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Waveguide analysis for ultrasonic medical
instruments (comparison of different methods)
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Abstract. Transition matrices are derived on the basis of some analytical
solutions for a number of waveguides. Initial parameters method is used to
analyze the waveguide longitudinal oscillations. This paper contains a
comparative analysis of different types of concentrators. The waveguide
design scheme presents a straight bar of variable cross-section with different
boundary conditions. For given concentrator arrangements, the amplitude
axial displacements and longitudinal forces in the ultrasonic medical
instrument (UMI) are calculated for a certain excitation frequency.
Numerical method for calculation of eigenfrequencies and eigenmodes of
the ultrasonic medical instrument (UMI) waveguide is presented. Analysis
of'the cantilever straight-line concentrator based on the methods of transition
matrices and numerical integration by the Runge-Kutta method are under
comparison. Sufficient agreement of the results is demonstrated.

1 Eigenfrequencies and eigenmodes of ultrasonic medical
instruments determination

The most widespread waveguides-concentrators with exponential, catenoidal and conical
horns, as well as waveguides of constant cross section [1-4]. The cross-sectional area of these
waveguides is respectively

A(z) = A, exp(—2Bz) - exponential horn
A(z) = A,ch* (I - z) - catenoidal horn (1)
z .
A(z2) = _Zy- conical horn
(2)=4,( a)

Constants B,y and a characterize the rate of contraction of the corresponding horn and are
determined by the cross-sectional area of the concentrator at z=0 and z=/, respectively / (the
length of the tapering portion (horn)).

1
=1/1In\JA, /A ;y=1/1-arcch\|A | A ; a=————,
B AT A4y o/ Ay - ,—Ag/Ak

Coefficient g(z) depending on the type of contraction will be equal to
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- for the exponential contraction g(z)=-2p0;
- for catenoidal contraction g(z)=-2y-th[y(l-z)];
- for the cone g(z)=2/(z—a).

For the sites of concentrators within which the cross-section area changes exponentially,
equation (2) has the form

U"=2Bu'+ a’u(z) =0 (2)
Solution at > ¢ (steep horn):

u(z) =exp(Bz)-(C, chaz+C,sha,z), 3)

where Q :Jﬁz e

When g <« (gentle horn)

s, =BriJa’—B =Bria, o =\f +a’
And the solution is
u(z)=exp(fz)-(C,cosa,z+C,sinq,z), 4
For catenoidal contraction equation (2) has the form:
u"(z) =2y tanh(/ — 2)u'(z) + ’u(z) = 0 5)
It is easy to make sure that the equation can be represented as
[ucoshy (I - z)]” +(a* =y*)coshy(I—2)u(z) =0 (6)
And using substitution u,(z) = u(z)coshy(/ - z) , we’ll get
u"(2)+(a’ =y, (2) =0, (7
The solution of this equation is
u(z)=[coshy(l-z)] " (C cosaz + C, sinaz); ®)
=T a >y
For the conical portion of the concentrator, it can be obtained
u"(z)+2/(z—a)-u(z)+a’u(z) =0 )

Where, (a) is the full length of the cone.
The solution of this equation is

u(z) = ;(C, cosaz+C,sinaz); (10)
(a-2z)

For all of the above cases, the amplitude of the axial force N(z) is
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N(z,1) = N(z)cos(wr) (11)

The eigenvalue problem is solved by the following condition:
det A(ael,) =0 (12)
To solve the eigenvalue problem for the selected UMI element as a whole, it is convenient

to use the matrices variant of the initial parameters method [6-8].
2 Matrices method of ultrasonic medical instruments calculation

Consider a waveguide of constant cross-section length (/). The General solution for this case
is equation (2) in the form

u(z)=C,sinaz+C,cosaz (13)
The amplitude of the axial forces N(z) is

N(z) = EA(z)a(C, sinaz +C, cos az) (14)
The transition matrices for the conical section will be equal to

acos(al)a —sin(al) asin(al)

_ (a=ha C(I-a)Eda (13
“" | E4,(=sin(al) +asin(al)a’l - a’ sin(al)a’ + o cos(ak)k) A, (acos(al)a —cos(al)al +sin(al)
(a-1Va (-1+a)* 4,a

where (4g) is the cross-sectional area at the beginning of the section
N, =44,/ A, ; A, -the cross-sectional area at the end of the plot.

The transition matrices for the exponential segment will be equal to
. Bl :
P (cos(all)—Mj Ln(all)
= a] EAu a 1 ( 1 6)

e P'E4,sin(a])(e) = B*) e ¥ (-Bsin(a,]) - cos(e,l)
Q Q

exp

The transition matrices for the catenoidal area will be equal to

cosh(y7) cosh(a,l) sinh(y/)y sin(e,/) cosh(y/)sin(e,/)
. o Edya, (17)
e A, cosh(yl)cos(a,l)

EA, (—cosh(yl)sin(e,/)a, —sinh(y!)y cos(a,l)) y
0

For steep transitions (horns), when y or A more than « , all trigonometric functions
in the transition matrices should be replaced by appropriate hyperbolic (this does not apply
to conical horns) [10].

Let’s assume that UMI consists of sections, within each of which the law of change of

the cross-section area is such that one of the functions (1) can be approximated, and for each
of the sections a local coordinate system O,Z, is introduced, the beginning of each of which

coincides with the left edge of the corresponding i-t4 section [5,7,10]. The solution vector at



MATEC Web of Conferences 226, 04007 (2018) https://doi.org/10.1051/matecconf/2018226 04007
DTS-2018

=0 has the form: V(O): 70(1) Then the solution at the end of the first section will look like

this V=AYV, V , but the strength of the continuity and equilibrium conditions vector of
. .. == ) —(1)
the solution at the beginning of the next section V|, ~ coincides with V, = Decision at the
end of the second phase: V> = A®V, V ,but V¥ = S0 VP = AP 4Oy V ,
Decision at the end of the i-th section:

O WA "

The solution at the end of the n-th section: (i.e Z=1[= Zli, ., Where li is the length of
i=1
the i-th section, (/) is the total length of the ultrasonic vibrating system) has the form

v," = Bowny7," (19)

where B(w) =11 AY

Eigenfrequencies (resonant lengths) of the UMI are found from the solution of the
equation (19), and the boundary conditions on the right and left edges of the interval [0, /]
must be satisfied.

We consider different variants of boundary conditions:

1) The left and right edges are free (N=0), then

Vo =(,,0);Vi =(u,,0), (20)

in this case we have the following frequency equation:

b, b
o R N Rl by (@) =0 1)
0 b, b,)0
2) The left edge is free (N=0), the right one is closed (u=0), then

Vy = (4,007, = (0,u,); (22)

in this case we have the following frequency equation:

0 _ b, b, | %o b -0 23
N, - by by 0 or hl@r= @)

3 Analytical solution

3.1 The solution of the transition matrices

Let’s take a waveguide consisting of cylindrical, conical and exponential sections, made of
titanium alloy BT- 5 [9].



MATEC Web of Conferences 226, 04007 (2018) https://doi.org/10.1051/matecconf/2018226 04007
DTS-2018

A4,if0<z<L,
z— Lcyl

2
A(Z) = Acyl (1 - J ichyI sz= Lz‘yl + Lcon (24)

2z Ly + Lo
A.,.e iL,+L,, <z

con
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Fig.1. Longitudinal displacements of the waveguide.
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Fig.2. The normal force in the cross-sections of the waveguide.

4 Solution of the equation by Runge-Kutta

The Runge-Kutta method is a method of iterative approximate integration of differential
equations. We solve our problem using the fourth order Runge-Kutta method [1].
Differential equation of oscillations is

U,(2)"+g(2)U,(2)'+ a2U0 (z)=0 25)
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We transform the second-order differential equation into a system of first-order

differential equations. To do this, make a replacement:

@
Dy
% - ()Y (2)-aU,(2)

u
Vector of initial conditions: ¥, = (Cf ) , where u;=3 um
1
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Fig.3. Longitudinal displacements of the waveguide.
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Fig.4. The normal force in the cross-sections of the waveguide.

(26)
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5 Comparison of transition matrices and Runge-Kutta methods
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Fig.5. The longitudinal displacement of the sections of the waveguide. a - transition matrices method,
b - Runge-Kutta method
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Fig.6. The normal force in the cross-sections of the waveguide. a - transition matrices method, b -
Runge-Kutta method.

Comparison of the results (Fig. 5, Fig.6) shows their practical coincidence. The obtained
solutions are close with acceptable accuracy, which allows for practical calculations
application of the transition matrices method, which gives a large gain in time.
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