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Abstract. This paper presents a robust adaptive nonlinear dynamic inversion control approach for the longitudinal
dynamics of an air-breathing hypersonic vehicle. The proposed approach adopts a fast adaptation law using high-gain
learning rate, while a low-pass filter is synthesized with the modified adaptive scheme to filter out the high-frequency
content of the estimates. This modified high-gain adaptive scheme achieves a good transient process and a nice robust
property with respect to parameter uncertainties, without exciting high-frequency oscillations. Based on input-output
linearization, the nonlinear hypersonic dynamics are transformed into equivalent linear systems. Therefore, the pole
placement technique is applied to design the baseline nonlinear dynamic inversion controller. Finally, the simulation
results of the modified adaptive nonlinear dynamic inversion control law demonstrate the proposed control approach
provides robust tracking of reference trajectories.

1 Introduction
Since the winged-cone hypersonic vehicle model [1] was
presented by NASA Langley Research Center, the airbreathing hypersonic vehicles (AHVs) have attracted
much interest around the world. What’s more, the
successful flight of X-43A [2], X-51A, and Hyshot2 [3]
has given a great number of test data on the aerodynamics,
structure, guidance, and control of AHVs, enriching the
knowledge of hypersonic theory. However, the highly
coupled dynamics make the AHVs sensitive to flight
condition [4]. As a result, a robust control system is
important to the AHVs.
The feedback linearization method has been widely
used in AHVs. Wang and Stengel [5] gave the condition
of applying nonlinear dynamic inversion (NDI) for a
generic AHV. In their work, the nonlinear vehicle systems
were transformed into equivalent linear systems.
Afterward, the genetic algorithm was applied to optimize
the design parameters of the LQR control. But the
feedback linearization requires an accurate model because
it’s sensitive to uncertainties. To enhance the robustness
of the NDI control, Xu et al. [6] adopted sliding mode
control to design a NDI controller for the AHV. In parker
[7], the elevator-to-lift coupling was canceled by adding
an additional canard. What’s more, adaptive technique is
synthesized with the feedback linearization method. Chen
and Ai [8] proposed a NDI based L1 adaptive control
design for the AHV. The L1 adaptive term was used to
estimate the parametric uncertainties and external
disturbances. Fiorentini et al. [9] applied the canard
deflection to control the outer-loop and utilized the
elevator deflection to control the inner-loop, resulting in

low-order subsystems. Based on these low-order
subsystems, a robust adaptive dynamic inversion
approach was implemented to achieve robust tracking
performance.
In this study, the canard included [7, 9] configuration
is adopted to create low-order subsystems. Based on NID,
the nonlinear systems are transformed into low-order
linear subsystems. We applied the pole placement method
[10] to design the control parameters of the equivalent
linear systems. To enhance the stability of the control
system, a modified adaptive scheme [11] was applied to
estimate the parametric uncertainty. In the adaptive term,
a low-pass filter was introduced to the estimate
parameters. As a result, the high frequency content of the
adaptive process is canceled. In the end, Monet Carlo
simulation was conducted to demonstrate the robustness
of the proposed method.
The main contributions of this study are: (a) with an
additional canard, the relative degree of the system is well
defined without dynamic extension; (b) the pole
placement technique is synthesized with the NDI to
design the feedback gains of the equivalent linear system;
(c) the modified adaptive scheme is adopted to improve
the performance of the AHV. The remainder of this paper
is organized as follows: In Sec. 2, a nonlinear model of
the AHV is presented and the control-oriented equations
are obtained. The control design of the NDI is proposed in
Sec. 3. Finally, simulation results and conclusions are
presented in Sec.4 and Sec. 5, respectively.

2 Model description
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In this study, the longitudinal model is based on Bolender
and Doman [4]. The longitudinal dynamic equations of an
AHV are

V  T cos   D  / m  g sin 

(1)

h  V sin 

(2)

   L  T sin   /  mV   g cos  / V

(3)

 q

(4)

q  M / I yy

(5)

In order to apply the NDI control, the sum of the
relative degree in each subsystem is required to equal the
order of the system dynamics. The dynamics of actuators
are neglected in controller design to meet the requirement
of the relative degree. The system was divided into
functional subsystems that are the velocity subsystem,
altitude subsystem, and pitch angle subsystem. Due to the
small effect of elevator and canard on velocity, the
velocity subsystem is decoupled from the other two
subsystems. For altitude and pitch angle subsystems, the
control inputs become the elevator and canard deflection.
The initial trim condition is shown in Table 1. The
control-oriented equations are expressed as follows.
Table 1. The initial trim condition.

The model comprises five states x = [V, h, γ, θ, q]T,
where V is the velocity, h is the altitude, γ is the flight
path angle, θ is the pitch angle, and q is the pitch rate. The
angle of attack is given by α = θ – γ. The control inputs u
= [ϕ, δe, δc]T and the regulated outputs [V, h, θ]T form a
three inputs and three outputs system, where ϕ is the
equivalent fuel-to-air ratio, δe is the elevator deflection,
and δc is the canard deflection. The control object is to
asymptotically track the reference trajectories of velocity,
altitude, and pitch angel. The 50% fuel level [12] is
defined as the nominal operating condition.
In the curve-fitted model, the lift L, drag D, thrust T,
and pitching moment M are given by

T  qS CT ,     CT   
L  qSCL  , δ 
D  qSCD  , δ 

State
V
h
γ
θ
Q

Value
2392.7 m/s
25908 m
0 rad
0.0292 rad
0 rad/s

Input
ϕ
δe
δc

Value
0.2
0.081 rad
−0.081rad
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The detailed expressions of the functions
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where, q , S, c and zT are the dynamic pressure,
reference area, mean aerodynamic chord, and thrust
moment arm, respectively. The dynamic pressure is
expressed as q = 0.5ρV2, while the air density is given by
ρ = ρ0exp[−(h−h0)/hs]. The aerodynamic coefficients,
mass and the moment of inertia are present by
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where the parameters νi, i = 1, 2, …, 22, are modeled
as parametric uncertainty, and the numerical values of the
curve-fitted coefficients and the vehicle parameters can be
found in Fiorentini [13].
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The tracking error dynamics of velocity are

V  kPV V  1T 1  2T 2

3. Control design
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3.2 NDI control for the altitude and pitch
subsystems
Define the altitude tracking error

(14)

h  h  href ; h  V sin   href

(23)

The tracking error dynamics of altitude become

(15)

h  3T 3  4T 4  g  href

(24)

By dynamic inversion, design the virtual control signal

(16)
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where, kPh and kDh are positive constants, and ˆ3 and ˆ4
are the estimates of θ3 and θ4. The tracking error dynamics
become

The detailed description of the filtered estimates is
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(22)
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The adaptive gains are Γ1 and Γ2, the filtered estimates
are ˆ and ˆ , and the damping gains are σ1 and σ2.

ˆ1 f  1 f ˆ1  ˆ1 f



 k PV V   1 1 f  1

The Proj(∙) is a projection operator [14], and it follows
the definition [15]

i  Proj  y   y   0; i  1, 2,...6
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where, kPV is a positive constant, and ˆ1 and ˆ2 are the
estimates of θ1 and θ2. The modified adaptation law is
designed as
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By dynamic inversion, the command of the equivalent
fuel-to-air ratio is designed as
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The tracking error dynamics of velocity become
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Define the velocity tracking error
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3.1 NDI control for the velocity subsystem

  kPV V  ˆ1T 1  g sin   Vref / ˆ2T 2

(20)

Choose the Lyapunov function

The equations of motion are decomposed into functional
systems that are the velocity subsystem, altitude
subsystem, and pitch angle subsystem. Based on inputoutput linearization, each subsystem is transformed into
an equivalent linear system. Based on the linear systems,
the pole placement technique is applied to design the
feedback gains. To enhance the robustness of the control
system, the modified adaptive scheme is adopted to
estimate the parametric uncertainty.

3f

(19)

(17)

h   0
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where Γ1f and Γ2f present the desired crossover
frequencies. Therefore, the filter cuts off the high
frequency content of the estimates.
Define the estimation errors
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    4T 4
 
k Dh   h  1  3 3
 



Ah



(26)

bh

Define the extended tracking error of altitude
subsystem

eh  [h, h ]T

3

(27)
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The modified adaptation law is designed as
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Define the Lyapunov function
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Define the pitch angle tracking error

Define the matrix
(35)
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The tracking error dynamics of altitude become

  5T 5  6T 6  ref

(45)

Similarly, the derivative of the Lyapunov function
candidate Wθ is
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Choose a symmetric positive-definite matrix Qθ = I2
and solve the following algebraic Lyapunov equation:
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and σ6. The detailed description of the filtered estimates is

Similar to (22), the derivative of the Lyapunov
function candidate Wh is



(39)

where the adaptive gains are Γ5 and Γ6. The filtered
estimates are ˆ5 f and ˆ6 f , and the damping gains are σ5

Define the Lyapunov function in this subsystem

T
4

b

A
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The modified adaptation law is designed as

where Γ3f and Γ4f present the desired crossover
frequencies. Choose a symmetric positive-definite matrix
Qh = I2 and solve the following algebraic Lyapunov
equation:

Ph Ah  AhT Ph  Qh



e  [ ,  ]T

and σ4. The detailed description of the filtered estimates is





Define the extended tracking error of the altitude
subsystem

(29)

where the adaptive gains are Γ3 and Γ4. The filtered
estimates are ˆ3 f and ˆ4 f , and the damping gains are σ3

ˆ3 f  3 f ˆ3  ˆ3 f
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The determinant of G(x) is
(36)

By dynamic inversion, design the virtual control signal

u  ˆ6T 6  kP   kD   ˆ5T 5  ref

(37)

where, kPθ and kDθ are positive constants, and ˆ5 and ˆ6
are the estimates of θ5 and θ6. The tracking error dynamics
become
Figure 1. Block diagram of the modified adaptive NDI control
design.
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The initial parameters of velocity and altitude are
presented in Table 1, while the final parameters are
chosen as Vc = 3002 m/s, hc = 28956 m. The reference
trajectory of pitch angle is θc = γ + αc, where αc = 2 deg.
The flight envelope is listed in Table 2 to ensure the
performance of the AHV. The control parameters are
presented in Table 3. The model of the actuators is a
second-order prototype representation. The damping ratio
of all actuators is selected as 0.7. The natural frequency of
the engine dynamics is 20 rad/s, while the elevator and
canard have the natural frequencies 50 rad/s. The
simulations are divided into two parts. The first part
considers a comparison among the baseline NDI control,
the modified adaptive NDI control, and the standard
adaptive NDI control in the nominal state. The second
part considers Monte Carlo evaluation to verify the
tracking performance of the modified adaptive NDI
control in the presence of parametric uncertainties.
The first part is mainly to verify the effectiveness of
the adaptive scheme and the NDI control. Three cases are
considered in the nominal state. Case 1: the baseline NDI
control is verified, without the adaptive term. Case 2: the
baseline NDI is enhanced with the modified adaptive
scheme. Case 3: the baseline NDI is enhanced with the
standard adaptive scheme that has the same adaptive gains
with the modified adaptive scheme. Fig. 2 shows the first
two cases can fulfill the tracking mission in the nominal
state, which indicates the effectiveness of the NDI control.
The standard adaptive scheme is divergent in the presence
of high-gain learning rate. During the tracking process,
the modified adaptive scheme based NDI has a good
tracking performance, as presented in Fig. 3. The tracking
errors of the baseline NDI control takes a relatively long
time to converge to zeros.
The second part presents the Monte Carlo simulation
results. A total of 100 times of Monte Carlo simulations
are performed. The parameters ν21 and ν22 consider a
uniform variation within 10% of the nominal value, while
the parameters ν1 to ν20 have a uniform variation within
20% of the nominal value. To illustrate the performance,
only 20 second is presented.

Equation (48) shows G(x) is nonsingular. By dynamic
inversion, the command of the elevator and canard is

  G 1 uh , u 

T

(49)

In conclusion, the commands of the inputs are derived
in (13) and (49). The block diagram of the modified
adaptive NDI control system is presented in Fig. 1.
3.3 Pole placement technique
Equations (20), (26) and (38) show the nonlinear
vehicle dynamics are transformed into equivalent linear
systems. We apply pole placement technique to design the
feedback gains. Take the pitch angle subsystem as an
example. The pitch angle subsystem is transformed into a
typical second-order system, and the feedback gains of the
second-order system is designed as

kP  n2 , kD  2 nn

(50)

where the damping ratio ζn is designed to achieve good
transient performance, and the natural frequency ωn is set
to guarantee a suitable bandwidth of the closed-loop
system.
Based on this part, the equivalent systems have been
designed. The real pole p of the velocity subsystem is
designed as p = −5. In the altitude subsystem, the natural
frequency is designed as ωn = 2 rad/s, and the damping
ratio is 0.75. In the pitch angle subsystem, the natural
frequency is 6 rad/s, and the damping ratio is 1.25. It’s
noted that, the pitch angle subsystem is over-damped.
Table 2. Admissible of the range of the variables
Variable
V, m/s
h, m
γ , deg
α, deg
Q, deg/s
δ, deg
ϕ

Minimum value
2286
21336
-3
-5
-10
-20
0.05

Maximum value
3413.7
41148
3
10
10
20
1.5

gain

Velocity

kpV = 5

Altitude

kph = 4
kdh = 3
kpθ = 36
kdθ = 15

Pitch

Adaptive gain
Γ1= 1I7 , σ1 = 10,
Γ2 = 1I4, σ2 = 10
Γ3= 1I13 , σ3 = 50,
Γ4 = 1I2, σ4 = 50
Γ5=1e3I11 , σ5 = 0.02,
Γ6 = 1e2I2, σ6 = 0.02

Filter gain
Γ1f = 5I7
Γ2f = 5I4
Γ3f = 2I13
Γ4f = 2I2
Γ5f = 6I11
Γ6f = 6I2
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Table 3. control parameters
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4. Simulation analysis
The proposed modified adaptive NDI controller has been
performed with a full nonlinear model. The reference
trajectories of velocity, altitude and pitch angle are
filtered through a second-order command filter.

3
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reference
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standard adaptive
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Figure 2. Trajectory tracking of the regulated states.
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zeros within 10s in Fig. 4, and the control inputs are
within the bounds in Fig. 5. Although the modified
adaptive scheme adopts high gain learning rate, the highfrequency oscillations are cut off by the low-pass filter.

0.01
0
-0.01

0

5

10

Time [s]
0.01

15

20

baseline
modified adaptive
standard adaptive

5. Conclusion
In this paper, we have designed a robust adaptive NDI
control law for an AHV. The pole placement technique is
applied to design the feedback gains of the equivalent
linear system, which is convenient to set the gains for the
clear physical meanings. The modified adaptive scheme
applied a low-pass filter to cut off the high-frequency
oscillations arising from the high-gain learning rate. The
high gain learning rate of the modified adaptive scheme
accelerates the convergence rate and is robust to
parametric uncertainties. Simulation results show the
effectiveness of the modified adaptive NDI control law,
which provides a good tracking performance and a nice
robust property for the AHV. The adaptive gains are
chosen by trial and error. In the future work, we will study
how to select the adaptive gains properly.
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Figure 3. Trajectory tracking errors of the regulated states.
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Figure 4. Trajectory tracking errors in the Monte Carlo
simulation.
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Figure 5. Control inputs in the Monte Carlo simulation.

Fig. 4 shows the modified adaptive scheme based NDI
can fulfill the tracking mission in the presence of
parametric uncertainties. The tracking errors converge to
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