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Abstract. In this work, an analysis of laminar forced convection in a pipe with heated and adiabatic walls 
for a Newtonian fluid with constant properties is performed by taking the viscous dissipation into account 
when the axial heat conduction in the fluid is neglected. The Nusselt number versus the Brinkmann, which 
is based on the total wall heat flux density, have been investigated. In order to determine the temperature 
field, an analytical solution describing the velocity field in the pipe was used, while the energy equation was 
determined by the boundary element method (BEM). The results of the calculations of Nusselt numbers as a 
function of the Brinkman number for different thermal insulation heights to the diameter of the circular duct 
were presented in the form of diagrams. 

1 Introduction 
Forced convection in ducts is fundamental in heat 
transfer in many different systems, such as solar energy 
collection, nuclear heating, microflow sensors, heat 
exchangers and cooling of electronic devices. Research 
on issues related to convection forced by various 
channels showed that the effect of viscous dissipation 
cannot be neglected in the case of a number of 
applications, such as flows in microchannels and micro 
exchangers. The effect of viscous dissipation in the 
laminar flow of forced convection through channels is 
the subject of many studies. The first studies on the 
effect of viscous dissipation of a Newtonian fluid flow 
through circular tubes were made by Brinkman [1]. 
Numerical studies on the effect of viscous dissipation in 
the laminar convection of a forced Newtonian fluid in 
circular ducts for various boundary conditions are widely 
described in the literature for different boundary 
conditions, e.g. for a constant wall temperature [2-4] on 
the duct wall, for a constant heat flux [3-5] and for a 
periodic wall temperature or wall heat flux [6-10]. 
Investigations on laminar forced convection in a non-
circular duct, for a Newtonian fluid at constant 
properties, by taking into account the viscous dissipation 
effect, have been presented in the literature [2, 11-17]. 
Several studies have focused specifically on the viscous 
dissipation effects for laminar forced convection of 
power-law fluids [18-22] and a Bingham fluid [23-28] 
under different thermal boundary conditions in circular 
ducts. 

In the construction of micro-heat exchangers, 
adiabatic walls are often built-in. Examples of laminar 
flow analysis in forced convection through non-circular 

ducts with adiabatic walls are presented in the literature 
[11, 12, 29-32]. In the literature, no studies on the effect 
of viscous dissipation in laminar convection forced by 
circular pipes with adiabatic walls were found. The aim 
of the publication is to preliminarily study the effect of 
viscous dissipation through a circular tube where the 
height of thermal insulation s (adiabatic wall) is 
described by the dependence (Fig. 1): 

                             ( / )s D
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where D is the diameter of the pipe. 
 

 
Fig. 1. Geometry of physical problem and boundary 
conditions. 

2 Mathematical formulation 
The presented problem of laminar forced convection in 
laminar flow through any duct with viscous dissipation is 
described by the continuity (2), momentum (3) and the 
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conservation of the energy equation (4) with the 
consideration of the viscous dissipation term : 
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where uz is the axial velocity, p is the pressure,  is the 
dynamic viscosity, T is the temperature, k is the thermal 
conductivity, cp is the specific heat and is the density. 
The solution of equation (3) is a well-known velocity 
profile for fully developed circular duct flow in 
cylindrical coordinates: 

                          2 21( )
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where r0=D/2 is the radius of the pipe, r is the 
cylindrical coordinates and dp/dz is the pressure 
gradient. 

The axial gradient dT/dz is independent of x and y. 
The differential equation (4) includes the temperature 
condition and the heat flux density condition, and it 
neglects the axial heat conduction in the fluid. In this 
work, equation (4) is subjected to the following 
boundary conditions for the adiabatic wall (La) and heat 
wall (Lh), respectively: 
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                                  T=const., at Lh (8) 

3 Results and analysis 
The field of velocity uz(x,y) was determined analytically 
from equation (6), while the temperature field T(x,y) was 
determined by the boundary element method for 5000 
linear boundary elements. The description of the solution 
of the energy equation using the boundary element 
method (BEM) can be found in [17, 33]. 

The representation of the viscous heating effect is the 
Brinkman number, which is based on the wall heat flux 
density, is given by 
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where D is the diameter of the pipe and the mean 
velocity is defined as 
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where A is the cross-section area of the pipe and the total 
wall heat flux density is defined as 
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The Nusselt number is equal to  
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where Tw is the wall temperature on the boundary of Lh, 
while Tb is the value of the fluid bulk temperature, which 
is described by dependence 
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Figure 2 shows examples of the graphical results of 
calculations of Nusselt numbers as a function of the 
Brinkman number for (s/D)=0 and (s/D)=0.7. The trends 
and shape of the function of the Nusselt number 
dependence on the number of Brinkman for various 
geometric parameters (s/D) are similar to those of 
Nu=f(Br) presented in [3, 4, 8-17, 30]. The dependencies 
Nu=f(Br) are characterised by the creation of singular 
points in which the temperature difference between the 
wall temperature and the fluid bulk temperature (T=Tw-
Tb) changes its sign from positive to negative and the 
heat flux supplied by the wall is balanced by viscous 
dissipation. 

 

Fig. 2. The influence of Brq, on the Nu with (s/D). 
 

The dimensionless temperature distribution in the 
cross-section of the circular duct is obtained from the 
following formula 
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Fig. 3. Heatlines and dimensionless temperature  obtained 
from the BEM solution in a circular duct with an adiabatic side 
((s/D)=0.5), for different values of Brinkman (Brq) and Nusselt 
number (Nu): (a) Brq=0.03, Nu=3.18; (b) Brq=0.31, Nu=1.68; 
(c) Brq= , Nu=0. 

 

 

 

 

 

Fig. 4. Heatlines and dimensionless temperature  obtained 
from the BEM solution in a circular duct with an adiabatic side 
((s/D)=0.5), for different values of Brinkman (Brq) and Nusselt 
number (Nu): (a) Brq=-0.38, Nu=-10.61; (b) Brq=-0.14, 
Nu=6.98; (c) Brq=-0.1, Nu=5.19. 
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The dimensionless distribution and the heatlines 
through the circular tube for laminar forced convection 
in a circular duct by taking into account the effect of 
viscous dissipation for (s/D)=0.5 are shown in Figs. 3a-c 
and 4a-c. The point of minimum temperature departs 
from the adiabatic side and vanishes on the heated 
perimeter when the flux production by viscous forces 
increases. As is well known, as the rate of shear is 
stronger near the wall region, the thermal energy 
generated due to viscous dissipation is more pronounced 
near the wall region compared to the central region of 
the circular tube. Fig. 3c refers to the case when the 
Nusselt number is equal to zero and the wall heat flux is 
equal to the wall heat flux generated by viscous 
dissipation (Brq  ); it is interesting to note that the 
minimum point of temperature is located is in the centre 
of a circular pipe. 

4 Conclusions 
The effect of viscous dissipation of laminar forced 
convection in circular ducts with heated and adiabatic 
walls, under the assumption that the axial conduction in 
the fluid can be neglected, has been studied. As the main 
geometric parameter, the ratio of the thermal insulation 
height to the pipe diameter was adopted. In order to 
determine the temperature fields in the cross-section of 
the circular pipe, the analytical equation of the velocity 
field in the pipe was used, and the energy equation was 
solved with the boundary element method. The shapes of 
the determined variation of Nusselt's number from the 
number of Brinkman for different insulation height ratios 
to the pipe diameter are similar to each other. The points 
of singularities in the dependences of the Nusselt number 
in the function of the Brinkman number are also 
observed. The publication presents examples of solutions 
of temperature fields in the cross-section of a circular 
pipe. 
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