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Abstract. Low-temperature cracking is one of the main reasons for the
deterioration of the upper layer of roads in regions with cold climate. The
material of the top layer can be, e.g., asphalt concrete or frozen soil. In this
paper it is assumed that the temperature of the underlying layer is nonnegative, i.e. a model in the form of a two-layer structure is used. A large
number of works aimed at preventing wear are known, but the
interdisciplinary problem of low-temperature cracking in seasonal freezing
of soils remains relevant. In publications, as a rule, consider the destruction
of freezing, that is, with a decrease in temperature. Much less attention is
paid to the modeling and forecasting of damage to the upper layer of roads,
if its temperature rises, but remains negative. In this case, the layer is
compressed and the appearance of wave-like irregularities on the day
surface (buckling) is possible. The objective of the current study was
modeling the conditions of occurrence and prediction of damage to the
upper layer of roads when the changes negative temperature. The paper
uses methods of mathematical modeling of mechanical systems, as well as
adaptation of the known results of other authors. The estimation of the
critical wavelength at a bend of the compressed upper layer is given. The
results of numerical simulation are consistent with the experimental data
known in the literature.

1 Introduction
In regions with a cold climate, frost cracks are common, which appear in the upper layer
of frozen soil [1]. The same cracks are formed in the upper layers of roads during seasonal
freezing [2]. A large number of works focused on deterioration prevention are known,
however the interdisciplinary problem of low-temperature cracking remains relevant. Lowtemperature cracks, also called frost cracks, are formed in the upper layers of soils during
their freezing [1], in asphalt concrete pavement of the road [2] and airfields [3]. In
publications destruction at freezing that is at decrease in temperature is rather often
considered [2-6]. Much less attention is paid to modeling and predicting damage to the
upper layer of roads if its temperature rises but remains negative. In this case, the layer is
compressed by horizontal forces, which can cause the loss of stability of the plane form of
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equilibrium, which is visualized as the appearance of wave-like irregularities on the day
surface of the road (buckling). As a result, tensile stresses and cracks may appear in the
material of the upper layer near the top of the wave. An analogue of this case is the
evolution of wrinkles in a thin film on the substrate [7]. In this paper, only the loss of
stability of the plane form of equilibrium of the compressed upper layer is considered as the
cause of irregularities. Other possible causes, such as frost heaving, are discussed, for
example, in [7, 8]. Analysis of the literature [3-18] showed that an important, but
insufficiently studied quantitative characteristic of the considered damage is the assessment
of the distance between cracks [2]. In this regard, the objective of the current study was
modeling the conditions of the appearance of cracks of the considered type and predicting
the distance between the cracks depending on the change negative temperature, the
interaction of layers, the thickness of the upper layer, the coefficient of thermal expansion
of the upper layer material and its modulus of elasticity (Young's modulus).

2 Materials and Methods
In accordance with the objective of the work, consider one of the possible solutions to the
above problem on the example of a simplified model of the road section. The model is an
idealized two-layer structure in which the upper layer of frozen soil mechanically interacts
with the base, i.e. with the soil with non-negative temperature. Consider the case where the
temperature of the upper layer increases, for example, from t0 = –15°C to t = –5°C, which
leads to an increase in the size of the upper layer. However, the tangential forces of friction
and adhesion, acting in the contact zone with the base, prevent the free increase in the
horizontal dimensions of the upper layer, which is why this layer is compressed by normal
stresses σ. As is known, the stresses σ are proportional to the temperature change Δt. If Δt
and, therefore, σ are sufficiently large, there will be a loss of stability and a zone with
tensile stresses, as noted above. If the tensile strength of the upper layer is insufficient, a
crack will appear (Fig. 1).

Fig. 1. A fragment of the deformed upper layer.

Denote Δt = t – t0 – the change in the temperature of the upper layer (in the problem
under consideration Δt > 0); k – the coefficient (N / m3), characterizing the friction and
adhesion force distributed over the contact area of the layers [6]; B, H and L – respectively,
the width, thickness and length of the upper layer of the segment (Fig. 1); α – coefficient of
thermal expansion [18]. It can be shown that in the stage preceding buckling
σmax = – k α Δt L2 / 8H.

(1)

With increasing Δt, the stresses grow and can reach a critical value σ c when the plane
form of equilibrium becomes unstable. Then the curvilinear form of equilibrium becomes
stable (Fig. 1). In this case, taking into account the limitations on strength, it is legitimate to
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predict the appearance of cracks in the upper layer. To determine the value σc, we will use
the results of the works known from the literature [1, 7, 18].
It is known that the destruction of frozen soil and the appearance of frost cracks is
preceded by elastic state [1], so it is correct in the use of the formulas of elasticity theory
for determining of the above the critical value σc. We assume that similar phenomena occur
in the upper layer of roads at sufficiently high humidity. Assuming that the soil layer with
non-negative temperature cannot accumulate elastic energy, we use (adapt) the known
results [7, 19], according to which the critical value can be determined by the formula
σc = – π2 H2 E / 3L2,

(2)

Here E is the elasticity modulus of the layer material. In (2), L is interpreted as the
wavelength (Fig. 1). In the cited works [7, 19] it is shown that folds with any wavelength
exceeding the critical value Lc can be formed,
Lc = π H (– E / 3σ)0.5

(3)

The increase in the amplitude of the folds occurs at different speeds. At the initial stage of
deformation, the rate of amplitude growth is maximal for folds with a wavelength
Lc = π H (– E / σ)0.5 [7, 19].

3 Results
The ratios (2) and (3) do not take into account the adhesion and friction forces of the layers.
Consider the impact of these forces on the size of the Lc.
As noted above, the buckling of the compressed layer can lead to cracks. From the
physical meaning of the problem, it follows that the distance between the cracks depends on
the value of Lc (Fig. 1). The dependence of the Lc on the above-mentioned characteristics of
the upper layer Δt, k, H, α, and E can be found from the condition σc = σmax. Then, using (1)
and (2) we obtain:
Lc = (8π2 E H3 / 3k α Δt)0,25.

(4)

It is necessary to take into account that the coefficient α significantly depends on the
temperature, e.g. as by Fig. 2 [18]. Therefore, the product (α Δt) in (4) is recommended to
be determined numerically, e.g. by the formula trapezoids.

Fig. 2. The dependence α(t) for one of the varieties of frozen clays on temperature [18].
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Consider a numerical example of Lc (4) determination [20].
Let E = 100 МПа, t0 = –15 C, t = –5 C. The interval [t, t0] we divided into two
sections: at t = –5.0, –10.0 and –15,0 °C by Fig. 2 we find, respectively, α(t) = 1.9, 1.2 and
0.8 °C–1. Then by the formula trapezoids: α(t)·Δt = (1.9+2·1.2+0.8)·5/2=12.75. The results
of Lc (4) calculations are shown in Fig. 3.

Fig 3. The dependence Lc on H and k.

4 Discussion
For practice, it is important to eliminate the causes of frost cracks [2, 5]. The present study
showed that a decrease in k leads to a decrease in σmax (1) and an increase in Lc (4), i.e. to a
decrease in the prerequisites for the appearance of cracks and an increase in the distance
between them, if cracks still appear due to buckling ending (Fig. 1). It follows from (1)–(4)
that an increase in H also leads to a decrease in of the road deterioration. Similar qualitative
conclusions are justified in the work [3] in relation to aerodrome surfaces. When freezing,
the thickness of the upper layer (Fig. 1) increases. In the considered model example Lc
varies from 12 to 213 m, depending on k and H (Fig. 3).
To assess the adequacy of the model (4), experimental data [2] were used, according to
which the average number of temperature cracks per 1000 m of asphalt pavement of roads
with a service life of 1 to 12 years was in the range from 1 to 45. Accordingly, the estimates
of the distance between the cracks are in the range from 22 to 1000 m, which does not
contradict the results in Fig. 3. Thus, the presented results are quite reliable.
It should be noted that the more likely cause of the appearance of frost cracks is,
presumably, not buckling, but stretching of the upper layer with a decrease in the negative
temperature [1-4, 14, 16]. However, the phenomenon of buckling occurs quite often and
therefore cannot be ignored. Application of the presented results will expand the
possibilities of increasing the crack resistance of the upper layer of road surfaces during
their seasonal freezing.

5 Conclusions
In the present article with the use of mathematical modeling of mechanical systems and
adaptation of the results known in the considered area, the technique of modeling and
forecasting of damages of the upper layer of roads at increase of their temperature in the
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area of negative values is offered. The estimation of the critical wavelength at the buckling
of the compressed upper frozen layer of the road with increasing temperature in the interval
of negative values is proposed (4).
Since the coefficient α significantly depends on the temperature [18], the product α·Δt
in the calculation formulas (e.g. (4)) is recommended to be determined numerically, e.g. by
the trapezoid formula. In this case, the volume of calculations almost does not increase, but
at the same time, the results of numerical modeling will be more adequate. The results of
numerical modeling are adequate from the physical point of view, which is confirmed by
their internal consistency and compliance with the experimental data known from the
literature. The practical significance of the study results lies in the possibility of their use in
the justification of new technical solutions in road construction. The prospects of the study
can be focused on clarifying the dependence of the modulus of elasticity on the temperature
and coefficient of friction and adhesion of the pavement layers.
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