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Abstract. This article is devoted to the confirmation the need for using a
set of 3D dynamics models describing the various hydrophysical
characteristics of the studied object to solve practical problems associated
with the assessment of the ecological state of the water reservoirs. The
present paper is devoted to the study of the three-dimensional model of
transport and sedimentation of suspended matter in the coastal zone. The
model takes into account such parameters as water movement, diffusion-
convection, complicated bottom and shoreline geometry, lifting, transport
and sedimentation of slurry. The existence and uniqueness of the solution
of the corresponding indicated model of the initial-boundary value
problem haas been envestigateded for two typical bottom boundary
condirions. Also solution stability of the boundary-value problem in
depend of functions: initial condition, boundary conditions and the right-

hand side in the norm L, for any moment of time 0<7'<+0 , and also in

the time-integral norm L, has been proved. The model may be basis for
the construction of hydrophysics models used to describe processes in the

extraction of minerals from the seabed, in the dissemination of
suspensions in shelf regions.

1 Introduction

The great importance belongs to the protection of the aquatic environment among the
factors determining the integrated development of coastal areas research. Elimination of the
consequences of natural processes, such as pollution, siltation and depletion of the water
areas, necessitates the study of all aspects of changes affecting the coastal waters. The
maintenance of water bodies in proper condition and timely intervention in the regime of its
functioning is directly connected with the increase of port capacities and the effective
development of coastal infrastructure (providing access to the berths of vessels with low
planting, clearing of silt and water vegetation of the coastal strip, etc.). The researches in
this area require the construction of mathematical models that are quite close to real
processes [1-5].
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The paper considers a continuous mathematical model describing three-dimensional
spatial processes associated with the formation, transport and gravitational sedimentation of
suspensions in an aqueous medium [6-10]. The suspension transport model allows to carry
out hydrophysical processes of water systems, predict the dynamics of bottom surface
changes on the basis of the description of the processes of ascent, transport, deposition, and
change in the concentration of suspended matter. The uniqueness of the solution of the
corresponding described model of the initial-boundary value problem is proved and an a
priori estimate of the solution norm is obtained depending on the integral estimates of the
right-hand side, the boundary conditions and the initial condition.

2 Continuous 3D model of diffusion-convection convection and
the corresponding initial-boundary value problem

We consider a continuous mathematical model for the propagation of suspended matter in
an aqueous medium, taking into account the diffusion and convection of suspended matter,
the action of gravity on the slurry, the presence of a bottom and a free surface. We will use
a rectangular Cartesian coordinate system Oxyz, where the axis Ox passes along the

unperturbed water surface and is directed towards the sea, the axis Oz is directed vertically
downwards. Let 7=H+n is the total depth of the water area, [m]; H is the the depth at the

unperturbed surface of the reservoir, [m]; 7 is the elevation of the free surface relative to
the geoid (sea level), [m] (Fig. 1).

Suppose that in the closure of the domain C_?:{OSxSLX,OS ySLy,OSzSLZ} there are
particles of suspended matter that are at the point (x,y,z) and at the time ¢ have
concentration c:c(x,y,z,t) , [mg / 1]; ¢ is the time variable, [sec]. We shall also use the

notation L= max H(x,y).

7 0sx<L,0<y<L,

The equation describing the behavior of the suspended particles will look like this:

e ofuc)  (ve) 6((w+wg)c):#h(azc | azcj+ P (ﬂ acj+ F W

ot ox oy oz o’ o) o\ ez

where u,v,w are the vector components U is the velocity of the fluid, [m / s]; w, is the

hydraulic size or particle sedimentation rate, [m/s]; ,, 4, are the coefficients of horizontal

and vertical turbulent diffusion of particles, respectively, [m? / sec]; F is the power of the
particle sources, [mg /1 sec].

The terms on the left side (except for the time derivative) of equation (1) describe the
convection of particles: their transport under the action of fluid flow and gravity. The terms
on the right-hand side describe the diffusion of the slurry. The vertical diffusion coefficient
is chosen to be different from the horizontal diffusion coefficient due to the fact that the
effect of the difference in these coefficients is often observed in different media and may be
caused by various factors.

As an area G consider a «sloping» to the shore «parallelepiped» ABCDAOC D, , upper

base 40CD, which lies on the free surface (z=0), and the lower base ABCD is part of

the bottom surface (z:H (x, y)) . Let S is the surface G, 7 is the the outer normal to the

surface of the «bevelled parallelepiped». We shall assume that U is the velocity of fluid
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on the side surfaces G . Together with the boundary conditions of the first kind for the
particle concentration function, this makes it possible to determine the fluxes of suspended
matter both towards the shore and along the coast (Fig. 1).
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Fig. 1. The solution area for the transport of suspended matter.

Let add to the equation (1) the initial and boundary conditions.
As an initial condition with time =0 accept

c(x, y,z,O)Eco(x, y,z) . 2)

The boundary conditions are given on the faces ABCDAOCD, (we set streams of
suspensions both towards the shore and along the shore)
eon the faces AAOB(x=0,0<y<L,0<z<L), AADD(y=L,0<x<L,0<z<L),

BOCC (y=0,0<x<L,0<z<L)
c=c", where ¢'=c'(x,y,z,1), te[O,T] ; (3)
« on the faces DDCC (x=L,0<y<L, 0<z<L), 40CD, (z=0,0<x<L, 0<y<L )
¢=0; ©)

« on the surface ABCD (z=L,0<x<L, 0<y<L)

%:_&c or @:—&C . (5)

on U, 0z u,

The boundary condition (5) takes place at relatively small inclines of the bottom, that its

2 2
value max (aﬁ) +(aﬂj is much smaller than 1.
ABCD ox ay
In the study of combined sediment transport models, it is possible to increase the
concentration of suspended particles in the bottom layer by raising the sediment particles
when the shear stress is exceeded by some critical value. Then instead of the boundary
condition (5) we will consider a boundary condition in the form

3
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—C:ac, a=const>0. (6)
oz

We will not investigate in this paper the existence of solutions of the initial-boundary
value problems (1)-(5) and (1)-(4), (6). The existence of solutions of initial-boundary value
problems for equations of parabolic type with lower derivatives (diffusion-convection
equations) are considered, for example, in monographs [11-12].

3 Investigation of the uniqueness of the solution of the
initial-boundary problem of transport of suspended matter

Let multiply the left and right sides of equation (1) by the function ¢ and get:

o|(w+w,)c 2. A2
c@+c8(uc) } c@(vc) e (( g) ):yh Oc } oc +ﬁ(# @J+F . @)
ot ox oy 0z ox* oy*) oz\" "oz
The left-hand side of the equality obtained may be transformed as follows:
o|(w+w 2 2 _
(26 o ) 2ve), (b)) | 12e rediv(cU)= 1o +ldiv(c2U), (®)
ot ox 0oy oz 2o 20t 2

— T
where U =||u,v,w+wg|| .

Taking into account (8), equation (7) can be written in the form
1o 1 o%c ¢\ of eoc

+—div(c?U +— |+ +cF . 9
20 2 WeT)=s (626J65(ﬂ62j ©)

Then we integrate both sides of equation (9) in time on the interval 0<¢<T and, after
that over space in the region G . In the first term, the order of integration is changed by

s e We e ml{}aa_c;d;}m}l[m div(czﬁ)dGJdF

o 2 e (2o 2 o e et

The first term on the left-hand side of (10) is obviously equal to

fif %Gaa_ctzdt]dczw %(02 (0.3,2.7)=c*(x.,2,0))dG . (1

Let us turn to the transformation of the second term on the left-hand side of (10). Taking
into account the Ostrogradskii-Gauss formula and the boundary conditions (3)-(5), it may
be written in the form

}Ej [ div(CZU)dedt:%}{ NG n)dydszH—j( [[ ew dxddeH

(10)

0\A4BCD

+—j{ Il n)dxdzjdt+—j[ I € n)dxdz} =__j£ I udydzjdt—(u)

0\ BOC,C 0\ 44, DD, 0\ 4408
T
_%J.[ H ( vdxdzjdt—i——J‘ [ ” vdxdz]dH—J.( ” cw dxdy]dr
0\ BOC,C 0\ 44.DD, 0\4BCD
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where U" is the given (known) velocity of the water medium on all faces, where boundary
conditions of the Dirichlet type are given; in fact this is all the side faces, except DD,CC
and the top cover 40CD,, at which the concentration of suspended matter is 0, therefore

the flows through them are equal to 0.

Let us turn to the transformation of the right-hand side of (10).
We have the equality

ol e
sl ) Ao ] 5 (5 e

0

Let 0={0,,0,.0.}= {uh 2C,uh o

we have:

c, cu, g—} Then, by the Ostrogradsky-Gauss theorem,

I

= |[ gdxdz+ [[ Qdvdz+ [[ Qdxdz+ [[ Qdvdz+ [[ Qdxdy+ — (14)

AADD DD,C,C 0BCC, A40B ABCD
= [[ Qaxdy=[[ 0dxdz+ [[ Odxdz+ [[ Qdydz+ [[ O.dxdy.
40C,D, AADD 0BCC, A4 0B ABCD

After transforming each term from the right-hand side of (14) taking into account the
conditions on the boundary (3)-(5), we obtain

” dedz- ” cuha—y dxdz, H Q. dydz= ” cuha dydz

AADD AADD DD,C,C DD,C,C
” 0, dxdz= ” c ph dxdz J.J‘ Q. dydz= .” c p_h dydz
OBCC, OBCC, A40B AA40B
” Q. dxdy= H cH, —dxdy— H cu, —cdxdy— ” w dxdy=— H w c*dxdy;
ABCD ABCD a ABCD p'v ABCD ABCD ¢
dxdy= —dxd
AOJJHQ xonjCJHua xdy =

After substituting the obtained equalities in relation (14), we obtain
Hf{uhi[cﬁjwhi(ﬁ} Han ke ﬂ"G‘
v Oox\_ Ox oy\ oy) oz 0z
15)

= ” c uhz—dxdz+ H c uha—dxdz+ H c' uh dydz— ” w czdxdy

AA DD OBCC, AA40B ABCD

Taking into account (11), (12), (13), and (15), the equality (10) takes the form
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lm (v.y.2.7) dG—I[ I @ e ”haa jdydz}z—

0\ 4408

jj (—(c Ve, )dxdzjdﬂ ” (—(c e jdxdz}dﬁ—_[[ ] wczdxdy]dt+(16)

. f! Hf( acy ac ﬂv(%j ]dc;]dr:%jﬂcz(x,y,z,o)dG+ ! [jl Ichdot.

The identity (16) will be the main one in investigating the uniqueness and obtaining an a
priori estimate of the norm of the solution of the initial-boundary value problem (1)-(5). If
the boundary condition (5) is replaced by the boundary condition (6), the quadratic
functional (17) changes as follows:

_j [[e(x.y.2T)dG- j{ 1] (%(c wre' ]dydz]d

0\ 4408

_}[ Il (_(c vic' ﬂh dxdszH}[ j

0\ BOC,C 0\ 44, DD,

Aol (5] . et
:%j l [(xr.z0 dG+.(|;£ [ lchded .

Let suppose that equation (1) with the same conditions (2)-(5) is satisfied by two
different solutions of problem ¢ =c,(x,y,z,), ¢, =¢,(x,y,z,t). For their difference, the

v—c"p,— jdxdszH
(17)

following initial-boundary value problem may be formulated:

3 o(uc) o(ve). 6((W+wg)5)=y (820 & } ) (u 6_2} (18)

o ox oy oz o ayt) oz\" ez

E(x,y,z,O):O, (x,y,z)ea, (19)
e on the faces 4408, AADD, BOCC, DDCC, AOCD,
é=c'—c'=0; (20)

¢ on the bottom surface ABCD

=—=£c. @n

For a function ¢ (17) takes the form taking into account equalities (18)-(21)

%j lj 3,2 dG+—j[ I wczdxdy dt+j{jﬂ{uh 2 ac ; v(%j]dG]dt:O. 22)

0\4BCD
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Because the w,>0 and other known terms under the integral sign are positive

1,>0, p >0, then (22) is satisfied under condition
E(x,y,z,t)EO, (x,y,z)eG, 0<t<T, (23)

which completes the proof of the uniqueness of the solution of the initial boundary value
problem (1)-(5).
In the case of changing (5) to the boundary condition (6), instead of relation (22), we

obtain appropriate equality in the form
1 o (1 f ocY (ee) (oéY
~ ~2
3 jij P(p,2T)dG+ H (Ewg—a,uvjc dxdyjdﬁ l [ Iﬂ”"[&) +ﬂh(5) +’”‘v(§j ]dG}dt:O. (24)
%wg—ayvzo, (x,,2)e ABCD, 0<t<T or aszw—g, (x.9,2)e ABCD, 0<t<T, (25)

0\4BCD
v

If we require the fulfillment of inequality

then all the terms in (24) are non-negative and the equality to zero is possible if and t he
only if ¢(x,y,2,)=0, (x,y,z)eG, 0<¢<T, which means that the solution is unique in this case.

Theorem. Suppose that equation (1)

de ofuc) ove) Alvm)e) (2529, 2)r,

ot ox oy oz o’ o) oz\ez

in a simply connected domain Q,=Gx(0<<T), G:( 0<x<L,0<y<L,0<z<H (x, y)), with a
sufficiently smooth boundary defined by the smoothness of the function z=H(x,y),
0<x<L,0<y<L, with the initial and boundary conditions (2)-(5). Let the solution functions

T
¢(x,y.z,t) velocity vector of the water environment ||u,v,w+ w,| , initial condition

¢)(x,,z) , right-hand side F(x,y,z,), boundary condition c¢*(x,y,z), the coefficient of vertical
turbulent exchange u =p, (z) (x, y,z) € G satisfy the following smoothness conditions:

c(x,y,21)eC*(Q,)NC(Q,), gradceC(Q,), ||u,v,w+ w, "T ecV(Q,)nC(Q,),
cO(x,y,z)eC(é) , F(x,y,z,t)eC(QT) , ,uv(x,y,z)eC(l)(G)mC(é) . (xp.z,0)eC(S)0<e<T],

& (x,p,2,1)eC(S)0<r<T], $=G\G, Z—CGC((OSXSLX, 0<y<L, z:H(x,y))x[OStST]) , and
n
also the conditions for the consistency of the boundary and initial conditions,
¢ (x,0,2,0)=¢,(x,,2), (x,,z)eS \(0<x<Lx,0< y<L,z=H (x, y)), %=—ic*,
’ oz w

(O<x<LX,O< y<L,z=H (x, y)), then the solution of this problem exists and is unique.

Comment. If the boundary condition (5) is replaced by the boundary condition (6),
inequality (25) should be added as a sufficient condition for the fulfillment of the preceding
theorem.
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4 Investigation of the continuous dependence of the solutions
of the initial-boundary value problem of slurry transport from
boundary, initial conditions and the function of the right-hand
side

The next stage is connected with the study of the continuous dependence of the solution on

the functions: the right-hand side, the boundary and initial conditions for equation (1).
We assume that

"¢ =const>0, 0<x<L, 0<y<L,60<z<L,h 0<t<T. (26)

We introduce for convenience the notation: the union of all parts of a lateral cylindrical
surface — the boundary of the domain G denoted by S, and the lower base of the

regionG— §,. By virtue of the smoothness conditions listed under the conditions of the

theorem, extrema of functions on bounded closed sets are attained:

oc| |oc

M, =mard), M, ””"‘{a— & } @

M, Emsf’x{/”‘h}’ M, =5 fff,<,<T]{|”| M } M EmGin{,uh,,uv }-

We will orient to equality (16) if the boundary condition (5) is used, and equality (17)-
in case of boundary condition (6). Using the Friedrichs inequality, we have a chain of
inequalities:

el ] pomotns 55 2] e

ZMS[ [PTU D [ljedc.

Let us consider equation (16), from which, using (27) and (28) formulas, we obtain the
inequality:

(28)

| ij(CZ(x,y,z,T))dGuM{ [%+é LLDMH (.2, t))dG]m

z

+3§(gwgczdxdy]dzg [t {[g(ayds]m 9)
+2M2M3E[Sc ; }HzMEUiﬂqujdt.

The inequality (29) implies two inequalities

m (x,0,2.7))dG<

m 2dG+M, j{” dS]dHZM M j{

]dt+2M f[ﬂjﬂded v
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and

} U J@ (x,y,z,T))dG]d,g

G dSJdHZMIEU.G[ j|F|dGJdt}

sM{jl [ cosz+M4E( js j (;)2 dSJdt+2M zA/[%J:LJ;J-"C
where M, = ! (7:2[1 l IDI-

PIVARRVANENE

€2))

From these inequalities follows the continuous dependence (stability) of the solution of
problem (1)-(5) on functions: the initial condition, the boundary conditions and the right-
hand side, in the norm L, for any moment of time 0<7'<+o0, and also in the time-integral

norm L, .

Obviously, if the inequality (27) is satisfied, the initial boundary value problem (1)-(4),
(6), when the conditions of the theorem in p.2 is satisfied, also have a solution depending
continuously on the initial condition, boundary conditions, and right conditions parts in
appropriate norms.

Conclusion

Three-dimensional mathematical model of transport of bottom material in coastal systems
which satisfies the basic conservation laws has been studied. The novelty of the results is
that for the proposed mathematical model which describes the motion of suspended
particles in three directions, taking into account the following physical processes and
parameters: diffusion-convection, complicated bottom and shoreline geometry, water
currents, lifting and sedimentation sufficient uniqueness and stability conditions for two
typical bottom boundary conditions have been obtained. Conditions for the uniqueness of
the solution of the initial-boundary value problem are formulated in the form of
corresponding theorem as well as appropriate inequalities have been obtained, which
guarantee the stability of the solution of initial-boundary value problem on functions: the
initial condition, the boundary conditions and the right-hand side, in the norm L, for any

moment of time 0<T'<+0, and also in the time-integral norm L, .

This paper was partially supported by the grant No.17-11-01286 of the Russian Science Foundation.
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