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Abstract. Balanced binary sequences of large linear complexity have series applications in communication systems.

In the past, although the sequences derived from polynomial quotients have large linear complexity, but they are not

balanced. In this paper, we will construct new sequences which are not only with large linear complexity but also

balanced. Meanwhile, this linear complexity reaches the known k-error linear complexity mentioned in [7], which

means that the k-error linear complexity as a lower bound is tight.

1 Introduction

Let ¢ be prime number (¢ >2) and a is a number

which satisfiesa #0 .
The polynomial quotient (PQ) mentioned in [1]
modulo g is defined as

w wgq

F.(a)= %(mod 7).

where 0<w,F (a)<g—1. In particular, when w=g-1,
F (a) is referred to Fermat quotient (FQ).

The FQ sequences have been studied by Ostafe in [2].
Then three classes of sequences have already been
discussed from the view point of polynomial quotients.

One is the threshold sequence defined as

0, OSFw(u)Sq—_l
e = 2 u>0.

L LR <

The second one is the Legendre PQ sequence (f))
defined below

0, (szl or F (u)=0
q Ju

1, otherwise

20,

where (—J means the Legendre symbol.
q

The third is the sequence (Su ) defined by

0, F, (u)is even
s, = ,U>
“ 11, F,(u)is odd

When w=¢g —1, Gomez etc. discussed the pseudo-
randomness of ( f ) in [3]. Chen etc. studied the
properties of (eu)in [4]. For both (eu) and ( f ), Chen

u

etc. considered the linear complexity (LC for short) when

2 is a generator of the multiplicative group sz* and then

extend to condition 2’ #1(mod p®) in [5-7]. Later,
Zhao, Ma, etc. gave the LC of (s )in [8]. It is obvious

u

that these sequences are not balanced.
In this paper, a new balanced sequence (t) of
polynomial quotients will be constructed as

u=0 (1)

u

L Fw)eljielcZ
o, F(uel

+
where [ satisfies |/ |=qT Our result shows that this

sequence's balance is good and the LC is large.
For a T — periodic sequence (a )over finite field F),

u

the polynomial

a(x)=a,+ax+---a, x"" €F,|[x]

is said to be the generating polynomial of (a” ) .

The LC of (a”) is referred to the smallest positive

integer 1 which satisfies

a, =ca +ca,  +--+c_a__ for uz0.

u+n 1 L1 u+n-1
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The following polynomial

c(x)=x"+c_x"+--+¢, € F[x]

is called the characteristic polynomial (CP) of (au) . The

one with the least degree is the minimal polynomial (MP).

Then the MP of (au) is

x" =1
ged(x” —1,a(x))

So the LC of (a, ) is

L((a,)) =T —deg(ged(x" - L a(x))).
2 LC of the general PQ sequence

Lemma 1 ([6]): For a € Z , denote

B(M) ={ulue Zqz,u =a(modgq)}
B, ={F (u)|ueB,, }, then

(a,q
Z, aeZ ,weZ
=47, a=0,w=1 (2)

0, a=0,w>1

(a.q.w)

Theorem 1: Suppose (tu ) is the L* — period sequence
defined as in Eq. (1). If 2 is the generator of Z Lz*, then
the LC of (7,) is

L -L, L =3(mod4)
L((t))=4 L'-1, L=Il(mod4),w>1.
L' —L+1, L=1(mod4),w=1

Proof.  Let  fi(x)=x""+x""+---+1 and
f,(x)= X XM e xt +] . Then
' —1=(x-1)

f,(x)f,(x) always holds. The MP of (tu ) Satisfies
m(x)|x* =1 . By Lemma 1, we get B.,.,=Z, .

Correspondingly, in every B, , there are |/ | many u’s

such that ¢, =1 and L—|/| many u s such that £, =0,

respectively. So we have

; 1], ged(v,L) =1

Mo, =1l gedwL)=Lw=1 ()
- 0, gedv,L)=L,w>1

We will discuss the linear complexity of (t) in the

following.

(1) L=3(mod4)
For each v, by Eq. (3),

>t =I1=0(mod2).

k=0

So f,(x) is a CP of(tu). Thus m(x)| f,(x). By the
fact that 2 is the generator of Z LZ* , so f,(x) is
irreducible over F,[x]. Thenm(x)= f,(x) and thus the
LCof (1,) is L((t,))=L - L.

(2) L=1(mod4),w>1

By Eq. (1) and (3), for eachv e ZqZ , we have

Zo:t”" = Zo:t“ = ;tm + [Z:;q% =(L-D|7]=0

So  f(x)f,(x) is the CP of (z,) . So
m(x)| f,(x)f,(x). Since f,(x) and f,(x) are irreducible
in F[x] and neither of them is the characteristic
polynomial  of (t)
m(x)= f(x)f,(x) . Then the LC of (t) is
L((t)=L"-1.

(3) L=1(mod4),w=1

By Eq. (3), for each v, we have

Hence we can get

gq-1

tv+kq + Zt(v+l)+kq :| I | + | I |: O *
k=0 k=0
So f,(x)+xf,(x) =(1+x)f,(x) is the CP of (t) .
Only (1+x) and f,(x) are irreducible in F,[x]but them
are not the CPs of (t) So m(x)=(1+x)f,(x) holds.

Then the LC of (t”) is L((¢,)=L—-L+1.

3 LC of the special PQ sequences

In this section, we will extend to 2°' # I(modg’) and
present the LC of (t) when w=¢g—1.

In the following, denote d the order of 2 modulo ¢°,
ie. 2 =1(modg’) , F, is a finite field with order

2%and S € F, is a primitive g’ -th root of unity. We
define H (u)=u"F (u)(modq),0<H (u)<q-1.

We have

H (uw)=H (u)+H (v)(modgq),

if ged(uv,q)=1.
For 0</<gq , let Dlz{ueZq::Hw(u)zl} and

aD, ={au(modg’)|ue D} . It is easy to see that
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|D,=g-1 and aD, =D if aeD, . Let
D/ ={u(modq):ueD,}c Z, , wehave D" =Z .
For 0</<gq , write D,/(x)= Zx“ e F[x] and

ueb;

Q(x)=). ) x"eF,[x]. Let 1(x) = sz be the GP

iel ueD,,; u=0
of (tu )
Lemma 2 ([5]): Suppose is a primitive g° — th root of

unity. For every a € Zqz* , we have
-1
S D) =0.
1=0

Lemma 3: Suppose S € F, is a generator of Zqz*’

(tu) is the q2 — period sequence defined as in Eq. (1),

then we have
0, k=0

k=1-q-1"

1A= qTH(mod 2),

Proof. By Eq. (1) and the definition #(x) , we have

t(x)= z Zx"

lel ueD;

Fork =0, we have

0 2_1
(p)=1=Y, 311D |===0.
For k=1,2,---,p—1 , by the fact ﬂ"zzl , SO
B =B, wherea =u(modq). Thus

RED W AED I W ad

lel ueD, lel aqeD™

For the reason that Z B =0, we get

aeZ,

AR WS

g *
aeDy asZ,

and hence #(") = 21 == qTH(mOd 2).

lel
Definition 1: The »n— th order matrix with the
following form

aO a] aZ n—1

anfl aO al e anfl

A = an72 n-1 aO n-3
al aZ a} a()

and is noted

n-1

is called a cyclic matrix fora,,a,," -,a
by A=cir(a,,a,,-,a_).

Lemma 4: The sufficient and necessary condition for
the n — th cyclic matrix A4 inverse is

ged(f(x),x" =) =1,

where

A=cir(a,a,,a ), f(x)=a,++a_x"".

Lemma 5: If 2" #1(modg”) , then #(8°)#0 for

eachaeZ .
q

Proof. According to the expression of H_,(a), when

a =2, there exists a number £ satisfying

g-1

H_(2)= 2 +kq,

which implies the following equation.

2°'=H_(2)g+1(modgq’).

By the fact 2" #1(modq’) , so H _(2)#0 . Let
H_(2)=1,(<],<q) and 2eD, . We
2j € Dﬂu(mf’dq) :

Suppose A(S") =0 for some n, € Zq; and n, €D, .
Then

obtain

0=h(f") =h(B")=Q,_, (B).

Because ged(/,q)=1, then i + jl, takes every
value in Z when j turns over {0,1,---,¢q—1}, which
indicate that for each pair jeZ ,meZ , Q (f)=0
and Q (B")=0 always holds. Then we get the

following equation system:

Q,(8)=2.2.(8")=0

QY=Y Y (F)=0
Q=2 Y (f")=0

Q. (8= 2 (=0

iel ueby 4y

0, igl
Denote y =(c,,c,,"*+,c,,) , where ¢, = ) .
! 1, iel

So the above system can be represented as
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¢ ¢ ¢ ¢\ D(B) 0 Proof. Case 1: ¢ =1(mod4)
¢, ¢ ¢ = c,| D(B) 0 By Lemmas 3-4, only n=0 satisfies#(")=0. So
¢, €. ¢ ¢ | D(B)|=|0]. there is one common root of #(x) and x* —1. Then the
T e e : : linear complexity of(tu ) is L((t,))=q" —1.
¢ ¢ ¢ = ¢ \D,(F) 0 Case 2: ¢ =3(mod4)
By Lemmas 3-4 again, we have the following results.
The coefﬁlcient matrix B is a circular 1matrix. Forevery ne {kq:0<k<q-1, (8")=0.
g— ) + .
Let f(x)= Zcix’ . Because of |/|= qT , SO Foranyn e Zq2 , t(f")# 0. Then the LC of (tu) is
i=0

f(x)#x-1 and f(x)#x"" +---+x+1 . Moreover,
gcd(f(x),x* —1)=1, then B is reversible, so BX =0
has only zero solution.

We get D (f")=0 for all 0</<g—1. That is, for
any / =0,1,---,¢g—1, there are at least g(q¢ —1) many
i'sin Zqz* such that D, (/') =0. Then

deg(D,(x)) 2 q(g~1)
holds. Let deg(D,(x))=d, . Then d, satisfies
q(g-)<d <q" -1.

Because the degrees of these D,(x)’s are not the
same with the others. So we have

{d,10<I<q-1={q"-1,4" - 2,--,¢" —q}.

In fact, q2 —q eZqz* . This contracts with the
definition of D,(x) . Therefore, for every neZqz* ,
t(p")=0.

Theorem 2 Suppose (l‘u)is the sequence defined in
Eq. (1) withw=¢g —1. Assume

297" #1(modgq?), then,

~ q2 _ 1, q= l(mOd 4)
L((@,))= {qz —q, g=3(mod4)

L(t,)=9"—q.
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