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Abstract. Complex economic and mathematical methods are becoming 
more widespread in training of specialists in the field of railroad 
communication arrangement. The purpose of this study is to develop an 
effective methodology for mathematical training of railway transportation 
specialists on the basis of active training methods. The article deals with 
application of probabilistic and statistical methods to problems in design of 
railway transportation, for example, fluctuations in loading of railway 
stations and distribution of the time interval between arrival of trains. 
Using the example of the flow of arriving trains, the technology of testing 
the hypothesis that the time between arrival of trains is distributed 
according to the exponential law and the hypothesis of independence of 
events in the flow is displayed in detail. When confirming each of these 
hypotheses, it must be concluded that the flow of trains arriving at the 
station is according to the simplest (Poisson’s) model. This conclusion 
allows using the apparatus of Markov chains to describe a random process. 

Introduction  
Mathematical and probabilistic models are used in various tasks related to functioning of 
transport (for example, [1-9]). The role of probabilistic methods in designing and analyzing 
the operation of railway communication is determined primarily by the fact that these 
methods are an effective tool for minimizing costs and ensuring traffic continuity. This is 
associated with the use of the traffic density concept, i.e., the number of cargoes and/or 
passengers per 1 km of the operated railway line or section per unit of time [10].  

Average values are used when describing the density of traffic on the line or in the 
transport node: average number of transportation units, average time interval, average 
distance, etc. These values do not describe fluctuations in the traffic density. The 
irregularity factor is introduced to eliminate this disadvantage: it is the ratio of the largest 
(peak) value of the traffic density to the mean value. Determination of the irregularity factor 
depends on additional assumptions related to the nature of the oscillations in the traffic 
density. Exactly this is provided by application of probabilistic methods.  

Application of probabilistic and statistical methods to problems arising in the design of 
railway transport is considered in this article. For example, fluctuations in loading of 

                                                 
* Corresponding author: grigef@rambler.ru 

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

MATEC Web of Conferences 216, 02004 (2018) https://doi.org/10.1051/matecconf/201821602004
Polytransport Systems-2018



railway stations, distribution of the time interval between arrival of trains are among the 
topics considered. The first works in the field of applying the probability theory to solve the 
problems of railway traffic appeared before the Second World War, and monographs [11, 
12] covering many issues of the mathematical theory of transport flows were published in 
1960’s. Then, books of German and Polish authors [13, 10] appeared in translations into 
Russian.  

Application of probabilistic and statistical methods in arrangement of transportation is 
considered from the standpoint of training railway transportation specialists in this article. 
One can improve the efficiency of training of specialists with the following: (1) when 
studying the probability theory and mathematical statistics, considering specific railway 
tasks; (2) by applying active training methods. This determines the novelty and the main 
study objective - to develop the efficient methodology for mathematical training of railway 
transportation specialists on the basis of active training methods (business games). 

It is considered mandatory that the use of active training methods is consistent with the 
nature of the future professional tasks and the functions of trainee, including the nature of 
official and job relations (the so-called contextual training theory of A. A. Verbitsky [14]). 
In particular, when organizing business games, there should be a “simulation of the process 
of activity of managers and specialists of enterprises and organizations in developing 
managerial decisions” [15]. It is much more difficult to ensure this in teaching mathematics 
or physics than when teaching professional technical or economic disciplines.  

As compared to the number of attempts to use business games in such areas as 
economics, management, pedagogy, psychology, engineering disciplines, military science, 
ecology, medicine, the use of business games in mathematics is scarce. There is experience 
of arranging business games in the simplest sections of probability theory for students of 
humanitarian specialties [16], on optimization of problems for future economists [17]. 

A business game is an imitative gaming method of active training. In this regard, a 
business game developer has two main tasks. First, they must create an imitation model that 
would reflect the actual reality that is relevant to the professional activities of the specialist 
to a certain extent. Secondly, a game model must be created, which is a description of the 
work of participants with the simulation model. Thus, both objective and social context of 
the specialist’s professional activity is ensured [14]. The solution of two problems related to 
application of probabilistic and statistical methods in design of railway transportation is 
considered in this article as an example of the business game structure.   

Study method. Imitation probabilistic model   
Let us briefly consider the essence of the probabilistic methodology as applied to the traffic 
density concept. One of the most important concepts of the probability theory and the 
theory of random processes, related, in particular, to operation of transport is the flow of 
events. It can be considered as a sequence of moments of onset of these events: 

...,...,,1 itt   For example, it may be the moments when the train arrives at the station. It is 
commonly believed that simultaneous occurrence of events is almost impossible (in this 
case, the flow of events is called ordinary). The stationary flow assumption is accepted, 
which means that the probability of occurrence of an event in time t  depends only on itself 
t , but does not depend on the time of beginning of this interval. Therefore, if occurrence of 
an event is reliable within a limited period of time , then the probability of occurrence of 
this event in time t  (  t0 ) is equal to /)( ttp  . If, during time , each of the 
available n  trains reliably arrived at the station, the probability of the event that exactly k  
trains ( nk 0 ) will arrive at the station within time t  is determined by the Bernoulli 
formula [18]: 
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If we consider the number of trains arriving at to the station within time t  as a discrete 
random value K , then formula (1), with )()( kKPtpk  , will describe the binomial 
distribution.  

However, binomial distribution of the number of events within the time interval is very 
inconvenient for use. It is distribution (1) with two parameters ( n  and /t ). In practice, the 
possibility of replacing the binomial distribution by another distribution of a discrete 
random variable (the Poisson’s distribution) is often used. As it is well known, the 
Poisson’s distribution is the limiting case of binomial distribution as the number of tests 
tends to infinity and the probability of occurrence of an event in a separate test tends to zero 
[18]. Therefore, we must admit the following in the considered problem of the arrival of 
trains: n ;  0/ t ;   tnt /0 . Practical research in the field of railway 
transport usually meets the following requirements 40n , 1.0t  [10]. Value  n  
represents the average intensity of onset of events (the average number of trains arriving 
per unit time), and value t  is the average number of events occurring within the time 
interval with the duration of t . The very Poisson’s distribution has the form of [18] 

!
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Unlike binomial distribution, this is a distribution with one parameter t , which makes 
composing of tables much easier.  

Wide use of analytical methods for solving problems using queuing theory tools is 
possible when assuming the hypothesis of the flow of Poisson’s applications. To do this, it 
is necessary to confirm the correspondence of the real empirical data to assume the so-
called simplest flow of events, which has three properties. The first two properties 
(ordinariness and stationarity) have already been mentioned above. The third property is the 
absence of post-effect: events occur independently of each other; the onset of the event 
does not affect the onset of other events. 

 Substitution of the binomial distribution with the Poisson’s distribution is the transition 
from the model in which n  points are scattered over a segment of finite length   to the 
model with points scattered on the infinite time line with constant intensity  . The 
Poisson’s distribution of the number of trains arriving within interval t  is the distribution 
describing an unlimited flow of events and arising in the event of rejection of the condition 
of a deterministic number of events in time . The Poisson’s flow is the simplest flow, i.e., 
stationary, ordinary flow without a post-effect.  

Random value T , which is the time interval between onset of two events in the simplest 
flow, has the distribution function  

tetptTPtF  1)(1)()( 0  ,  0t ,                                 (3) 

and the probability distribution density 0,)()(   tetFtf t . 
Assuming that there is a simple flow of events, one can test the hypothesis of the 

exponential distribution of time between events. In this case, time between events has 
mathematical expectation 1)( TM , (  the flow intensity), and the probability of hitting 

the random variable in interval ),( ba  is equal to ba eebTaP    )( . Therefore, the 
statistic assessment of parameter   will be the value opposite to the selected 
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mean t/1*  , and the theoretical frequency of hitting interval number i  should be 
calculated by formula 
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After this, the hypothesis of exponential distribution is tested using the Pearson’s 
criterion. However, this is not yet equivalent to confirming the statistical hypothesis that the 
flow of events is the simplest (Poisson’s) one. It is also required that all time intervals 
between events are independent random variables. Let us describe the procedure required 
[10]. Let the entire range of values of random variable T  (the time interval between arrival 
of trains) be divided into partial intervals and the frequencies of hitting these intervals are 
known. Let us assume the following:  

(a) the moment of arrival of this train is such that it is separated from the previous train 
by the time interval falling into partial interval i ; 

(b) the moment of arrival of the next train is such that it is separated from this train by 
the time interval falling into partial interval j ; 

The probability of event (a) may be assessed through its relative frequency as 
nnp ii 

* ; the probability of event (b) may be assessed as nnp jj 
* . The probability of 

the product of these events is assessed as nnp ijij 
* , where ijn  is the frequency of the event 

that for two “adjacent” observations, interval i  will be followed by interval j . If events (a) 
and (b) are independent, then jiij ppp  . In other words, “empirical” frequencies of ijn  

must be close to “theoretical” frequencies of nnn ji . With that, the partial intervals should 
be selected so that the frequencies of hitting them are not low. It is believed [10] that each 
frequency should be not less than n . Comparison of empirical and theoretical frequencies 
in this case can also be performed using the Pearson criterion.  

Source data and results 

Below is the solution of two problems related to application of probabilistic and statistical 
methods in design of railway transportation.   

1. Trains arrive at the station in accordance with the Poisson’s flow of events: on an 
average, within   hours,  n  trains arrive (i.e., the average arrival intensity is  /n  
trains per hour), and the probabilities of arrival of k  trains within 1 hour are distributed in 
accordance with the Poisson’s law. It is required to make a decision on the need to build 
additional arrival and departure ways in accordance with the following criterion: the 
probability of arrival of 6 or more trains at the station within 1 hour should not exceed a 
certain critical value of crp .  

For example, if for 16  hours, 25n  trains arrive (i.e., the average arrival intensity 
will comprise 16/25  trains per hour), then the probability of arrival of 0 to 5 trains 
within 1 hour in accordance with formula (2) is equal to 

210.0)1(0 p , 328.0)1(1 p , 256.0)1(2 p , 133.0)1(3 p , 052.0)1(4 p , 016.0)1(5 p , 
and the probability of arrival of 6 and more trains at the station within 1 hour is equal to 

005.0995.01)6( KP . If this value exceeds the critical probability value crp , then 
a decision must be made on the necessity of constructing additional arrival and departure 
tracks. 

4

MATEC Web of Conferences 216, 02004 (2018) https://doi.org/10.1051/matecconf/201821602004
Polytransport Systems-2018



2. Within a day, i.e., during the time of 1440  minutes, n  trains arrive at the station: 
intervals between consecutive arrival time values are known (each gap is calculated as the 
difference between the arrival time of the train and the arrival time of the previous train). 
Having input the partial intervals, the hypothesis that the time between arrival of trains is 
distributed according to the exponential law and the hypothesis of independence of events 
in the flow must be tested. When confirming each of these hypotheses, it must be 
concluded that the flow of trains arriving at the station is according to the simplest 
(Poisson’s) model. This conclusion is important, as it allows using the apparatus of Markov 
chains to describe a random process.  

Table 1. Planned moments of arrival of trains at the station ( 84n  , 1440 ). 
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00 07 8 07 19 3 14 23 75 19 15 18 
00 14 7 07 29 10 14 52 29 19 27 12 
00 37 23 07 32 3 14 58 6 19 33 6 
01 03 26 07 37 5 15 02 4 19 43 10 
01 07 4 07 44 7 15 08 6 19 58 15 
01 19 12 08 24 40 15 15 7 20 14 16 
02 10 51 08 30 6 16 01 46 20 25 11 
03 19 69 08 31 1 16 07 6 20 44 19 
04 23 64 08 57 26 16 30 23 20 59 15 
05 16 53 09 02 5 16 32 2 21 09 10 
05 18 2 09 03 1 16 42 10 21 45 36 
05 32 14 09 26 23 16 56 14 22 01 16 
05 58 26 09 46 20 17 00 4 22 21 20 
05 59 1 10 18 32 17 06 6 22 27 6 
06 04 5 10 39 21 17 10 4 22 35 8 
06 09 5 10 59 20 18 08 58 22 58 23 
06 09 0 11 09 10 18 16 8 23 06 8 
06 19 10 11 12 3 18 41 25 23 09 3 
06 27 8 11 51 39 18 43 2 23 32 23 
07 15 48 13 05 74 18 48 5 23 47 15 
07 16 1 13 08 3 18 57 9 23 59 12 

The information on arrival of trains at the station (per day) is shown in Table 1. We 
could estimate the average time interval between the arrival of trains and the average 
intensity of events directly by this data. However, when testing the hypothesis of the 
distribution type, one will have to use the grouped data. Therefore, in order for the 
calculations to be internally consistent, let us assess the values of t  and   after grouping 
the data into partial intervals. Let each interval have the duration of 4 min (0-4, 4-8, …). 
Let us calculate the frequencies of hitting t  each interval. After this, we will get the 
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assessment 57.161

1
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i
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n
t , where 19k  is the number of partial intervals, in  are 

empirical frequencies, and medium values of intervals are assumed as variants of it . 

Estimation of intensity of events is 06.0/1*  t . Now, let us calculate theoretical 

frequency (4) for each interval. Calculation of the Pearson criterion 
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gives the value of 47.23 at critical point 59.27)17,05.0(2 cr  (0.05 is the level of 
significance of the hypothesis, 17 is the number of degrees of freedom). The hypothesis is 
accepted: the time between arrival of trains is distributed according to the exponential law.  

To test the second hypothesis, let us set three partial intervals (0-8, 8-20, 20-76) and 
calculate the frequencies of hitting them according to Table 1. Then, let us determine 
theoretical frequencies nnnn jiij   and empirical frequencies ijn  (Table 2). 

Table 2. Empirical ijn  and theoretical ijn  frequencies. 

ijn / ijn  j 1 j 2 j 3 in  

i 1 17 / 16.30 7 / 10.13 13 / 10.57 37 
i 2 7 / 10.13 12 / 6.30 4 / 6.57 23 
i 3 13 / 10.57 4 / 6.57 7 / 6.86 24 

jn  37 23 24 n 84 

The observed value of the criterion in our case is 26.102  . When determining the 

critical point of distribution 2 , it is necessary to determine the number of degrees of 
freedom. In this case, it is the number of frequencies  ijn  independent of each other. For 
this, let us take 5 rigid links into consideration: the sum of frequencies in the first line; the 
sum of frequencies in the second line; the sum of frequencies in the first column; the sum 
of frequencies in the second column; total frequencies. Thus, the number of degrees of 
freedom is equal to 459 m . According to the level of significance 05.0 , critical 
point 22 49.9)4,05.0(  cr ; the hypothesis of independence of events in the flow must 

be rejected. However, with 01.0  22 28.13)4,01.0(  cr , the hypothesis of 
independence of events in the flow is accepted.  

Conclusion 
The recommended use of the aforementioned study is primarily related to improvement of 
mathematical training methods for railway transportation specialists. These materials can be 
used to develop business games and other methods of contextual training. The preferred 
method is to divide students into teams. 2-3 weeks prior to commencement of the game, 
captains are appointed from among the most enterprising students, who select the 
composition of the teams. The work with methodological material for the business game 
[19] begins, during which the captains distribute roles between team members. At the 
beginning of a business game, each team receives the source data (for joint analysis of the 
results, all teams should have the same data). On expiration of the time allotted for the task, 

6

MATEC Web of Conferences 216, 02004 (2018) https://doi.org/10.1051/matecconf/201821602004
Polytransport Systems-2018



each team presents the protocol on a special form. The teacher arranges comparison and 
analysis of the results of the teams and joint discussion of errors.  

Results of pedagogical experiments [20] have shown that playing a business game using 
probabilistic and statistical methods significantly improves the quality of training, which is 
confirmed by the results of intermediate testing and final examination grades. Preparation 
and attitude of students towards a business game is significantly different from their attitude 
to traditional events (workshops, control and graphic works), which is explained by 
emergence of a new psychological situation. In the course of this event, students not only 
receive the skills of independent work with references, but are also trained in disciplined 
team work with distribution of roles, responsibility for results of the calculations and for the 
decisions made. This is an effective means of translating abstract theoretical knowledge 
into the activity context, which makes it possible to shorten the time required for gaining 
practical experience drastically.  
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