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Abstract. The problem of ensuring stability of movements of the tool
about workpiece taking into account parametric self-excitation is
considered. The factors causing periodic changes of parameters in dynamic
system when cutting are analyzed. They are connected with spatial
anisotropy of properties of elasticity in a subsystem of the processed
workpiece with allowance variations on workpiece rotation perimeter, with
kinematic perturbation from mechanical part of drives of executive
elements of the machine, with periodic processes in a cutting zone. The
generalized dynamic model of system with periodically changing
parameters is given. Influence of periodically changing parameters on
stability of trajectories is studied. The features of loss of stability specific
to dynamic systems of cutting are disclosed. In particular, it is shown that
due to parametrical effects with increasing cutting speed at increase of
rotational frequency of spindle there is always a critical frequency at which
the system loses stability.

1 Introduction

Ensuring stability of stationary movements of the tool about workpiece is one of the most
important problems at a choice of technological parameters and design features of
subsystems of the tool and workpiece, which interact through cutting process. The
vibrations arising at loss of stability of a stationary trajectory of movements of the tool
about workpiece directly influence geometrical indicators of quality of a detail,
productivity, cost of production of details and resistance of the tool. Therefore there are a
lot of published works in which the main attention was paid to studying of conditions of
loss of stability and the reasons of emergence of self-oscillations when cutting [1-36]. In
these works systems of the linear or nonlinear differential equations of dynamics with
constant parameters as mathematical models were used.

Generalizing the material given above it should be noted the following directions
explaining loss of stability and development of self-oscillations when cutting.

-Loss of stability depends on delay of variations of cutting force in relation to variations
of the area of the cut-off layer. Including, existence of delay of cutting forces in relation to
deformation shifts of the tool about workpiece is prescribed based on explanation of loss of
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stability. These are works of Kudinov A.V., Eliasberg M.E., Zharkov 1.G., et al. [1-3,9-11].
The impact of variations in the shear layer on the previous turnover is considered as a
retarded argument. These are works of Y. Altintas, S. A. Tobias, H.E. Merritt, J.Tlusty et
al. [4-6,20-25,27-30,32-36].

-Loss of stability and development of self-oscillations is explained by dependence of
cutting force on cutting speed. Such mechanism of excitation of oscillation was considered
in works of Peters, J., I. Grabec, Wiercigroch, M., Kashirin A. L., L. S. Murashkin, et al.
[7,8,12-16,26,31].

-Loss of stability and development of self-oscillations is explained by ambiguity of
dependence of cutting forces at the movement of the tool towards workpiece and from it.
The hysteresis characteristics considered in this case define spatial delay. This mechanism
of formation of self-oscillations is stated in works of N.V. Vasilenko, V.A. Ostafiev, T.P.
Putyata, A.P. Sokolovskiy et al. [17-19].

There are researches in which the question of loss of stability of system when cutting
due to periodic changes of its parameters is considered. These are works of T. Insperger, G.
Stepan, Yao, Z., Kopelev Yu.F. et al [37-40]. The changing rigidity is the main reason for
parametrical oscillation when cutting. In these works the modified Mathieu-Hill equation
actually is considered. The main shortcomings of the given models is their scalar
representation which isn't allowing to consider various factors causing periodic changes of
parameters of system.

In the present article the specified ideas of dynamics of cutting process are developed,
the main attention is paid to the analysis of those factors causing parametrical oscillation
and on the basis of what the generalized mathematical model of system with the changing
parameters is given and studying of influence of periodic changes of parameters on stability
of movements of system is executed. Processing by turning is considered as an example.

2 The generalized mathematical model of dynamics of cutting
process as systems with periodic changes of parameters

We will give the main physical assumptions accepted at creation of mathematical model.

1. We will consider that the equation of dynamics of cutting process represents the two-
mass mechanical system consisting of two subsystems of the tool and workpiece. These
subsystems interact among themselves through the dynamic link formed by cutting process
[2-3].

2. Elastic deformation shifts x®(;) of tool subsystem are considered in space
paccMaTpuBalOTCS B MpPOCTpaHCTBe, that is X D@y =1x 10, X5 (1), X5 )", where, X 1) -
tangential, X, (?) - radial, X5(¢) - axial. Elastic deformation shifts X (2)(t) ={X,(1), X5 ) of
workpiece subsystem — in the plane normal to its axis of rotation (Fig.1). X4(¢) - tangential,
X5(?) - radial. We will neglect tortional oscillatory movements of workpiece.

3. At disclosure of regularities of formation of cutting forces we will take the following
hypotheses into account [2,24,41 etc.]:

a) Forces formed in cutting zone are proportional to the cross-sectional area of uncut
chip (Fig.2), that is

Fy(0)=0-5() (M)

where o - specific force of cutting; S(¢) = a(¢) - h(t) - the current value of the cross-sectional
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- the current value of width of the cut-off layer;

. t.(t
area of uncut chlp;a(t):&
sing

h(t) = f.(f)sing - the current value of thickness of the cut-off layer; ¢ - the main angle on
the plan;#.(f) and f.(¢¥) - respectively the current value of cutting depth and feed which are
defined by the following expressions:

fe0)= 17 = X5 2
1.(0) =10 = X, (1) - X5(1)

t
where £ = J‘V;O)dt, 1% - given values of feed and cutting depth; ¥{” - given speed of
T
feed; T - period of rotation of spindle.

X0 =X, X,, X, n

Support

V3() = vs(0) <
(1)

Fig.2. The scheme of formation of the cross-sectional area of uncut chip
b) Cutting forces have invariable orientation in space, that is

F@)=24F0), i=123 3)

where 4; - coefficients of orientation of forces in space.
¢) The module of force is late at a variation of value of the area of the cut-off layer.

E()=4o-S(t-7) 4)

T - delay time or constant of time of a chip formation [1,9,10].
Taking into account the assumptions made the equation of dynamics of cutting process
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has the following form:

aAx® ax®

my 3 +C + le(l) = F(l)(t),
dzi@z) dx) ©)
) 5 + Cy 2 + kzX(z) = F(z) (t),
dt

where FO (1) = {FL(),F, (t),F3(t)}T and F (2>(t):{Fl(t),F2(t)}T - vector — functions of
cutting forces.

myp 0 0 ar 2 a3 ki ko ks
my = 0 my 0 ,Cl=|Cy1 Cp3 O3, kl = k21 k23 k23 - matriXeS Of inertial,
0 0 my €31 €3 33 k31 k3p k33

dissipative and elastic coefficients of tool subsystem;

my = {moz 0 }, ¢y = {Coz 0 } , ky :{koz 0 } - matrixes of inertial, dissipative and
0 Mgy 0 Co2 0 k02

elastic coefficients of workpiece subsystem. As shown in works [1-3], all these matrixes are

symmetric positive-definite matrices.

Now we will pass to the analysis of factors which can cause periodic changes of
parameters of system (5).

Periodic changes of parameters of the linearized dynamics equation in the vicinity of a
stationary trajectory have two main reasons. The first one is periodic change of rigidity in a
workpiece subsystem fixed in the chuck. In this case, as shown in experimental studies,
values of rigidity of workpiece subsystem in the plane normal to its rotation axis
periodically change along rotation angle of workpiece (Fig. 3). In article we will be limited
to a case when the detail is fixed in the three-jaw chuck.. Periodic changes of rigidity are
caused by that at a workpiece arrangement against the chuck's jaw rigidity is always more,
than at its arrangement between jaws. Thus parameters of rigidity of a workpiece subsystem
fixed in a spindle in the direction illustrated in Fig.3 and in the direction orthogonal to it
have approximately invariable distributions, but they are shifted on a phase for a three-jaw

chuck on a angle of % It is characteristic that the modulation level of parameters of

rigidity of processed workpiece subsystem depends on geometry of jaws and on the way of
fixing detail in the back rotating center. Level of modulation is defined by parameter x4 in
expression c¢(1+ ucos3Qr). Besides, frequency Q is rotation frequency of spindle.
Parameters of rigidity of tool subsystem in two orthogonal directions are symmetric as
shown in [1, 6]. Therefore, matrices of rigidity of workpiece workpiece subsystem can be
expressed in the following form:

c(1+4 pcos3Qk) 0
0 e(l+u cos[3Qt + %)) (6)

Cc=

because at symmetric geometry and conditions of fixing any orthogonal system of
coordinates is principal one. Here, rigidity of workpiece subsystem is considered in the
plane normal to rotation axis of spindle, as rigidity in the direction of rotation rotation axis
of spindle is usually bigger by order.
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<7 3300
7z

k=6000,N/mm

Fig.3. An example of change of rigidity of the workpiece fixed in the three-jaw chuck at change of
rotation angle of spindle.

The second reason is caused by the errors of a profile of workpiece cross section caused
by inaccuracy of workpiece installation in the tightening device and shift of workpiec axis
and its rotation axis. Besides, periodic changes of allowance are influenced by radial beats
of spindle which, as shown in work [42], also have circular trajectories in variations relative
to ideal rotation axis of spindle. All these errors, which are representable in the form of a
limited Fourier serie, cause additional change of the current value of cutting depth,
therefore, periodic changes of parameters in the equations of the interacting subsystems.
Then the current cutting depth (2) has the following form:

N
1.0 =19 + Z 115 c0s(2i — 1) — X5 (1) — X5(1) (7
i=1

Expression (7) shows dependence of the current cutting depth on deformation shifts
taking into account periodic variations of allowance on the workpiece rotation period. In
particular, if absolutely round body of workpiece, axis of which is displaced about rotation
axis of spindle is considered, then

() =18 + g1y cos Q= X, (1)~ X5(0) ®)

First of all, we will give the qualitative characteristic to system (5). It has the stationary
solution X*(t) = {Xl* @), X;U),X;(r),XZ (t),X;(t)}T , defined from condition % =0,
t

d’X; o . . o .

d—z’: 0. This stationary trajectory can lose stability. To analyze stability of a stationary
t

trajectory of movements of system (5) it is necessary to consider the equation in variations

concerning this trajectory. This equation is obtained after replacing variables

X=X * (#)+x(#) and for small deviations we obtain the equation in variations relative to
stationary trajectory:

d? dx

X ih S =0 (9)
dr* dr

my,

where  x(¢) = {x;(¢), x5 (1), x3(7), x4 (2), x5(t)}T - vector variations (deviations) of elastic
deformation shifts of system from the stationary;
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mg; 0 0 0 0
0 mgy O 0 0 |
mg= 0 0 my O 0|
0 0 0 my O
0 0 0 0 my
. L -
o -k ey —arolll® + Y poos@i-nQy 0 —Aof 0
i=1
ioN
Cy1 Cap —ATo C(O) c)3 71210{150) +z,u,~ cos(2i—1)Qr} 0 71210]‘6(0)
i=1 R
i=N
cy =[c31 €3 7/132'@1.(0) ¢33 7/131'0'{4.0) +Zy,~ cos(2i —1)Qu} 0 7/13rofc(0)
i=1
=N
0 - ® ~Arolr® D peos2i-NQ ey~ Arof 0
i=1
lI:N
0 —2rof® ~Aprot® 4 pcos2i-Dur 0 ey~ Ayrof 0
L = J
_ i:N -
kv k=2t ks = ot + ) g cos2i- 101} 0 - hof
i=1
iy
kyp kyy = o kay = Aot + Zﬂ; cos(2i — 1)} 0 - Joof
i=1
11:N
ke =| kst ks =230/ gy = a0t + Y gy cos2i ~1)Q1} 0 — 2yt
i=1
=N
0o -4 — ot + z i cos(2i—DQr}  kgy + pcos3Qs B e
i=1
IX:N o
0 -Ao® = Aot + ) gy cos(2i - 1) 0 koo + ,ucos(?:Qt + T] — Ayof®
L = ]

- total matrixes of velocity, inertial and elastic coefficients of dynamic system,

respectively.
If in additionally take into account the variations of feed speed, for example, caused by
interaction of a support with cutting process, the system (9) still becomes complicated.

Assume that trajectory of feed speed is given in the form: V,(t)=V ;0) +AVy (1) . We will
take into account that the feed value is defined by integrated transformation

t

19 = J'(V/(.O) +AVf(t))d = [0+ A0

t-T

(10)

t
where Af,(f) = J-AVf(t)dt also T — periodic function.
=T

Therefore due to variations of the force component F3 change of feed speed takes place.
And, these changes have also the period of. Therefore in system (9) additional components
in matrixes of velocity coefficients and elasticity, which are periodic with the period of 7,
are formed. Finally, the periodic components of variations of feed speed which aren't
connected with periodic changes of allowance value take place. They are caused, firstly, by
features of interaction of a support with directing machine through friction unit. Secondly,
they are defined by periodically changing errors of production of engagement in
mechanical part of the drive, that is all factors influencing machine accuracy. Besides,

6
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when processing the majority of materials the periodic change of resistance to cutting
connected with periodic formation of a surface of sliding in the field of primary plastic
deformation takes place. Finally, in principle, many technological modes, for example
milling process, have periodic changes of parameters.

It is important to emphasize that the equation in variations about stationary trajectory
(9) has the periodic coefficients influencing its stability, that is, they characterize the
mechanism for stability loss connected with parametrical excitement which isn't considered
earlier in dynamics of machines.

3 The numerical analysis of stability of cutting system taking
into account periodic changes of its parameters

For studying of influence of periodically changing coefficients on stability of system it is
necessary to use Floquet-Lyapunov's theory of the differential equations with periodic
coefficients [43,44] including definition of a matrix of a monodromy and the analysis of
multiplier of system (9). In the beginning we assume that periodic variations of an
allowance are absent and rigidity of tool subsystem much exceeds rigidity of workpiece
subsystem. Then the system (9) will be transformed to two scalar subsystems as following:

2

X dx .
m—2+c7+k(l+ysmwt)x:— Y

dt t (11)

dy
T—+y=x
a7

where k, - rigidity of cutting process; r - time constant of chip formation. System (11) at
7=0 is Mathieu-Hill's equation. Unlike this equation system (11) when x4 =0 can lose
stability of balance depending on a ratio of parameters 7 and k. (Fig. 4). We will consider
a case, when at these parameters, but at x = 0, the system is asymptotically steady. As well
as at research of the Mathieu — Hill's equation, we will enter additional dimensionless
parameter into consideration n=w/w@,, where «y=,/(k+k,)/m - eigenfrequency of

conservative systemat y4 =0.
On Fig.5 the example of change of stability areas in the plane (u,7) allowing to define
depending on L critical ranges of rotation frequencies of spindle at which the system loses

stability due to parametrical excitement is given. Instability areas on the given illustration
are denoted by dot curves. Three provided charts differ in values of a constant of time of
chip formation r, which are shown in Fig. 4 by stars. If 4 =0, then at all considered
parameters the system is steady. However in process of approach of parameters to border of
area of stability, areas of parametrical excitation of system extend and new petals of
instability in the field of low frequencies of rotation of spindle are formed. Thus, areas of
instability of system due to parametrical excitation depend not only on rotation frequency
of spindle and modulation of the rigidity determined by coefficient W, but also on

parameters of a dynamic characteristics of processing.

According to the data provided in works [1,7,8] frequencies of the first forms of
oscillation the spindle units of lathes lie in the range (120 — 180) Hz. For example, with
eigenfrequency of the first form of spindle oscillation equal to @, =120 Hz, at a rotation

frequency of spindle equal to 2400 rpm the system will lose stability due to parametrical
excitation in process of increasing 7 respectively at 4 =05, u=0,38 and u=0,24 .
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Fig. 4. Stability area in the plane of parameters (7, k,.) at u=0

Generally, if take into account dynamic properties of tool subsystem and take into
consideration only the first harmonious component of variations of allowance, then areas of
instability extend by bigger level (Fig. 6). Here u, u, - coefficients of parametrical

modulation of correspondingly first harmonious components according to system (9).
Matrixes of coefficients of tool and workpiece subsystems are given in Table 1 and 2,

respectively. Parameters of a dynamic characteristics of cutting process: o =3000,N/ mnt;
A={M: 20,25} ={0.50,0.70,0.51}7 . The frequency of the first form of oscillation
corresponding to workpiece subsystem is equal 120 s™!.
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Fig.5. Area of parametrical excitation of system in the plane of parameters (1,7 =w/ay) : a) -

k, =2000,N /mm, 7 =05 ;b) - k. =2000,N/mm,r=04-10"s:¢)- k, =2000,N/mm
r=08-10%s
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Table 4.1. Parameters of the dynamic subsystem of the tool.
my 107, Ns? / mm ¢y, Ns/mm ki, N/ mm
079 0 0 0.16 0.03 0.02 10000 2000 1200
0 079 0 003 02 01 2000 21000 3100
0 0 079 002 0.1 03 1200 3100 25000
Table 4.2. parameters of the dynamic subsystem of the tool.
mz,st/mm ¢y, Ns/mm ky, N/ mm
04 0] 0.16 0.03 4000 0
0 04 0.03 0.25 0 4000
n=w/o, n=wlo,
1 3 1
2.5 =02 |
0.8
2
0.6
1.5
0.4
............ :.. e 1
I R T e o
0 0
0 02 0.4 0.6 0.8 1 0 0.2 0.4 06 038 1
“ H
a) b)
n=w/w,
3 ‘
25 H =05 |
2
1.5

Fig. 6. Areas of parametrical excitation of system when taking into account deformation shifts of the

tool and variations of allowance.

Apparently, due to mutual influence of separate forms of oscillation the area of
parametrical excitation of oscillation and loss of stability of a stationary trajectory

significantly extends, and it is displaced towards low frequencies.

4 Conclusion

At certain rotation frequencies of spindle periodic changes of parameters as dynamic

characteristics of cutting process due to variation of allowance or

due to periodic change of

rigidity of a subsystem of the processed workpiece cause loss of stability of cutting process.
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And, areas of loss of stability change at variation of parameters of the dynamic link formed
by cutting process. In the considered subject domain this mechanism of loss of stability
wasn't taken so far into account. Besides, it should be noted that when studying the
kinematic perturbations acting on cutting system it is necessary to consider that these
perturbations always cause change of parameters of system. Therefore studying of the
parametrical phenomena allows to explain a number of the facts known experimentally, for
example, increase in vibrations of the tool concerning workpiece in variations about a
balance point after increase of rotation frequency of spindle above some critical value. The
given results are of fundamental importance especially in the cases when hight-speed
processing by cutting is considered. The given results also show that the reduction of
accuracy of the machine connected, for example, with radial beats of spindle expands area
of unstable cutting. In the existing ideas of dynamics of cutting process kinematic and other
errors of the machine don't influence stability, and the stability area always extends in
process of increase in cutting speed that contradicts known experimental results.
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