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Models of Geometrically "Stabilized" Laser Cavity
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Abstract: The Lamb-dip characterizing the line shape emitted by a gas laser is often used in
spectroscopy of materials as a reference for frequency measurements. For such lasers, the
frequency control is performed on the Lamb-dip. It is therefore essential, for accurate
measurements, that its frequency matches with the laser resonance frequency. This is only
possible if the emitted line shape is symmetrical, which is not usually the case. Indeed, the lens
effects induced in the laser amplifying medium, which are due to the population and the
saturation inhomogeneities, generally produce an asymmetrical emitted line shape. So, the
frequency of the Lamb-dip is shifted compared to the central frequency.
In this work, we will first revisit the model given in the literature, in order to highlight the
limit of its validity, and then we will propose through an appropriate choice of the cavity
geometry, a "stabilized" cavity model giving rise to a symmetrical line shape even when the
control parameters vary.

1 Introduction
In several areas of physics [1-4], the Lamb dip characterizing the line shape of a gas laser is used as a
reference for frequency and length measurements. These measurements would be more accurate if the
line shape was symmetrical, in which case the center frequency of the laser would coincide with that
of the Lamb dip [5]. In fact, several causes are at the origin of this asymmetry [6-9]. These combine to
create population and saturation inhomogeneities, which induce lens effects that modify the wave
mode diameter. The variations as a function of the frequency of these parameters are then at the origin
of the asymmetry of the line [10]. However, geometrical parameters [1, 11] can modulate the
competition between these two types of antagonistic heterogeneities and favor one or the other. It is
for this purpose that several models of cavities, called "stabilized", have been proposed [12-13].
In this work, we will first revisit one of these two models [12] and then, based on the perturbed
Gaussian beam theory [14] and by making a judicious choice of geometric parameters, we will
propose a geometric cavity structure giving a symmetrical output line shape, even when control
parameters vary.

2 Theoretical Model
The theoretical calculation described below concerns the laser cavity shown schematically in Fig.1. It
consists of a plane mirror M1 and a curved mirror M2 of curvature radius R, separated by a distance D
a
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and placed respectively at 𝑧1 and 𝑧2 , an amplifier tube of length 𝐿𝑔 , placed between 𝑧3 and 𝑧4 , and a
diaphragm of diameter 2𝑏 placed on the side of the output mirror M2. The mirrors reflective powers
are 𝑟𝐴 and 𝑟𝐵 , respectively. In order to have a fixed linear polarization, the ampifier tube is closed by
two Brewster angle windows.
M1
M2
R
R
Lg
L1

L2

D
Figure 1: Schematic representation of the cavity

The amplitude of the resonant field is obtained from the propagation equation. Its expression, for
the forward wave, can be written in the form:
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Where: 𝐸0 is a constant, 𝑘 the propagation constant, p and 𝑞 represent, respectively, the
perturbations of the longitudinal and transversal parameters of the wave, 2𝑊0 is the mode diameter at
the beam waist, and (𝜌, 𝜁) are the reduced coordinates connected to the cylindrical coordinates (𝑟, 𝑧)
by:
𝑟

𝜌=

𝑊0
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(2)

𝜔𝑊02

The proposed cavity is composed of three regions. In region 1: 𝑧1 ≤ 𝑧 ≤ 𝑧3 , in region 2: 𝑧3 ≤ 𝑧 ≤
𝜔

𝑧4 and in region 3, 𝑧4 ≤ 𝑧 ≤ 𝑧2 . The propagation constant 𝑘, it is equal to ( ) in the empty regions 1
𝑐
and 3 and 𝑘𝑔 in the region 2 containing the active medium. In addition, the oscillating field in the
cavity is composed of a forward and a backward waves, respectively indexed "𝑓" and "𝑏" in the next
equation. The equation (1) takes the explicit form below:
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The upper sign in the symbols "±" or "∓" corresponds to the forward wave and the lower one to
the backward wave.
This expression allows us to easily determine the field at the output of the cavity. We will assume
that the transmission coefficients at the boundary of two neighboring regions are equal to 1. In
addition, the continuity relations of the field make it possible to write:
𝐸𝑓,𝑏 (0, 𝜁𝑗 ) = ᵐ𝐸𝑓,𝑏 (0, 𝜁𝑗 )

(4)

Where 𝜁𝑗 is the reduced coordinate at the border of two neighboring regions (𝑗 = 3 or 4) and m is
the region number.
Given these considerations, we obtain at 𝜁2 :
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Where 𝑝𝐹 = (¹𝑝𝑓3 − ¹𝑝𝑓1 ) + (²𝑝𝑓4 − ²𝑝𝑓3 ) + (ᶾ𝑝𝑓2 − ᶾ𝑝𝑓4 ) and 𝑙1 , 𝑙2 , 𝑙𝑔 are the reduced lengths
corresponding respectively to L1, L2 and Lg.
The corresponding intensity which is proportional to the square of the modulus of the electric field
amplitude is defined as:
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Where 𝑘𝑔𝑖 , 𝑝𝐹𝑖 , and 𝑞𝑓𝑖2 designate the imaginary parts of these different quantities.
Since the asymmetry of the line shape depends on the position of the detector at the output of the
laser [15], we will be interested in the emitted total power 𝑃𝑓 (𝜁2 ). If 𝑏 is the radius of the diaphragm
𝑏

(the corresponding reduced length is then ( ), we have :
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After some analytical calculations, we obtain:
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This equation shows that the total power 𝑃𝑓 (𝜁2 ) at the side 2 of the laser depends upon the total
power (𝜋𝑊02 𝐼𝑓 (0, 𝜁1 )) at the side 1, modified by the transmission factor across the diaphragm (last
term in square brackets), the gain by the exponential containing 𝑘𝑔𝑖 and the saturation term 2𝑝𝐹𝑖 , and
the geometric parameters of the cavity.
The obtained expression contains the longitudinal and transverse perturbations of the Gaussian
beam that can be obtained using their evolution equations and continuity conditions at the boundary of
two regions. We will use the equation 8, in our numerical calculations to plot the line shapes at the
output of the laser.

3 Numerical Results
The numerical calculation concerns a single mode He-Ne laser operating at 3.39 μm and it’s based on
the perturbed Gaussian beam model [14]. The cavity (see Fig.1) is hemispherical, of length D. The
reflection coefficients are 𝑟𝐴 = 1 for the plane mirror and 𝑟𝐵 = 0.8 for the concave one. The curvature
radius for the output mirror M2 is equal to 𝑅 = 600 𝑚𝑚. The amplifier tube, of length 𝐿𝑔 , is closed by
two windows at Brewster angle. In order to select the Gaussian fundamental mode TEM 00, the
diameter 2𝑏 of the diaphragm was chosen to be equal to about 1.2 times the mode diameter at the
laser output [12].
In a first step, we wanted to verify the model of stabilized cavity proposed by the authors of the
reference [12]. In this model, the active medium is assumed to a thin lens centered in the cavity. So,
the approach followed is to assume that the amplifier tube is centered in the cavity to find a value 𝐺0
of the gain which gives a symmetrical line shape and, if so, to test other gain values, below and above
𝐺0 , to see if the symmetry of the line shape is preserved. The length 𝐷 of the cavity is fixed only by
4
the value 𝑅 of the curvature radius of the curved mirror through the relation 𝐷 = 𝑅 [12], which
5
corresponds in our case to 𝐷 = 480 𝑚𝑚. In the following the length of the active tube is fixed to
𝐿𝑔 = 200 𝑚𝑚.
The Fig.2 shows, for three appropriately chosen gain values, the total power at the laser output as a
function of the reduced frequency 𝑥 = (𝜔 − 𝜔0 )/𝛤, where 𝜔0 is the laser center frequency and 𝛤 is

3

MATEC Web of Conferences 253, 02002 (2019)
MSME 2018

https://doi.org/10.1051/matecconf/201925302002

the Doppler half-width. We see that the line shape is symmetric for 𝐺0 = 1.86, as predicted by the
authors. On the other hand, for a smaller gain 𝐺 = 1.80, the saturation inhomogeneity outweighs the
population one. The asymmetry of line shape has a maximum on the low frequencies side (LF
asymmetry type), while, for a higher gain 𝐺 = 2.10, population effects outweigh the saturation one
and the maximum is on the high frequencies side (HF asymmetry type). This shows clearly the switch
of the asymmetry from one type to the other when the gain varies. We conclude that for 𝐺0 ,
population and saturation effects compensate each other, giving a symmetrical line shape. But this
symmetry disappears as soon as the gain 𝐺 changes. It is therefore obvious that the proposed model
does not allow to obtain a so called "stabilized cavity".

Figure 2: The line shape of the laser output versus the reduced frequency x

To achieve the main part of this paper, we will now focus on the study of the case where the gain
varies, and we will clearly show that this variation does not affect the asymmetry, in contrary to the
previous model. After several simulations, the cavity length is set to 𝐷 = 500 𝑚𝑚 and contains an
active tube of length 𝐿𝑔 = 150 𝑚𝑚. The rest of the settings are unchanged. The gain 𝐺 has been set to
2.1. This choice is motivated by the fact that this value gives rise to a switch of the asymmetry when
the position of the active tube varies and gives line shapes with a pronounced Lamb-dip.

(a)

(b)

Figure 3: (a) Line shape and (b) variations of the quantity [W 2(z2)-0W2(z2)] versus the reduced
frequency for two positions of tube: (1) near the plane mirror, (2) near the concave mirror.
Fig.3a and 3b show respectively the line shapes obtained for two positions of the tube (plane side
and curved side), and the variations of the corresponding mode diameter. As it can be seen, the line
shape, initially of HF type becomes LF type when the tube is brought from the plane mirror to the
concave mirror. The Garside effect plays, in this case, its entire role as shown in Fig.3b. The variation
of asymmetry obtained implies the existence of an optimal position for which the line shape becomes
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symmetrical. In the following we will characterize the rate of the asymmetry by 𝜂 which is calculated
according to 𝜂 = 2(𝐼𝐻𝐹 − 𝐼𝐿𝐹 )/(𝐼𝐻𝐹 + 𝐼𝐿𝐹 ), where 𝐼𝐻𝐹 and 𝐼𝐿𝐹 are the maximums of power at the high
and low frequencies, respectively. The variations of 𝜂 as a function of the position 𝑧3 of the tube
allows the determination of the position 𝑧3.𝑜𝑝𝑡 which gives 𝜂 = 0 corresponding to a symmetrical line
shape. This gives 𝑧3.𝑜𝑝𝑡 = 174 𝑚𝑚. However, it must be verified that, for this optimal position, the
line shape remains symmetrical, even when the value G of the gain is changed. Fig.4a illustrates this
situation. Unlike the previous model, the line shape keeps its symmetry, even for high gains. This
model shows clearly that we don’t have a competition between the population and saturation effects,
but rather a total cancellation of the variations of the mode diameter. This is confirmed through Fig.4b
where the line shapes are perfectly symmetrical with respect to the center frequency. The Garside
effect therefore acts in the same way for the low and high frequencies and the line shape keeps its
symmetry. We can now say that, for this particular choice of cavity geometry, the effects of
population and saturation inhomogeneities which are at the origin of the line shape asymmetry, do not
compensate each other as it was the case in the model presented in reference [12] but are canceled
simultaneously. The cavity is thus stabilized with respect to its transverse parameter and, in this case,
the frequency of the Lamb-dip center matches exactly with the laser resonant frequency. This may be
useful for the use of such a cavity as a standard of length and frequency and can be used in
spectroscopy of materials as a reference for frequency measurements.

(a)
(b)
Figure 4: (a) Line shape and (b) variations of the quantity [W2(z2)-0W2(z2)] versus the reduced
frequency for several gain values.

4 Conclusion
This study has highlighted the influence of several interdependent parameters on the line asymmetry.
This complexity limits the use of simple theoretical models obtained from analytical processing. The
saturation and population inhomogeneities are at the origin of the asymmetry of the line shape.
However, the geometrical parameters of the cavity and the gain influence these two types of
inhomogeneities and compete to favor one or the other asymmetry type. In some favorable cases, the
two effects compensate each other, for a given gain, and the line shape is symmetrical. This
corresponds to a simple compensation of antagonistic effects Unfortunately, the symmetry disappears
as soon as the gain varies
Through the model we developed in the present work, we have shown, that a judicious choice of
the geometrical parameters of the cavity, allows to cancel simultaneously the effects due to the
population and the saturation inhomogeneities. The approach adopted allowed us to obtain a
geometric configuration giving rise to a symmetrical line shape at the output of the cavity, and
whatever the variation of the value of the gain. The obtained cavity is therefore well and truly
stabilized.
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