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Abstract:
A multimodal vibration energy harvesting in a periodic
system is proposed. The multimodal approach and the
nonlinearity are implemented in order to improve the
performances of the studied device. The periodic sys-
tem, based on electromagnetic transduction, consists of
two weakly coupled magnets mechanically guided by two
elastic beams. The quasi-periodic system is obtained by
varying the mass of one of the moving magnets which
leads to the vibration energy localization in regions close
to the imperfections. This phenomenon is exploited to
maximize the harvested energy. The mechanical nonlin-
earity is introduced by considering large displacements of
the beams. The system is modeled by two coupled forced
Duffing equations. The governing equations are solved
using finite difference method combined with arc-length
method. It is shown that the introduction of the nonlin-
earity leads to the enlargement of the bandwidth and the
increase of the amplitude of the vibration.

Keywords : Vibration energy harvesting, multimodal
method, energy localization, nonlinearity, quasi-periodic
structure.

1 Introduction
Over the past few years, the diversity of ambient sources
of energy arouses researchers to make its scavenging a
major challenge [1]. In order to remote systems from re-
newable power and to replace batteries, many efforts have
been developed with the aim of exploiting the omnipres-
ence of vibration energy. Therefore, various techniques
based on different conversion mechanisms have been de-
veloped [2].
Although the evolution in this domain is continuous, most
devices operate on a narrow frequency band, which lim-
its their application in areas where energy prevails over a
large frequency band [1, 3]. To overcome this problem,
several approaches have been proposed such as the intro-
duction of nonlinearities [4], the adoption of multimodal

configurations [3] and the energy localization [5, 6], etc.
In this context, systems generating electricity from ambi-
ent vibrations have become a focus of interest of academic
and industrial research.
In this work, a multimodal vibration energy harvester
(VEH) is proposed. While focusing on the performances
improvement, introducing nonlinearity by considering
large displacements of beams and perturbing the struc-
ture by changing mass of one of the moving magnets [7]
is investigated . The nonlinearities and the mistuning in-
troduced in the model allow enlarging the bandwidth and
localizing the energy.

2 System modelling

2.1 Design
The proposed harvester shown in Figure 1 is inspired from
the existing work of Mahmoudi et al [4] . It is composed
of two weakly coupled magnets guided by elastic beams.
Copper coils are wrapped around the moving magnets. A
current is induced in coils when magnets oscillate around
their equilibrium positions (Lenz’ low). This current will
be exploited to harvest energy.

Figure 1. The proposed multimodal VEH device based
on electromagnetic transduction
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2.2 Governing Equations
The fourth order partial differential equations governing
the continuum system can be derived using the Hamilton
principle. Then, a reduced-order model can be generated
by Galerkin method. The system can be transformed into
a finite degree-of-freedom system in terms of generalized
coordinates.
We consider, in this study, two moving magnets as shown
in the equivalent model, Figure 2. The system of two
identical center masses is modeled using two degrees of
freedom (dofs) Duffing equations as shown in the system
of equations below:{

ä1 + ctȧ1 + ω2
0 [(1 + 2β)a1 − βa2] + fnla

3
1 = (1 + g)Ÿ

ä2 + ctȧ2 + ω2
0 [(1 + 2β)a2 − βa1] + fnla

3
2 = (1 + g)Ÿ

(1)

ct = 2 ξ ω0m, ω2
0 =

klmec

m
, β =

klmec

kmg
, fnl =

knlmec

m
(2)

Where a1 and a2 are the generalized coordinates, ct is
the total damping factor which is the sum of mechanical
c and ce electrical damping, ω0 is the eigenfrequency of
each decoupled dof, m is the equivalent mass, β is the
coupling coefficient, klmec is the linear mechanical stiff-
ness, knlmec is the nonlinear mechanical stiffness, fnl is
the nonlinear term which contains only the mechanical
nonlinearity resulting from the large displacements of the
beams, g is the mass ratio and Ÿ is the acceleration of the
basis excitation as shown in Figure 2.

Figure 2. The equivalent two dof model of the VEH

The parameters shown in Figure 2 are Rload and Rint the

load and internal resistances of the coil attached to the
load circuit for energy harvesting.
It is assumed that the magnetic nonlinearity is neglected
compared to the mechanical nonlinearity in the case of a
weak coupling between the two beams.

3 Results and discussion
The frequency responses of the two dofs are obtained by
solving the system of equations using the finite difference
method. The continuation procedure was achieved by the
arc-length method.
As shown in Figure 3 , the amplitude of the fre-
quency response increases significantly in the non-
linear case compared to the linear one. In addi-
tion, we notice that the bandwidth (BW2) after in-
troducing the nonlinearity is enlarged by 45% com-
pared to the bandwidth (BW1) in the linear case.

Figure 3. Linear and nonlinear frequency responses of
the VEH

The performed simulations of these frequency responses
for linear and nonlinear cases are evaluated with acceler-
ations of a basis excitation respectively equal to 0.6 g and
1g.
The average harvested power is expressed as follows:

P = Rload(
δ ω0

Rint +Rload
)2[a21max + a22max] (3)

Where δ is the electromagnetic coefficient defined as the
variation of the magnetic field through the coil.
The numerical value of this coefficient is estimated by
FEMM software and is equal to 1.04 V s m−1 .
With Rload = 12Ω , the harvested power is equal to
24mW .

3.1 Effects of mistuning
In the case of mass mistuning , the system governing the
proposed VEH can be expressed as follows:
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{
ä1 + ctȧ1 + ω2

0 [(1 + 2β)a1 − βa2] + fnla
3
1 = (1 + g)Ÿ ,

αä2 + ctȧ2 + ω2
0 [(1 + 2β)a2 − βa1] + fnla

3
2 = (α+ g)Ÿ

(4)
where α is the mass mistuning coefficient. It represents
the ratio between the masses of the unperturbed moving
magnet to the unperturbed one.
Figure 4 illustrates the frequency response for nonlinear
periodic and quasi-periodic structures with β = 0.008,
an acceleration equal to 1 g and a mistuning α = 1.01.
As depicted in this figure, the introduction of mistuning
in the studied system improves the bandwidth. We can
notice that BW3 is higher than BW2 (Figures 3 and 4).
The bandwidth is increased by 25% compared to the non-
linear case without mistuning and by 83% compared to
the linear case.
On the other hand, the amplitude of the perturbed dof was
increased compared to the amplitude of the unperturbed
dof. This phenomenon, called energy localization, can
be considered as a source of energy enhancement.
With α = 1.01 and Rload = 12Ω, the har-
vested power, in this case, is equal to 30mW . The
harvested power is enhanced by 25% compared to
the results of periodic and quasi-periodic systems.

Figure 4. Effect of mistuning

4 Conclusions
In this paper, a multimodal vibration electromagnetic har-
vester has been studied. The mechanical nonlinearity in-
troduced in the periodic system enhances the amplitude
of vibration and enlarges the bandwidth as well. Mass

mistuning technique was also considered. Its effect on
frequency response as well on the harvested power was
investigated. The obtained results show that the mass per-
turbation of one of the moving magnets increases more
the amplitude and the bandwidth of the quasi-periodic
system. Thus, theses aspects can be exploited in a way
to improve the harvested power from a VEH.
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