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Abstract. Free bending vibrations of hinged vertical uniform rod with
taking into account the dead weight are investigated. The research is based
on the exact solution of the partial differential vibration equation with
variable coefficients. This approach allows to get more reliable picture of
rod's vibration because only the exact solution carries information of a
qualitative nature and forms the most complete picture of the physical
phenomenon under consideration. The frequencies equation of problem
was written in dimensionless form and the way of its root finding is shown.
It has been shown that the problem of determination the nature frequencies
of structures is reduced to finding corresponding dimensionless vibration
coefficients from equation. The formulas for the first three vibration
frequencies of structures were obtained in analytical form. An analytic
relationship between the frequencies with and without taking into account
the dead weight of the structures was established. The nature of the
dependence of frequencies on the value of the longitudinal load was
revealed. The presence of conclusive analytical formulas for determining
the vibration frequencies of hinged vertical structures with taking into
account the dead weight is a real alternative for using the approximate
methods for solving this class of problems of solid mechanics.

1 Introduction

When designing vertical structures, it is necessary to consider all possible impacts they may
be exposed during construction and operation. Taking into account the fact, that recently
the structures of high-rise building is intensively developing, including at the earthquake-
prone areas, the relevance of investigation the different types of structures with dynamic
load is undisputed.

The qualitative evaluation of the dynamic parameters of the relevant structures is
required for the quality structural design. This evaluation can be obtained by analyzing such
important characteristics as free vibration frequencies and mode shapes, obtained by
investigation of the structure in the unloaded state. Based on these characteristics, we can
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make the conclusion about the rigidity and operability of the structure, correctness of
design solutions.

Many materials and publications are concerned with research of different type of
construction for bending vibrations with taking into account effect of longitudinal force.

In article [1] bending vibrations of uniform beams under various boundary conditions
and axial loads have been studied. The paper [2] deals with the case when the axial force
takes different constant values in different parts of the beam. Here, the first three vibration
frequencies for various combinations of boundary conditions have been calculated. The
authors of [3] study vibrations of frame structures taking into account the influence of axial
load. The load is calculated based on the total weight and number of floors of the building.
Natural frequencies of frame structures are obtained by solving the differential equation
written for an equivalent rod whose rigidity and weight must be uniformly distributed along
the length. In the paper [4] the necessity of taking into account the influence of an axial
force on the free vibration frequencies of marine steel platform support blocks’ grid
elements during the design and reliability prediction of welded joints is proved. In the
investigations of influences of load on bending vibration the axial load is often [5-7]
accepted constant along the height for simplification. However, in the real structures the
axial forces in different cross sections have different values.

One of the most widely used design schemes in structural design is the hinged vertical
uniform rod under the variable longitudinal force, represented with dead weight of the
structure.

The mathematical model of such a physical phenomenon is a differential variable-
coefficient equation [8, 9]. Its solution had been unknown until the work [10] published.
Therefore, the studies were conducted by approximate, as a rule, variational methods [9].
However, the presence of an exact solution provides for qualitative evaluation of
mechanical system. Based on the previously obtained results [10, 11], the objective of the
work is to determinate in analytical form the formulas for the free vibration frequencies of
vertical hinged structures with taking into account the dead weight; to establish in an
analytical form the relationship between frequencies with taking into account the dead
weight of the structures and without it.

2 Results

2.1 General symbols and equations

Let us analyze the free bending vibrations of the rod with uniform flexural rigidity and
intensity of the distributed mass taking into account the longitudinal distribution force
(Fig.1, Fig.2). Fig. 1 shows the general scheme of vibrations of the vertical hinged rod, and
Fig. 2 shows the external and internal forces acting on its element.
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Fig. 1. The scheme of free bending vibrations of a straight rod
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Fig. 2. The scheme of the forces acting upon the element of a rod

List of symbols:

EI — flexural rigidity of a rod;

m— intensity of the distributed mass (dead weight) of the rod;

N(x) = gx— variable axial (compressive) force, where ¢ — weight per unit length of beam;

y(x,t)— cross motion of the axis point of the rod with coordinate x at time ¢ (dynamic
deflection);

¢(x,t)— dynamic angular displacement;
M (x,t)— dynamic bending moment;
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O(x,t)— the dynamic transverse force;
f(x,t)— the intensity of inertial forces that appear during vibration (D’Alembert force).

It is known [8, 9], that the equation of free transverse vibrations account of own weight
is written as

o'y o oy o’y
El —| x= =0. 1
e +q6x(x8x +m6t2 (1)

In [10], the authors first found the exact solution of this differential equation. As a
consequence, formulas were also obtained for the dynamic parameters of the state of the
rod (deflection, angular displacement, bending moment and transverse force), which are
expressed in terms of dimensionless fundamental solutions (1). The presence of these
formulas makes it possible to investigate the bending vibrations of rods with dead weight
taken into account under any boundary conditions. For example, in the work [11] the
authors proposed new method of cantilever rod structures calculation with taking into
account the dead weight.

Dynamic boundary conditions for the hinged rod have the form:

»(0,0)=0; M(0,1)=0; y(I,1)=0; M(l,1)=0.
Realization of these conditions by exact formulas from [10] leads to the frequency
equation, on the left side of which there appears a convergent series in powers of the
dimensionless parameter K

Ny +m K> +n,K* +n,K°+...=0. )

The dimensionless coefficients of the equation 7, (k=1,2,3,...) are defined by the

formulas

M =L 1= 2 (Boy DBy =By DBy (D) 3)
where

ﬂz,o ()= Cro0t i (_1)jaj [CXNE 4)
P =Copa+ 2D )
ﬁz,o (l) = (fz,o,o - 1) fz,o,o Cz,o,o + Zsi:(_l)jaj(fz‘o‘j - 1)]‘2‘0,1' cZ,O,j s (6)
34,0(1) = (f4,0,0 _1)f4,0,0 C4,0,0 +Zi:(_l)jaj(f4,0‘j _1)f4LOJ c4,0,j > (7)
Pu=cig+ DD,y . ®)
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ﬁn,k = (fn,k,o _1)fn,k,o Cok,0 +i(_l)jaj (fn,k,/ _1)fn,k,/ Cok,j > )
_dr
o= h (10)

To determine the dimensionless coefficients of series (4)-(9), we use the set of
recurrence formulas [10]:

S
n,0,0 (I’l—l)' ’

1
k0 = G dk—1)!

_(n=D(n+2)..(n+3j-4)
o (n+3j-1)! ;

2
Cok-1,j +(fn,k,j -3) Cok,j-l

I oy =N oy =20y =Dy

c

where
Joi, =n+dk+3j-1 (n=2,4)(k=1,2,3,.)(j =1,2,3,...).

The dimensionless parameter K will further be called the coefficient of vibrations.

Equations of the form (2) are often encountered in mechanics. To find solutions of such
equations, the method of comparing the roots calculated for different numbers of retained
terms of the series is used [12]. Such an approach makes it possible to calculate the roots of
an equation with any given accuracy.

2.3. Analytical formulas for the vibration frequencies

In the publication [10] the formula was obtained for frequencies of free vibration of a rod
with arbitrary boundary conditions:

K.
= %(j=1,2,3,...), (11)
where K,K,,K,,.. —roots of the corresponding frequency equation. In our case, the

frequency equation has the form (2). Consequently, the problem of determining the
frequencies for a vertical hinged rod is reduced to finding dimensionless vibration
coefficients from equation (2).

As can be seen from (2)-(9), the values of the roots K,,K,,K;,... will depend on the
dimensionless parameter o . Let’s set the actual range of this parameter change.

From the theory of stability, it is known [13, 14] that a hinged column under the
influence of longitudinal distribution load with a value
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7. :18.5687% (12)

will lose stability. Therefore, from the practical point of view it is meaningless to consider
the problem of rod’s vibrations for values of the parameter ¢ greater than ¢, . Assuming

in formula (10) ¢ = ¢, and using (12), we find the maximum possible value of « :

3
a =3 155687,
EI

max

Consequently, the values o relevant for the study lie in the interval
0<a <18.5687. (13)

Table 1 shows the results of the calculation of the first three vibration coefficients for
eleven values of the parameter « from the specified interval, equidistant from each other
in steps 1.85687.

Table 1. Vibration coefficients

a K, K, K,
0.0000 9.8696 39.4784 88.8264
1.8569 10.2490 38.7144 88.4026
3.7137 10.6561 37.9218 87.9758
5.5706 11.0950 37.0967 87.5461
7.4275 11.5708 36.2339 87.1133
9.2844 12.0901 35.3270 86.6776
11.1412 12.6617 34.3670 86.2388
12.9981 13.2982 33.3416 85.7970
14.8550 14.0173 32.2330 85.3520
16.7118 14.8477 31.0126 84.9040
18.5687 15.8392 29.6305 84.4528

Using the data from Table 1, we represent the found correspondence between
parameters o and K in the analytical form. Considering the coefficient K as a function
of variable « , and also having the set of values of this function, we approximate K by a
polynomial. To achieve high accuracy of approximation, the degree of the polynomial will
be chosen from the condition that the coefficient of determination is not less than 0.9999.

As calculations show, for the first and the second vibration coefficients the value of the
determination coefficient will practically equal one for forth power approximation, and for
the third — for a quadratic approximation. The final formulas have the form:

K, = 7°+0.189a +0.00659¢> —0.000291c° +1.72-10° o ; (14)



MATEC Web of Conferences 230, 02016 (2018) https://doi.org/10.1051/matecconf/201823002016
Transbud-2018

K, = 47* —0.3959 - 0.00676¢> +0.00029¢° —1.7-10 a* ; (15)

K, =97° —0.22734a —0.00044a° . (16)

As a result, according to formulas (11), (14)-(16), to determine the first three
frequencies of free vibrations of vertical hinged structures, we have the following analytical

formulas:

7% +0.189a +0.00659¢> —0.000291¢* +1.72-107a* [ET
D= B - (17)

47% —0.3959¢ — 0.00676¢> +0.00029¢° —1.7-10"°a* [T
P, = 2 - (18)

/ m

97 —0.22734a —0.000440> |EI

P = Zz ; . (19)

Using formulas (10), (17)-(19), knowing the characteristics of ¢, [, EI , it is possible in

the future to calculate the vibration frequencies of hinged structures with dead weight taken
into account without using approximate methods and program complexes.

The vibrations frequencies for a weightless hinged rod are given by the known formulas
[15, 16]:

2 |EI
0, =7 = (20)
/ m

2
o, =3 |EL. 1)
/ m
2
o, =2 [EL (22)
/ m

It is obvious that formulas (20)-(22) are a special case of formulas (17)-(19).

With the help of (17)-(22), it is easy to establish a connection between the frequencies
taking into account the dead weight and frequencies without taking into account the dead
weight of the rod:

% ~1+0.0191a +0.000668¢% —2.95-10%c* +1.74-10°a*; (23)
1
P2 10,0100 -0.000171a% +7.35-10° a* —4.31-107 (24)
2
%= 1-0.002560 —4.95-10°a? . (25)
3

Based on (13), (23)-(25), we can also establish the change limits for the frequency
ratios:
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1< 2 <161, (26)
a)l
0.75< 22 <1, 27)
a)Z
095< <. (28)
w3

Formula (10) with taking into account (12) can be rewritten in the form
a=18.5687-1 . (29)

Substituting the value (29) instead of parameter o in formulas (23)-(25), we express
the frequency ratios in terms of the distributed longitudinal load ¢ :

2 3 4
ﬁ=1+0.3556i+0.2302[ij —0.1887[ij +0.2071[i] : (30)
1 9. cr o o
2 3 4
%:1—0.18621—0.059[ij +0.0470[ij —0.0512[ "J ; (31)
2 qcr cr cr or
2
%:1—0.047521—0.0017[ij . (32)
3 cr cr

Fig. 3-5 show the graphical dependence of the frequency ratios on parameter ¢ .
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Fig. 3. Graph of the dependence of p, / ®, on the longitudinal load ¢ .
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Fig. 4. Graph of the dependence of p,/®, on the longitudinal load ¢ .
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Fig. 5. Graph of the dependence of p, / w; on the longitudinal load ¢ .

As can be seen from the graphs, taking into account the rod's dead weight leads to an
increase the first frequency and a decrease the second and the third one. The greater the
value of the longitudinal load, the greater the difference between the frequencies of a
weighty rod and the frequencies of a weightless rod.

3 Conclusions

Based on the exact solution of the differential equation of vibrations of a weighted uniform
rod, the following results for hinged vertical structures with dead weight taken into account
are obtained:

1. Formulas for the first three frequencies of vibrations (17)-(19) are found in an
analytical form. Using these formulas, it is possible to calculate frequencies without using
approximate methods and program complexes.

2. The dependence between the frequencies with taking into account the dead weight of
structure and without it, was established analytically (23)-(25). It was established that
taking into account dead weight leads to an increase in the first frequency and a decrease in
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the second and the third frequency, in comparison with the corresponding frequencies for
the weightless rod.

3. The greater the value of the longitudinal load, the greater the difference between the
frequencies of the weighty rod and the frequencies for the weightless rod. From the
formulas (26)-(28) we come to the following conclusions:

— the difference between p, and @, does not exceed 61%;

— the difference between p, and @, does not exceed 25%;
— the difference between p, and @, does not exceed 5%.
The maximum difference will be achieved at a value of g =¢,, .
4. Formulas (30)-(32) established an analytical relationship p; / ®,;(j=1,2,3) between

the frequencies when the longitudinal load value changes.
In the future, based on the results of the publication [10], similar studies can be carried
out for structures under the other boundary conditions.
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