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Analysis of orthotropic tensegrity plate strips using a
continuum two-dimensional model

Paulina Obara'”

Politechnika Swietokrzyska, Wydziat Budownictwa i Architektury, Al. Tysiagclecia PP 6, 25-314 Kielce, Poland

Abstract. A continuum two-dimensional model of orthotropic moderately thick plate strip is proposed in
this paper. The model considers the different reference planes (lower, middle and upper) thus the different
planes of support may be taken into account. The linear six-parameter and five-parameter shell theories are

applied to the analysis. In case of a considered plate strip a number of parameters are reduced to four and to
three respectively. The closed form of displacements and internal forces for any orthotropic plate strips are
determined. As an example a continuum model of orthotropic tensegrity plate strip is considered. The
influence of the self-stress state and some geometrical parameters on displacements are analyzed. The
proposed approach can be used for all orthotropic systems.

1 Introduction

The concept of tensegrity structures covers trusses
consisting of isolated compressed elements (struts)
inside a continuous net of tensioned members (cables)
[1,2]. The specificity of these structures lies in
infinitesimal mechanisms balanced with self-stress
states. The stiffness of these structures depends on the
self-stress level. Tensegrity as a structural system offers
many advantages over conventional structural systems.

The tensegrity concept has found applications within
civil engineering, including bridges [3, 4], domes [3, 5]
and shells [6]. The one of the widely investigated
applications of tensegrity structures are double-layer
tensegrity grids [7-10]. These systems consist with two
parallel horizontal networks of members in tension
forming the top and bottom layers. The grid nodes are
linked by vertical and inclined bracing members in
compression and tension. These systems can be treated
as plate structures. Tensegrity plate structures can also
be built with tensegrity modules, such as a simplex or an
expanded octahedron [11-13].

The structural behaviour of tensegrity plate-like
structures can be explained using a continuum three-
dimensional model [11-14]. This approach allows
analyzing the influence of self-stress states on the
displacements, strains and internal forces in the
structures.

In the paper, the continuum model of orthotropic
plate strips is considered. The two linear theories are
applied to the analysis — six-parameter shell theory [15-
21] and classical five-parameter shell theory. In analyzed
systems there is no curvature, consequently a model is
simpler than one shown in the mentioned papers. As a
result, the two-dimensional model for moderately thick
plate strips is obtained for both membrane and bending
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deformations. The model considers the different
reference planes (lower, middle and upper) thus in the
analysis the different planes of support may be taken into
account. The proposed approach enables a direct use of
engineering constants for the classical orthotropic
continuum.

The model proposed in this paper can be used for all
orthotropic systems, for example for orthotropic plates
composed of tensegrity modules. A structural behaviour
of tensegrity structures can be considered in a simple
way. The influence of the self-stress state and some
geometrical parameters on displacements can be
analyzed.

2 Material and methods

An orthotropic moderately thick plate with width @ and
constant thickness % in the Cartesian coordinate system
(x1, X2, z) is considered. It is assumed that the plate is of
an infinite extend in the x, direction (Fig. 1). The plate
body is represented by reference surface (2. Three
reference surfaces: the lower £, the middle 2" and the
upper VY are taken into account:

Qf = {xK :(xl,xz)e IT,ze <O;h>}
Q" = (nux)e Mz e (-h2n2) (1)
QY= {xK (x.x,)ell’,z e <—h;0>}
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Fig. 1. Plate strip geometry and coordinate system.

It is assumed that translations and rotations are small,
i.e., the linear theory can be used. In approach, the linear
six-parameter and classical five-parameter shell theory is
applied to the analysis. In plate there is no curvature,
consequently the curvature of tensors b,; and bi, for
a, f,A =12 are equal to zero.

In the first approach a kinematic model is formally
equivalent to the Cosserat continuum [22-25] with six
independent non-vanishing degrees of freedom: three
translations (u1, u2, w) and three rotations (@i, @2, ¥). In
the second — a drilling degree of freedom y (rotation
about the normal to the surface) is omitted. Both theories
take into account the coupling of the membrane state and
the bending state. In case of a considered plate strip a
number of parameters are reduced to four and to three
respectively.

2.1 Linear four-parameter shell theory

Implementation the six-parameter shell theory to the
analysis of plate strip leads to four independent
parameters describing the displacement field:

q(x ):{ul v ¢ W}T ()

The strain field, the internal forces and the external loads
are as following:

8(x1)={7“ LSERISY 713}T
G(xl):{Nn M, M, N13}T (3)

Q(xl):{fl mym fs}T

The stress and strain vector reduced to two components
s1, 85 and e1, es. Consequently the constitutive equations,
in Voight notation, for the linear theory of elasticity are
expressed as:

s, =d, e, s5=dsses “)
where
e =y, tzKy,

€5 =Y13 TZKy3 %)

Coefficients di; and dss are the components of the elastic
matrix for orthotropic material. Below the next reduced
relations and equations are showed:

— the kinematic relations:

du, dy de, dw
=—) Ky =—, K;; = —, = 4+ 6
71 d, 13 d, 1 d, 73 =9 dr, (6)
— the internal forces:
Ny =[sdz, My, =s;zdz

’ (7
M, =\|szdz, N, :Jssdz

z

— the equilibrium equations:

dN,, aM

+ £, =0, +m, =0
dx, / dx, s
d]\/[1 1 dN. ®)
L+ Ny +m, =0, B4+ f=0
X, dx,

Finally the equilibrium equations (8), in the non-
dimensional coordinate & = x, /a, can be written as:

Lq(¢)=-a*Q(¢) ©)

where:

AL, 0 AL, 0
- 0 B,L, 2aBlL2 B,L, (10)

AL —-aBL, —-aB,+4,L, —aB/L,

0 BL, aB,L, B,L,
2 d

wherein L, = — and L, = % are the differential

operators and parameters A4, and B; depend on the
reference surfaces (Table 1) and are expressed as:

A =hd,, B=ahd, Pr i=012 (11)
where «; is the shear correction factor.

Table 1. Formulas of parameters depending on the reference

surfaces.
surface
parameter

lower middle upper
hy h
hy h* )2 0 —n?)2
h, n /3 w12 /3
A, hd,|,
A, nd,, |2 0 -h’d,, 2
4, nd, /3 nd, 12 nd, /3
B, ayhds
B, ah’dss 2 0 —ah’d 2
B, a,l’ds 3 | ah’d 12 | a,h’dy )3

The first two equations in (9) describe the membrane
state and the last two — the bending state. In general,
these states are coupled. Solving the set of differential
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equations (9) it is possible to obtain the explicit
functions of displacement:

1 _“ 3El 3
(¢)= C+C§+7q§ ) N o

‘/’(5): C+CGe+ %[Dlﬂ —Dym; ]":Ez

1 6
¢1(§):_a{c2 +2C3§+3C4§2 +a230E0C4i|+

(12)
B a X a’E
+ L Co— (14 BD))f, = S0 £,E + aDmyé +
aB, N 6
1 A
t+—m — 1 A
B, 4B,

4
wW(E)=C +Cyé+CE> +C,E + "250 &
and internal forces:
24
Nl](g):_T‘C3 +éc6 —afié+
a a
A .
- 2.1+ B,D,)f, + ADm,

0

6

Nn(é):_ E —afyé - fl"‘ml
a L 0
24 6 A
M =-"2C, - Cél+1C,+
11(6) 2 3 azEO i a ¢ (13)
2
“h ree (AE AENE -2 (14 BD)S,
4, B,
+ A,Dym,
6B 1
M (E)=——L Cy+——Cy +
13 3BE N aD0 ’
+a(B,D, - BD)mé— f
0
where:
D=5 g A o izo012
B,B, - B Ay A, — A4

The results for a plate strip can be used in analysis of
different types of orthotropic systems, such as beams,
plate strips, plates or of more complicated, multi-module
plate structures. The displacement and internal force
functions, of these systems, depend on components of
the elastic matrix.

2.2 Linear three-parameter shell theory

In the classical five-parameter shell theory a drilling
degree of freedom w is not take into account.
Consequently a drilling couple M3 and an external load
m3 are omitted. Using this theory the behavior of the
plate strip is described by three parameters being the
subset of original ones:

ax)={u, 4 w (14)

and the strain field, the internal forces and the external
loads (3) are given as follows:

z(xl)z{%] Ky 713}T
a(xl):{Nll M, N13}T (15)
Q(xl):{ﬁ m, fs}T

The constitutive equations (4) are expressed as:
S 2311(7’11"'2’(11)3 S5 =dss)ys (16)

where d,,, in the case of the plane stress (s3=0), has the

form:
~ d>
d,=d, -5 (17)
11 11 d33
The equilibrium equations (8) can be written as:
Lq(¢)=-a2Q(¢) (18)
where:
AL, AL, 0
L=|AL AL -a’B, -aBL, (19)
0 aB,L, AL

Solving the set of differential equations (18) it is
possible to obtain the explicit functions of
displacements:

C, +C, 71c4—7 ‘3
(&)= +§+A05 Aoff 6f§

#(&)= —l{cz FACEHICE +- } N
’ (20)
a aE, .5 1
_ B—Oﬁf - fE+ Bio o B f

wW(E)=C + Cé+CE +C,E + “;40 &

and internal forces:

Ni()=-2c e —arg -2,

6
Nl3(§)__an —afyé - Zf"'ml on
Mn(é:)_ zaA G- e —Cé+ AOI fié+

AZ a 2
o f- st

2.3 Orthotropic tensegrity plate strip

To illustrate the proposed approach, a continuum
orthotropic model of the tensegrity plate-like structure
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[11-13], which could be supported both on internal or
external surfaces, is used. A system of repeating
expanded four-strut octahedron modules is used as an
example (Fig.2). The system is orthotropic for the
following geometric parameters x/X =0.65, y/Y=0.3

and z/Z =0.56. For tensegrity systems, the components

of the elastic matrix depend on cables (EA i) and struts
stiffness (EA4swus) and on the level of self-stress o

_ (EA)cahle _ S
"), O @), P

struct struct

where £ is the Young’s modulus, 4 is the cross sections
and S is the axial force. The coefficient n describes the
proportions of member properties and o describes the
level of self-stress in tensegrity structures. The self-stress
state is the most important feature of tensegrity
structures. This state makes structure as strong as the
self-supporting structure and stabilizes the infinitesimal
mechanisms occurred in tensegrity structures.

X Az Y
el et

-
N
[§]
-~
X X
-

B

S+t

—

L

\ I3

L L
7 o

Fig. 2. Expanded four-strut octahedron.

The appropriate coefficients of the elastic matrix for
plate strip consisting of octahedron modules are as
follows [13]:

2FEA 2EA

EA
d, :hT s da :7533= dss=d,, :hT513 (23)

where:

EA=(EA),,,

5, =1+1.52325n+0.1292250
5,, =1.26604n-0.153207c
5y =14+0.9211947+0.16101c

24

3 Result and discussion

The plate strips with different kinds of boundary
conditions and different planes of support are discussed.
The results of the analysis are described using L for the
lower surface, M for the middle surface and U for the

upper surface. The closed form of the displacements and
the internal forces for any orthotropic plate strip are
determined.

First, the plate strips loaded by concentrated forces
(axial and vertical), concentrated moments and mass
forces are considered. Secondly, the plate strip under
sinusoidal load is studied.

Based on the developed formulas the maximal
displacements for tensegrity plate strips are calculated.
The influence of the self-stress state, some geometrical
parameters and planes of support is analyzed.

The proposed approach enables a direct use of
engineering constants for the classical orthotropic
continuum.

3.1 Closed form of displacements and internal
forces

The closed form of the displacements and the internal
forces for plate strips are determined. Two methods are
applied. The first approach based on equations (12) and
(13) second approach — on (20) and (21). These formulas
depend on boundary conditions. Three kinds of support,
i.e., cantilever (Fig. 3a), clamped-clamped (Fig. 3b) and
simply supported (Figs. 3c, 3d) are considered.

For the cantilever plate strip three cases of load are
taken into account: case c1 — load by axial force F1, case
c2 — load by vertical force F> and case ¢3 — load by mass
force f3(§):—q0. For the clamped-clamped plate strip

only load by force mass f3(§):—qo (case ccl) is

studied. For the simply supported plate strip three cases
of load are taken into account: case s1 — load by bending
moment M, case s2 — load by mass force f3(c§): —q, and

case s3 — sinusoidal load f3(§): —q, sin(;r ). For the last

one case, the equations (9) and (18) are solving by
applying trigonometric functions that satisfying the
boundary conditions for simply supported plate.

a) A° b) A®
4, I 4
VHILNNN, 7 QHIIINE
¥ . * J
c) AZ
M ;‘ q, %M

Fig. 3. Analysed plate strips: a) cantilever, b) clamped-
clamped, c), d) simply supported.

3.1.1 Linear four-parameter shell theory

Using the four-parameter shell theory the formulas of
internal forces are received. For all plate strips the
internal forces do not depend on geometric and physical
properties of orthogonal structures. These forces almost
always do not depend on the reference surface and
obtained formulas are known from literature. Only for
simply supported plate strip, independently from case of
load, the constant axial force, which depend on the
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reference surface and on the plate thickness A, occurs
additionally. For example, for case s1 is received:

M

ﬁ’ Nll (5):0 (25)

N (€)=-N{1(&)=-

and for case s2:

2

Ni(E)=-Ni(©)=- "D,

8h Nll(é:)zo (26)

The formulas of all displacement (u1, v, ¢, w) for all
plate strips depend on properties of orthogonal structures
and on the reference surface. Decoupling of the bending
and the membrane behaviour occurs only for the middle
surface. For example, the closed form of the maximum
displacements are as follows:

—case cl (Fig. 3a — F>=0, qo=0):

v o__af 1 ut =yY _ _dali 1 27)

umax h d” ’ max max h d”

—case ¢2 (Fig. 3a — F1=0, ¢o=0):

3 2
P PR (A R
h d, oay\a) dg

i (28)
wt =uwY :-ﬂ 41_{_4%(}’} L
max max h3 d“ a3 a d55
—case c3 (Fig. 3a — F1=0, F>=0):
: 1, 1 (a1
wh =4 12+4[) .
max 8h d,, a,\a) d
i (29)
W=t =9 121+160‘2(hj i
max max 8h’ d, o \a) d
—case ccl (Fig. 3b):
atq |11 1 (hY 1
P ENY( ]
8’ | 4d,, o, \a) d
(30)

A AR S RN A C A
mac w8yt 4dy o a\a) dis

—case s1 (Fig. 3¢ — go=0):

2 2
w =_3a]3\/[L, WL' =uY =_3a]3\/IL (31)
max 2h dl . max max 8h dl .

—case 52 (Fig. 3¢ — M=0):
‘g5 1 1 (hY 1
max 8h’ | 4d,, a,\a) dg

4 2
WL :WU :_a q30 1L+4a72 ﬁ L
mxn ~ max =gy 1 g g \d) d

(32)

—case 53 (Fig. 3d):

4 2
w __ %4 121+ﬂ21(h] L
max z*h’® d, ay\a) ds

4 2
S E— 121+4;z2“2(hj N (33)
max 7°h d,, ay\a) ds
wl =k

=W
max max

For plates in which the transverse force is not
occurred (cases cl and sl) the displacements do not
depend on the shear factors ;. For these plates the
displacement depend only on one component of the
elastic matrix dj;.

For others plates the displacements depend on three
shear correction factors ¢« (i=0,1,2) and on the
parameter:

a, =4a,a, —3a’ (34)

However if the middle references surface is considered
only one shear factor ap occurs. The influence shear
factors depends on the component of the elastic matrix
dss and on proportion thickness to length (A4/a) — the
thicker plate the bigger influence.

The values of the shear correction factors are
established for the respective transverse shear stress
resultants and stress couples [26-28]. The determination
of these factors is not the aim of this paper. To illustrate
influence of the reference plane on behaviour of
tensegrity structures it is assumed the following values
of the shear factors: o, =5/6, a,=7/10[26-28] and

o, =8/10. Value of the last correction factor is assumed
so that the parameter (34) is positive definite.

3.1.2 Linear three-parameter shell theory

Using the three-parameter shell theory, for plates in
which the transverse force is occurred, the displacements
depend on the shear factors ap. The factors o; (i=1,2,3) is
not occurred in this approach. In all cases the horizontal
displacement u; depends on the reference surface. For all
cantilever and clamped-clamped plate strips and for the
simply supported plate strip under sinusoidal load the
rotation ¢ and the deflection w do not depend on the
reference surface. The formulas of maximum
displacement for these cases are equal:

L U M
Wmax = Wmax = Wmax (35)

and there are the same like in equations: (28)1, (29)1,
(30)1 and (33); respectively. Only the parameter d,, is

equal d,, according to (17). In two cases of the simply

supported plate strip (s1 and s2) the displacements
depend on the reference surface:
—case s1 (Fig. 3¢ — go=0):
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w 3a2M 1 ; v 3a2M 1 Fig. 4. Maximum displacement for case c2: a) h/a=0.1,
wht =20 ok =y =20 (36) b) hla=0.25.
max 2h 3’11 max max 8k 3’11
a) 7 +
—case 52 (Fig. 3¢ — M=0): = & .__._—/
= 4
M_a4q051 1 (a1 55" ® - - -—o
W - 3 77+7 - - G 4 -
e 81 | 4d, a,\a) d =
) . 37 _%L 3 §IIIT¥IIoogooIoFoIopooocA
11 1(h) 1
wh o o=nY :_ac]30 =] — E 27
max max 8h” | 2d,, ay\a) ds g
Z 4.
= 0 : i f i :
3.2 Analysis of orthotropic tensegrity plate strip 0 02 04 06 08 1
Self-stress level o [-]
Based on the developed formulas the maximal b)
displacements for tensegrity plate strips are calculated. = 20
The displacements as a function of parameters (24) and, § 6 1
in consequence, the coefficients (22), are determined 2
The influence of the self-stress level o and the stiffness E 12 ¢
of cables and struts n on displacements in tensegrity g il
plate strip can be estimated in a simple way. g - > -—o—"*
The results of parametric analysis are shown in g 4 ::::::::::::::::::::::::
Figures 4-8. The dependence of maximum displacement <
on the self-stress level ois presented. Two cases of 0 0 0'2 0‘ 4 0'6 0‘8 l
thickness to length ratio for moderately thick plate strips, " Solf-stress fovel ol '
h/a=0.1 (Fig.4a-8a) and h/a=0.25 (Fig. 4b-8b), are '
considered. Two cases of parameter n (22); are taking Fig. 5. Maximum displacement for case c3: a) h/a=0.1,
into account: n=0.2 (continuous line —) and »n=0.7 b) h/a=0.25.
(dotted line ---). Results for middle surface are
determined by () and for upper (or lower) surface by a) 0.8
(A). Depending on the analyzed case the results are 2
presented in normalized form: = 06
5
3 " g
a'F, aq, 3
=— or Cp=———" 38 = 04
Yo E4n & 8E4h 38 z
a) § 0.2
- =1
CE ? l_‘___‘___‘——"/ 2 -
=, 4 S .
= & 0 + T T T 1 |
5 b4 * * @ ® ®
g 15 0 02 04 06 08 1
§ Self-stress level & [-]
TR AR b Steteted “diiet efatabeel fupmtete b
S ) -~ 4+
£
2 05+ S
5 E 3 1
= 0 i : | | i 3
0 02 04 06 08 1 B 24
Self-stress level o [-] 5 1
E
b) 6T é 1+
i #
= SR === S S Sel L
g 4t 0 0.2 0.4 0.6 0.8 1
§ 3 4 Self-stress level o [-]
237
E 2 5 & ° ——o—* Fig. 6. Maximum displacement for case ccl: a) h/a=0.1,
= S ST - S — b) hla=0.25.
E I .
S . ‘ . ‘ ‘ . Comparing obtained results of the analysis it can be

0 02 04 06 08 1 noticed:

Self-stress level o [-]
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— the influence of self-stress level on displacements Fig. 8. Maximum displacement for case s3: a) h/a=0.1,
decreases with increasing the stiffness of cables (the b) h/a=0.25.
parameter n increases),

— the influence of self-stress level is bigger when the
upper (or lower) surface is considered,

— the thickness to length ratio significantly influence on 4 Conclusion

displacements. ) )
In the paper, the continuum model of orthotropic

a) plate strips are considered. The linear four-parameter
1+ shell theory and classical three-parameter shell theory

) are proposed to determine the displacements and the
g 987 internal forces. The obtaining closed form can be useful
§ 06 + in the design process and construction of different types
= ) of orthotropic moderately thick plate strips. The different
S04t planes of support (lower, middle and upper) may be
g . :::::::::::::::::::::: taken into account. The proposed approach enables a
T direct use of engineering constants for the classical
=

0 } } } } y orthotropic continuum.
0 0.2 0.4 0.6 0.8

The proposed model can be used for analysis of the

Self-stress level o [-] orthotropic plate strip composed of tensegrity modules.

b) Using the continuum model helps understand the unique
4+ properties and structural behaviour of tensegrity

structures. In the analysis, the self-stress and selected

3+ geometrical parameters of tensegrity are introduced.

Additionally, this approach simplifies calculations, that
is, it is not necessary to describe the whole complex
tensegrity structures with the use of computational

14 e e—e—" methods.

Maximum displacement [Cy ]
[38]

s A R~ The proposed approach can be .us§d for .a!l
0 ' ; + 4 i orthotropic systems having practical applications in civil
0 02 04 06 08 1 engineering.
Self-stress level o [-]
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