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Abstract. Recently, spherical microphone arrays (SMA) have become increasingly significant for source 
localization and identification in three dimension due to its spherical symmetry. However, conventional 
Spherical Harmonic Beamforming (SHB) based on SMA has limitations, such as poor resolution and high 
side-lobe levels in image maps. To overcome these limitations, this paper employs the iterative generalized 
inverse beamforming algorithm with a virtual extrapolated open spherical microphone array. The sidelobes 
can be suppressed and the main-lobe can be narrowed by introducing the two iteration processes into the 
generalized inverse beamforming (GIB) algorithm. The instability caused by uncertainties in actual 
measurements, such as measurement noise and configuration problems in the process of GIB, can be 
minimized by iteratively redefining the form of regularization matrix and the corresponding GIB 
localization results. In addition, the poor performance of microphone arrays in the low-frequency range due 
to the array aperture can be improved by using a virtual extrapolated open spherical array (EA), which has a 
larger array aperture. The virtual array is obtained by a kind of data preprocessing method through the 
regularization matrix algorithm. Both results from simulations and experiments show the feasibility and 
accuracy of the method. 

1 Introduction  
Over the last two decades, spherical microphone arrays 
have been variously applied to localize and identify 
aeroacoustics source in 3D sound field [1,2,9] due to the 
directivity of the whole space and the flexibility of 3D 
beam pattern synthesis [3-5]. Various beamforming 
algorithms can be combined with the spherical 
microphone arrays for solving localization and 
identification. As a basic approach, conventional 
beamforming is more simple and robust in far-field [4,6] 
but it is restricted by the poor spatial resolution and the 
high sidelobe levels at low frequency [2,3-6].  

To improve the spatial resolution and to suppress 
the disturbing sidelobes, Suzuki proposed the 
generalized inverse beamforming (GIB) [7,12,13], 
achieving higher computational efficiency and 
localization accuracy compared with conventional 
beamforming approaches. However, there are two main 
limitations of GIB. Firstly, the uncertainties in actual 
measurements, such as measurement noise and sensors 
configuration, will lead to instability and errors in the 
GIB [10,12,13]. Secondly, the GIB algorithm is also not 
effective in the low-frequency range because of physical 
and practical limitations, such as the number of 
microphone sensors and the aperture of the array in the 
acquisition system.  

In order to solve the problem mentioned above, this 
paper utilizes the double iteration generalized inverse 
beamforming (DI-GIB) and a novel kind of spherical 
array extrapolation method. The inverse problem can be 
stabilized by iterating the beamforming regularization 
matrix initially and the localization accuracy can be 
further improved by the next iteration [14]. A virtual 
extrapolated array (EA) with a larger array aperture can 
be obtained according to the received signal of the open 
spherical microphone array without increasing the array 
element, which will strengthen the performance of the 
beamformer at low frequency.  

This paper is organized as follows. In Sec. 2 a very 
brief overview of the theory is given, regarding spherical 
microphone arrays algorithm and array extrapolated 
method based on the inverse problem regularization 
theory. Simulations illustrate the performance of the 
proposed method in Sec. 3. Section 4 is devoted to 
validate the correctness of the simulation conclusions 
and effectiveness of these methods in experiments. 
Conclusions are drawn in Sec. 5.  

2 Theory  

2.1. Array extrapolated using open spherical 
arrays 
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In this paper, the inverse problem theory is adapted to 
sound field extrapolation around a microphone array for 
adjacent spatial sound. To improve the performance of 
the algorithm at low frequency, this paper uses an 
extrapolated spherical array with a larger radius, shown 
in Fig.1. This method supposed an envelope between the 
sound source and the actual spherical array. And there 
are some virtual sources on the envelope surface S. 
These virtual sound sources are generated by the actual 
sound source radiation to the envelope surface S [9]. 

Envelope 
surface S

Virtual array 
and sphere  S0

Source

Spherical array
Virtual source

 
Fig. 1. The geometry of array extrapolated. 

The Helmholtz equation is [8] 
 2 2

' '( ) ( ) ( ')r rp a k p a a rδ∇ + = −   (1) 
For sound sources confined in a source volume S, the 
resulting continuous sound field is given by the simple 
source formulation. 
 ( ) ( , ') ( ') ( ')

S
p a G a r q r dS r= ∫  (2) 

where ( , ')G a r denotes the free field green function. 
In the actual numerical calculation, suppose there are K 
virtual sources distributed evenly on the sphere S, so the 
formula needs to be discretized as [7] 

l l k kp(a ) = G(a ,r' )q(r' )                        (3) 

where l kG(a ,r' ) denotes the transfer matrix between 
secondary sound sources and array elements. Through 
the formula (3), the inverse question can be presented in 
different forms  

-1q = G p                                        (4) 
Under the actual circumstance, the number of virtual 

sources used in the inverse problem is always larger than 
or equal to the number of measurement microphone K ≤ 
L. It is an ill-posed question for K > L. Therefore, the 
solution of the inverse problem needs to use a 
regularization method. It is also possible to regularize 
the inverse using Tikhonov regularization 
 { }2 2 2

2arg min || || ( )reg λ= − +q p Gq Ω q   (5) 
where λ stands for the regularization parameter, ||•||2 is 2-
norm, Ω(q)=||Lq||2 which is a smoothing norm of q, 
where L is the penalty matrix. When matrix L is the 
identity matrix, the problem corresponds to the basic 
Tikhonov regularization method. But when L≠In, the 
solution of the functional problem is [12] 

2

H

reg H Hλ
=

+
G pq

G G L L
                              (6) 

where [•]H denotes the complex conjugate transpose. 

In order to avoid the lack of information caused by the 
penalty matrix, the beamforming regularization matrix is 
adopted 

1| |[diag( ) ]
H

H
−

∞

= G PL
G P

                   (7) 

The formula for solving the strength of the virtual 
sources is 

2 1 2[ (| | || || ) ]

H

BF H H Hdiagλ −
∞

=
+

G pq
G G G p G p

    (8) 

Substituting the virtual source strength into Eq. (3), it 
can get the sound pressure approximation in the 
spherical surface S0. Using this method, we are able to 
get an extrapolated spherical array. Assuming that the 
virtual array has M elements with radius r shown in 
Fig.1, the received signal of mth element is 
 (r ) (r , r') (r')v m m BFp = G q  (9) 
The received sound pressure vector of the virtual array is 
 1 2[ (r ), (r ), , (r )]T

v v v v Mp p p= …P              (10) 

2.2 Iterative generalized inverse beamforming 
method 

On the basis of the inverse problem theory mentioned 
above, the Tikhonov regularization solution of source 
strength is 
 { }2 2 2

2arg min || || ( )s v s sλ= − +q P Gq Ω q  (11) 
where G denotes the transfer matrix between sound 
sources and the virtual array elements. In this paper, it is 
assumed that the number of microphones is fewer than 
that of grid points of source scanning plane. An optimal 
inverse solution for Eq. (11) found by solving this least-
mean-square problem is [11,13,14]  
 1 H

vλβ λβ
−=q L G J P                           (12) 

where , , β is the scaling 
parameter.  

                     (13) 

The proposed algorithm (EA-DI-GIB) can be 
realized through substituting Eq (10) into the 
Generalized inverse beamforming and iterate the 
regularization parameters and the beamforming output. 
The iterative process is as follows [13]. 

The first iteration: 
The regularization matrix L can be redefined by the 

solution of generalized inverse beamforming [13].  

( )-1(1) diag H H
v v ∞

=L W P W P             (14) 
(1) 1(1) H

vλβ
−=q L G J P                             (15) 

( )-1( 1) ( ) ( )diagi i i+

∞
=L q q                 (16) 

  ( 1) 1( 1) Hi i
vλβ

+ − +=q L G J P                      (17) 
The second iteration: 
The regularization matrix L can be redefined by the 

cross-spectral form of the final solution of the first step. 
The cross-spectrum of the output of the first iteration 
process is taken as the initial value of the second 
iteration process [13]. 

1−=G GL 1( )H
λ λ −= +J GG I

1 1

2
( )Hβ λ− −= +GL GL I
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(1) ( 1) ( 1)( )n n H+ +=Q q q                           (18) 

 ( )1( 1) ( ) ( )=diagj j j− +

∞
L Q Q                  (19) 

( 1) 1( 1)j j H
vλβ

+ − +=q L G J P                       (20) 
The proposed method is substituting the virtual array 

received sound pressure Eq.(10) into the iterative process 
above mentioned. 

3 Simulation examples 
In this section, simulations are conducted using a 64-
element open spherical array that the elements are 
randomly distributed evenly on the spherical surface 
with a radius of a=0.3m, whose geometrical setup is in 
Fig.2. The distance between the spherical array center 
and the source is 1 m, the sound speed in air is 340m/s. 
The focus surface is assumed to be spherical, where its 
radius equal to 1m and the focus surface are divided to 
37*73 points with an interval [Δθ=5o,Δϕ=5o]. GIB, EA-
GIB and EA-DI-GIB methods are used to focus the 
sound pressure signals sampled by microphones to the 
surface of the interest, and then map the acoustic sources. 

 
Fig. 2. Randomly distributed spherical array. 

3.1 Single source 

This simulation compares the performance of the GIB, 
EA-GIB, and EA-DI-GIB methods for locating the single 

 single source. The point source is located at (1m, 89o, 
160o). Fig.3 and 4 respectively show the acoustic source 
localization images with the signal frequency f=180Hz 
(ka=1) and 540Hz (ka=3). For EA-GIB and EA-DI-GIB 
methods, the radius of the virtual spherical array is set to 
0.45m in Fig.3, and similarly, the virtual spherical array 
radius is equal to 0.4m in Fig.4. In Fig.3 and 4, the GIB 
method can locate the single acoustic source, and it has 
lower sidelobes and narrower main lobe as the signal 
frequency increases. The EA-GIB method has a 
narrower main lobe compared to the GIB method, but its 
sidelobes raise when the signal frequency is increased. 
As a contrast, The EA-DI-GIB method outperforms the 
other method in terms of the sidelobes and spatial 
resolution by combining the array extrapolated technique 
and EA-DI-GIB. Consequently, the EA-DI-GIB method 
is more suitable for locating acoustic sources. 

3.2 Double source 

This simulation examines the performance of the above 
methods for identifying two point sources, where two 
sources respectively are located at (1m, 94o, 78o) and 
(1m, 94o, 259o). The other simulation conditions are the 
same as in section 3.1. Fig.5 and Fig.6 respectively show 
the localization results with signal frequency f=250Hz 
and 500Hz. Three methods are used for source 
localization: GIB, EA-GIB and EA-DI-GIB. In Fig.5, the 
EA-GIB method has lower sidelobes and narrower main 
lobes by exploiting the extrapolated array technique. But 
the EA-GIB method cannot effectively improve the 
localization results, since the advantage of the array 
extrapolated is not obvious for the higher signal 
frequency. As a contrast, the EA-DI-GIB method not 
only sharpens the mainlobe but also removes the 
sidelobe contaminations effectively. Moreover, the EA-
DI-GIB method has better localization performance for 
the higher signal frequency. Thus, the EA-DI-GIB is a 
superior method for locating acoustic source. 

 
(a)                                                         (b)                                                         (c) 

Fig. 3. Acoustic source simulation results of a single loudspeaker source at 180Hz after different post-processing techniques: (a)GIB, 
(b)EA-GIB, (c)EA-DI-GIB. 

 
(a)                                                         (b)                                                         (c) 

Fig. 4. Acoustic source simulation results of a single loudspeaker source at 540Hz after different post-processing techniques: (a)GIB, 
(b)EA-GIB, (c)EA-DI-GIB. 
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(a)                                                         (b)                                                         (c) 

Fig. 5. Acoustic source simulation results of double point sources at 250Hz after different post-processing techniques: (a) GIB, (b) 
EA-GIB, (c) EA-DI-GIB. 

 
(a)                                                         (b)                                                         (c) 

Fig. 6. Acoustic source simulation results of double point sources at 500Hz after different post-processing techniques: (a) GIB, (b) 
EA-GIB, (c) EA-DI-GIB.

4 Validation examples 
With the purpose of validating the correctness of 
simulation conclusions and the effectiveness of the 
proposed method in practical applications, experimental 
measurements are performed using an open spherical 
array and small loudspeakers in a big room. The 
configuration is depicted in Fig.7. The open spherical 
array consists of 64 microphones and its radius is equal 
to 0.3m. Taking the center of the spherical as the origin 
of the coordinate system, two loudspeakers are located at 
(1m, 94o, 78o) and (1m, 94o, 259o), respectively. Sound 
pressure signals received by microphones are acquired 

by Brüel&Kjær PULSE Data Acquisition System. The 
sampling frequency is 65536 Hz.  

 
Fig. 7. Picture of the experiment setup. 

 

(a)                                                         (b)                                                         (c) 
Fig. 8. Acoustic source localization experiment results of a single loudspeaker source at 180Hz (ka=1) after different post-processing 
techniques: (a) GIB, (b) EA-GIB, (c) EA-DI-GIB. 

 

(a)                                                         (b)                                                         (c) 
Fig. 9. Acoustic source localization experiment results of a single loudspeaker source at 540Hz (ka=3) after different post-processing 
techniques: (a) GIB, (b) EA-GIB, (c) EA-DI-GIB. 
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(a)                                                         (b)                                                         (c) 

Fig. 10. Acoustic source localization experiment results of double loudspeakers source at 250Hz after different post-processing 
techniques: (a) GIB, (b) EA-GIB, (c) EA-DI-GIB. 

 
Fig.11. Acoustic source localization experiment results of double loudspeakers source at 500Hz after different post-processing 
techniques: (a) GIB, (b) EA-GIB, (c) EA-DI-GIB. 

Fig.8 and Fig.9 show the localization results of the 
single loudspeaker excited by the mono-frequency at 
180Hz and 540Hz, respectively. It can be seen from 
Fig.8 and 9 that these methods can correctly locate the 
position of the single source. Comparing Fig.8(b) and 
8(a), the EA-GIB method improves the localization 
performance of the GIB method by extrapolating the 
array. However, the EA-GIB method cannot obviously 
improve the localization performance of the GIB method 
at the high signal frequency by comparing Fig.9(a) and 
9(b). It is illustrated that the array extrapolated technique 
is effective for the low signal frequency. As a contrast, 
the EA-DI-GIB method outperforms the other methods 
in terms of spatial resolution and sidelobe suppression. 
From the above, the experimental conclusions are in line 
with the simulation ones, and they have proved that the 
conclusions are correct and the proposed method is 
effective for the practical single source.  

Fig.10 and 11 show the localization results of the 
double loudspeaker synchronously excited by the mono-
frequency at 250Hz and 500Hz, respectively. In Fig. 10, 
the GIB method is unable to identify two sources, and 
the EA-GIB method can locate the positions of two 
sources by exploiting the extrapolated array technique. 
But the sidelobes of the EA-GIB method are still high. 
As a contrast, the EA-DI-GIB method can suppress the 
sidelobes and sharpen the main lobe by combining the 
extrapolated array technique and DI-GIB. In Fig.11, the 
above methods can correctly locate the positions of two 
sources. Moreover, the location performance of EA-DI-
GIB method is better when the signal frequency 
increases. 

5 Conclusions 
A double iteration GIB algorithm has been combined 
with the spherical microphone array to improve the 
localization accuracy. The inverse problem has been 

stabilized by iterating the beamforming regularization 
matrix initially. A higher localization accuracy can be 
achieved through the second iteration. The virtually 
spherical array with a big array aperture is utilized to 
strengthen the performance of the beamformer in the 
low-frequency range in this paper. Both simulation and 
experimental results showed that the proposed method 
can obtain accurate localization results with high spatial 
resolution and narrower main-lobe especially in the low 
frequency range, which demonstrates the potential of the 
method for localizing acoustic sources in actual 3D 
environment. 
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