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Abstract. The solution of the problem of the long cylindrical shell 
bending by a numerical and analytical boundary elements method is 
considered. The method is based on the analytical construction of a 
fundamental system of solutions and Green's functions for the differential 
equation of the problem under consideration. This paper is devoted to the 
determination of these expressions. The semi-moment theory of the 
cylindrical shell calculation, proposed by V.Z. Vlasov, which for the 
problem under consideration leads to one eighth-order partial differential 
equation is used. The problem of the bending of a cylindrical shell is two-
dimensional, and in the numerical and analytical boundary elements 
method, plates and shells are considered as generalized one-dimensional 
modules, so the variational method of Kantorovich-Vlasov was applied to 
this equation to obtain an ordinary differential equation of the eighth order. 
Sixty-four expressions of all the fundamental functions of the problem are 
constructed, as well as an analytic expression for the Green's function, 
which makes it possible to construct a load vector (without any restrictions 
on the nature of its application), and then proceed to the solution of 
boundary-value problems for the bending of long cylindrical shells under 
various boundary conditions. 

1 Introduction 
The stress state of a cylindrical shell and the corresponding theory of its calculation depend 
substantially on the length of the shell. In the case of a long shell supported along 
curvilinear edges and loaded with an arbitrary smoothly varying load, its stress state is close 
to the one of the beam. With an uneven distribution of the load along the shell and along the 
cross-section, this approach gives incorrect results, and we must take into account the 
deformation of the contour. This also applies to the case of securing the longitudinal edges 
of the shell. 

V.Z. Vlasov proposed a theory of long cylindrical shells calculation, which was called a 
semi-moment theory [1, 2]. According to this model the shell consists of an infinite number 
of transversal curved elementary strips, joined connected by a system of rods with hinged 
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joints (Fig. 1). Each such rod can transmit only normal 1N  and shear S  forces. The 
bending moment in the longitudinal direction, the transverse force and the torque can be 
neglected, so the state vector P  of such a shell is represented in the form  

                                  .,,,,,,, VUNSQMWW ΤP                                              (1) 

 
Fig. 1. Model of V.Z. Vlasov. 

In total, in the state vector (1) there are 4 forces and 4 displacements (Fig. 2). 

 
Fig. 2. Forces and displacements in shell. 

In view of what has been said, all the equations of the general theory of shells are 
simplified [3-5], and as a result we get the basic resolving equation of the problem 
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where F  ― new function (analog of stress function in the theory of plates), through which 
all the parameters of the state of the shell are expressed,   ― dimensionless coordinate 
(Fig. 3): 

RsRx /;/   . 

 
Fig. 3. The coordinate system used. 
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2 Results 

2.1 Construction of the system of fundamental functions  
To solve the problem, we will use the numerical and analytical boundary elements method 
(NA BEM) [6–9]. The method is based on the analytical construction of a fundamental 
system of solutions and Green's functions for the differential equation of the problem under 
consideration. The boundary conditions, or the conditions of contact between modules 
(individual elements of the system) are taken into account by numerically solving a small 
system of linear algebraic equations. 

The algorithm of the method can be determined by transformation according to the 
scheme: 

),(),0()()()()0()()()0()()( ** lllllllXll BXABYXABAY




where the final boundary parameters of the matrix Y


 are transferred to the place of zero 
vector parameters X


. Moreover, these vectors are supplemented by equations of 

equilibrium and compatibility of displacements of nodal points and boundary conditions.  
The purpose of this paper is to construct analytical expressions for the matrix A  and 

the Green's function, which is used in the formation of the load vector B


. 
The problem of a cylindrical shell bending is two-dimensional, but plates and shells are 

considered as generalized one-dimensional modules in the NA BEM, therefore, we applied 
Kantorovich-Vlasov's variational method to equation (2), resulting in a differential equation 
with constant coefficients: 

            .0)(12)()(2)( 2

42
11111   Y

h
RYYY VVV                               (3) 

Here   ― a certain parameter related to the frequency of natural oscillations; in the 

shell problem ,
l

Rm
  where h  and l  ― thickness and length of shell; R  ― shell 

radius; m  ― the characteristic number determined when setting the boundary conditions. 
Characteristic equation for (3) has a form [10] 

                             ,02 468  kttt                                                     (4) 

where .12
2

42

h
Rk 

  

Characteristic equation (4) has 8 roots: 

                 1141  it  ;  .2285  it                                            (5) 

We write the function )(Y  in the form 

,)( 8877665544332211 ФCФCФCФCФCФCФCФCY        (6) 

where 81 ФФ   ― hyperbolic-trigonometric functions: 
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Constants 81 CC   we determine from relations 

                           .8...,,2,1),0()0(  iPCФ iii


                                             (8) 

Expanding (8), we have eight algebraic equations that form two independent systems 
with respect to sets of constants with even and odd indices. In the coefficients of systems, 
functions 81 ФФ   and their derivatives up to the seventh order inclusive are used, 
therefore we introduce additional notation, with allowance for which the systems of 
equations are written in the form 
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Coefficients ijH  of systems (9), (10) are arithmetic operators that are easily 
programmed and calculated, but the right-hand parts of these systems are parameters of the 
shell state vector. In accordance with the NA BEM algorithm [3], the constants must be 
expressed in a general form as a function of the parameters of the state vector, which will 
allow us to obtain analytic expressions for the fundamental functions. 

This is achieved by solving the systems (9) and (10) by the determinants method. 
Consider, for example, the solution of system (9). 

We assume that the principal determinant of this system is computed (this can be done 
in any corresponding mathematical program) i.e. is a known number, which we 
denote as odd . 
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The determinants 
1C , 

3C , 
5C , 

7C , can also be calculated by expanding them 
along the parameter column of the right-hand side of (9). 

The solution of the system (9) takes the form  
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Similarly, we approach the definition of a set of constants 2C , 4C , 6C , 8C : 
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We proceed to the definition of fundamental orthonormal functions. 
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We substitute the values of the constants (11), (12) into expression (14) and regroup it 
with respect to the parameters of the state vector. Taking into account (13), the coefficients 
at these parameters will form the first eight fundamental functions: 
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The expressions for the remaining 56 fundamental functions are defined in a 
similar way. 

2.2 The construction of the Green's function 

One of the main operations for the implementation of the algorithm of NA BEM with 
respect to the problem of a long cylindrical shell bending is the formation of the vector of 
the right-hand sides (the load vector) of equation 

                                              ),(),0()(* lll BXA
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where )(l*A  ― a transformed matrix of orthonormal fundamental functions; ),0( lX


 ― 

vector of unknown initial and final parameters; )(lB


 ― vector of load elements [8, 9]. 
The construction of the vector of cargo elements involves the definition of the Green's 

function and its seven derivatives, since the stress-strain state of a long cylindrical shell is 
characterized by eight parameters when it is bent. 

As is known [10], the mechanical mea`ning of the Green's function is that this function 
determines the magnitude of the displacement from the unit concentrated impact. Taking 
into account the vector of the shell state parameters, this means that under the action of 
normal and tangential loads, the Green's function has the form 

                            ),()()( 1814   yAyAyG                                            (16) 

where expressions )(14 yA  и )(18 yA  coincide with the expressions for the 
fundamental functions 14A  and 18A  obtained earlier, but from argument )( y . 

Under real operating conditions, tangential loads on the shell are rare, and then will be 
equality 

                                       )()( 14   yAyG .                                                      (17) 

This assumption is confirmed by all our previous studies [8, 9], but we need to verify its 
validity with respect to a long cylindrical shell. 

In accordance with the well-known algorithm for constructing the Green's function [8, 
10], it can be represented in the form 
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where  ,yY  ― a particular solution of the differential equation of problem;  yH  
― Heaviside function.  

For the Green's function, inequality y  performs, therefore  yH  in (18) can 
be omitted. 

A particular solution is formed in the form 
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Constants   )8...,,2,1( iCi  are determined from condition 
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 .......  

  ................................................ 
.......   

  .......   


  

8

2

1

 
 
 
 

С

С
С


  =  

0/1 
 

0 
0 

а


,                          (20) 

where 

        












.sin;cos
;cos;sin;sin

;cos;cos;sin

228227

226225114

113112111





shyshy
chychyshy
shychychy

         (21) 
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Here 2121 ,,,   ― the coefficients of the roots of the characteristic equation 
corresponding to the differential equation of the shell bending [1]. 

The determinant of the system (20) is the Wronskian determinant, and is not zero for 
),0( boundaryyy , therefore (20) has a unique solution. Coefficient 0a  (coefficient at the 

highest degree of the derivative in the differential equation of the shell bending) is equal to 
one, so we obtain a system of linear algebraic equations: 

                             
















.1...

...........................................
;0...
;0...

882211

882211

882211

CyCyCy

CyCyCy
CyCyCy

VIIVIIVII

                                           (22) 

The derivatives of the functions (21) that enter into equations (22) can be expressed in 
terms of the functions iy . The corresponding expressions are given in [8]. Denoting this 

coefficients by )8,...2,1,( jiH ij , we obtain a system of algebraic equations of the form 

                 


































































































































,1

...

............................................................................
;0)(

...)()(
;0)(

...)()(
;0...

872545

3

52747

3

212141

3

32343

3

122141

3

42343

3

8678876

24742721374172

8755557

21513531251453

882211

CyHH
D
RyHH

D
R

CyHH
D
RyHH

D
R

CyHH
D
RyHH

D
R

CyHyH
CyHyHCyHyH

CyHyH
CyHyHCyHyH

CyCyCy

                    (23) 

where 
12

3EhD   ― cylindrical stiffness; h and R  ― thickness and radius of the shell. 

Solving the system (23) by the Gauss method (note that in this case this process leads to 
rather cumbersome intermediate calculations), we determine the constants 

)8,...2,1()( iCi  . 
Finally, for the Green's function we obtain expression 
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                 

],)()(

)()([1
,,

)7(
518716

)5(
718516

)3(
114312

)1(
314112

882211

00

00

QQ

QQ
odd

yHyHyHyH

yHyHyHyH

yyCyyCyyCyHyYyG








 

       (24) 

where through )7()5()3()1(
0000

,,, QQQQ   the determinants are denoted: 

878583

575553

272523
)1(
0

HHH
HHH
HHH

Q  ;  

878581

575551

272521
)3(
0

HHH
HHH
HHH

Q  ; 

878381

575351

272321
)5(
0

HHH
HHH
HHH

Q  ;  

858381

555351

252321
)7(
0

HHH
HHH
HHH

Q  . 

A comparison of expression (24) with the analytical expressions obtained earlier for 
orthonormal fundamental functions confirms the assumption made at first, namely: 

                                     )()( 14   yAyG .                                                        (25) 

It can be verified that the constructed function  ,yG  has all the properties 
characteristic of the Green's function:  

а)   0, yG  at ;y  

b)  ,yG  as function of y  at fixed   in the interval  boundaryy,0 , excluding 

point ,y  satisfy the differential equation of problem; 

c)  ,yG  and its derivatives by y  up to n-th order for  boundaryyy ,0 , 
excluding point ,y  in which the derivatives with respect to y  are continuous only up 
to  2n  order, and  1n  the derivative has a discontinuity of the first kind with a jump 

 
 

 
  ;1,,

00
1

)1(

0
1

)1(

ady
yGd

dy
yGd

y
n

n

y
n

n
















 

d) at ,y  

       ;0,...,, 2    nGGG     ;11,
0

1 

a
G n   

e)  ,yG  for the differential equation of the problem (and this is a differential 
equation with constant coefficients) depends only on the difference  y . 
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3 Conclusions 

Thus, the basic analytical apparatus for solving the problem of the bending of a long 
cylindrical shell by a numerical and analytical boundary elements method is constructed. 64 
expressions for all the fundamental functions of the problem are obtained, as well as an 
analytic expression for the Green's function, which makes it possible to construct a load 
vector (without any restrictions on the nature of its application), and then proceed to the 
solution of boundary-value problems for the bending of long cylindrical shells under 
various boundary conditions. 
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