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Abstract. The article considers the hypothesis that one of the factors 

affecting the processes occurring in the tray is the nature of the vibration 

effect: frequency, amplitude, direction of oscillation. There arises the task 

of constructing a model of the motion of particles of granular medium in the 

tray of a vibrating conveyor-mixer.  To solve the problem it is necessary to 

use two coordinate systems: movable and fixed.  

The working body of the vibrating conveyor-mixer is an inclined tray of a given section that 

performs oscillations in the vertical plane [1, 2]. It is established that in the process of 

vibrating action on a product placed in a tray, internal flows arise in it, the result of which is 

mixing. The presence of different products in the tray leads to mixing.  

The initial hypothesis is that one of the factors influencing the processes occurring in the 

tray is the nature of the vibration effect: frequency, amplitude, direction of oscillation. There 

arises the task of constructing a model of the motion of particles of granular medium in the 

chute of a vibrating conveyor-mixer.   

Figure 1 shows a diagram for solving the modeling problem - the cross section of the tray 

in the form of an arc of a circle.  

 

Fig. 1. The coordinate system and the scheme of the forces acting on the particle in the free-flowing 

layer. 
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The cross section is symmetrical with respect to the longitudinal axis of the tray, so we 

will consider the movement of the layer on the left side of the tray, assuming that the right 

side of the bottom of the mixer of motion will be a mirror image of the motion on the left.  

To solve the problem it is necessary to use two coordinate systems: movable and fixed. 

The movable rectangular coordinate system 𝑋𝑂𝑌 is connected to the bottom of the mixer. 

The origin at the point 𝑂 of the mixer bottom, angle of the 𝑂𝑋 axis to the horizon 𝛼. Fixed 

coordinate system 𝜒𝑂1𝜂 is related to the material particle of the product m, located on the 

surface of the tray, and parallel to the movable coordinate system. 

To solve the problem, we make the following assumptions:  

1. at the initial instant of time the origin of coordinates 𝑂 and 𝑂1 coincide; 

2. the direction of oscillations forms with a horizontal plane a given constant angle equal to 

𝜋/2; 

3.  a material particle of mass 𝑚 is an elementary volume of granular medium with its 

properties; 

4. the force of resistance of a granular medium to the motion of a particle 𝐹′ is proportional 

to the velocity of motion of the particle and is the same in all directions; 

5. The friction coefficient of the particle sliding along the surface of the bottom of the mixer 

𝑓 is a constant. 

The motion of the bottom will be harmonic, determined by a system of equations in a 

fixed coordinate system: 

{
𝜒 = 𝐴𝑐𝑜𝑠𝜔𝑡𝑠𝑖𝑛𝛼
𝜂 = 𝐴𝑐𝑜𝑠𝜔𝑡𝑐𝑜𝑠𝛼

                         (1) 

where 𝜔 – circular oscillation frequency; 𝐴 – amplitude of oscillation. 

The first derivative (velocity) and the second derivative (acceleration) will have the form: 

{

𝑑𝜒

𝑑𝑡
= −𝐴𝜔𝑠𝑖𝑛𝜔𝑡𝑠𝑖𝑛𝛼

𝑑𝜂

𝑑𝑡
= −𝐴𝜔𝑠𝑖𝑛𝜔𝑡𝑐𝑜𝑠𝛼

     

{
 

 
𝑑2𝜒

𝑑𝑡2
= −𝐴𝜔2𝑐𝑜𝑠𝜔𝑡𝑠𝑖𝑛𝛼

𝑑2𝜂

𝑑𝑡2
= −𝐴𝜔2𝑐𝑜𝑠𝜔𝑡𝑐𝑜𝑠𝛼

                             (2) 

The influence of the product layer on the particle m is determined by the additional force 

𝐹′ resistance to movement, proportional to the velocity of the particle and identical in all 

directions. We define this force as follows: 

Axis О𝜒    𝐹𝜒
′ = 𝑘′𝜒̇, and axis  О𝜂   𝐹𝜒

′ = 𝑘′𝜂̇ 

where - 𝑘′ coefficient of proportionality. 

Since it is assumed that the coefficient of friction 𝑓 is a constant, the differential equations 

of motion of the particle when vibrating the layer of bulk material will take the form: 

{
𝑚𝜒̈ = 𝑓𝑁 + 𝑘′𝜒̇ − 𝑚𝑔𝑠𝑖𝑛𝛼

𝑚𝜂̈ = 𝑁 + 𝑘′𝜂̇ − 𝑚𝑔𝑐𝑜𝑠𝛼
                                                            (3) 

Of interest is the motion of a particle in the mobile XOY coordinate system, which has the 

form, taking into account the portable movement of the bottom of the mixer: 

{
𝑚𝑋̈ = 𝑓𝑁 + 𝑘′𝜒̇ − 𝑚ɡ sin 𝛼 + 𝑚𝐴𝜔2 cos𝜔𝑡 sin 𝛼

𝑚𝑌̈ = 𝑁 + 𝑘′ 𝜂̇ − 𝑚𝑔 cos 𝛼 + 𝑚𝐴𝜔2 cos𝜔𝑡 cos 𝛼 
                              (4) 
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The direction of the frictional force depends on the direction of motion of the particle and 

can be defined as: 

𝐹 = {
−𝑓𝑁,

𝑓𝑁,
 𝑖𝑓 

𝑋̇ > 0

𝑋̇ < 0
                                                                      (5) 

It is known that in the vibrational displacement of a particle there are different modes of 

motion: motion along with the plane and motion outside the plane. When moving along with 

the plane, the particle can be relatively fixed, move forward or backward [3, 4]. With vertical 

vibrations, the particle (layer) can move together with the plane, and move vertically outside 

the plane. To solve the equations of motion of a particle, we find the moments of a change in 

the form of the particle motion. The motion of the particles outside the plane or with 

separation from the bottom is of interest for the mixing process, since in this case, as 

experiments have shown [5, 6], there is an intensive mixing of the particulate material with 

air flowing between the particles and relative displacement of the particles. 

Let us find the moment of transition of the motion of a particle with the plane of the 

bottom to the motion of a particle outside the plane of the bottom, otherwise, the moment of 

separation t0 of the particle from the bottom 

. If we multiply t0 by the circular oscillation frequency ω, we obtain the angle of separation 

of the layer from the bottom ωt0. 

It is obvious that at the moment of separation 𝑡0 of the particle from the plane of the 

bottom, the normal pressure 𝑁 =  0. 
Normal pressure is present in the second equation of the system of equations (4). 

Acceleration of the bottom at the time of separation 𝑡0 should be    𝑌̈ = −𝑔. In this case, the 

equation takes the form: 

𝑚(−𝑔) = 𝑁 + 𝑘′𝐴𝜔𝑠𝑖𝑛𝜔𝑡0𝑐𝑜𝑠𝛼 −𝑚𝑔𝑐𝑜𝑠𝛼 + 𝑚𝐴𝜔
2𝑐𝑜𝑠𝜔𝑡0𝑐𝑜𝑠𝛼                (6) 

After the transformations, taking into account that 𝑁 =  0, we obtain: 

(−𝑔) = −𝑘𝐴𝜔𝑠𝑖𝑛𝜔𝑡0𝑐𝑜𝑠𝛼 − 𝑔𝑐𝑜𝑠𝛼 + 𝐴𝜔
2𝑐𝑜𝑠𝜔𝑡0𝑐𝑜𝑠𝛼                 

where 𝑘 =
𝑘′

𝑚
 - coefficient of resistance of granular medium to particle motion. 

Further transformations lead to an expression that determines the angle of separation ωt0 

of the layer of granular material under vibration action: 

𝜔𝑡0 = 𝑎𝑟𝑐𝑐𝑜𝑠 [
𝑔

𝐴𝜔2
(
𝑐𝑜𝑠𝛼 − 1

𝑐𝑜𝑠𝛼
) ∙ 𝑎𝑟𝑐𝑡𝑔𝐵]                                         (7) 

where 𝐵 =
𝑘

𝜔
. 

The resistance coefficient 𝑘 represents the integral effect of the layer on a particle m and 

can be found by an experimental method, since it depends on the physico-mechanical 

properties of the material being transported. 

Let us construct a diagram of the change in the angle of separation 𝜔𝑡0 from the angle of 

inclination α of the profile of the bottom of the mixer (Figure 2) to the horizon according to 

equation (7).  
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Fig. 2. Change in the angle of separation of the layer 𝜔𝑡0 from the angle of inclination 𝛼 of the bottom 

profile. Coefficient of resistance 𝑘 = 5 𝑠−1, oscillation frequency 𝜔 = 161 𝑠−1, amplitude of 

oscillation А = 0,0025 𝑚. 

Summary 

It follows from the diagram that the separation moment ωt0 depends on the position of the 

particle at the bottom of the tray - the particles break away from the bottom of the tray not 

simultaneously. The smaller the angle, the earlier the particle separates. This circumstance 

leads to a displacement of the particles within the layer in such a way that the circular motion 

of the particles in the cross section. Two vortices are formed, rotating in the opposite 

direction. Such a motion of the particles of the layer leads to mixing of the particles. In the 

case of several ingredients in the layer, the fact described is the cause of mixing. 

Figure 2 shows that the moment of separation of the particles of the layer lags with respect 

to the initial moment at the bottom point of the bottom as the angle α of the bottom profile 

increases. As a result, the particles located above descend downward before the particles 

below. This creates two vortices in the cross section of the flow rotating in opposite 

directions. 
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