial speed the instability zone increases. 

7. Conclusion 

The vibration and instability of nanoplate with visco-elastic 

foundation are analyzed on basis of the nonlocal elasticity 

and the Kirchhoff plate theories. The fundamental 

frequencies and the instability regions are determined and 

discussed. The effect of the orientation fibers is investigated. 

Based on the times analysis, it is observed that the free 

vibration diverges when the parameters η and Ω are chosen 

in the unstable regions. 
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