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Abstract. The paper considers an algorithm for modeling the exact
differential equations of the motion of systems of solids based on the Appell
equations. To implement it, a multiple calculation of the energy of the
system's accelerations is required for different values of generalized
velocities and accelerations.

1 Introduction

For a more complete study of construction machines and mechanisms, their exact
mathematical models are needed. Differential equations of motion for such systems can be
compiled using general theorems of dynamics or equations of analytic mechanics in
generalized coordinates [1-3]. If the bodies entering the system are few, then these equations
can be made manually and for the decision to use the representation of these equations on the
computer. But for real systems consisting of a large number of bodies, the derivation of
equations manually presents enormous difficulties because of their cumbersomeness.
Therefore, to study complex systems, automated software systems are created. Effective
methods are the methods of direct formation of differential equations of motion in a
numerical form. The foundations of these methaods are laid down in [4-8]. These methods are
based on the application of general dynamical theorems for a rigid body, while solid-state
systems are described with the help of graphs, and internal connections between bodies and
their interaction are taken into account. These methods are also used in the numerical
simulation of mechatronic and robotic systems [9-11]. In paper [12], the general equation of
dynamics for modeling is used in the form of possible capacities.

In this paper, we describe a method for the numerical generation of exact differential
equations for the motion of systems of solids based on Appell’s equations [1-3].

2 Description of the system of solids

To describe systems of solids, we introduce the following vector and matrix notation [13].
Coordinate systems (CS) will be rigidly associated with the bodies and denoted as Kxyyxzx,, where k
is the body number or its letter index, K is the origin of the CS associated with the body. The absolute
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(fixed) CS will be denoted as Axayaza. With a movable base, the motion of which can be specified,
the CS is connected: BxpyoZb.

We will use the subscripts as follows: the first denotes the CS with respect to which the vector
or the scalar quantity is determined, the second determines the number or designation of the body,

point or object. Then F;,v,, W, m,,g; are, respectively, the radius vector of the origin of the jth

CS relative to the start of the i-th CS, the speed of the start of the j-th CS relative to the i-th CS,
the acceleration of the start of the j-th CS relative to the i-th CS, the angular velocity and the
angular acceleration of the j-th CS relative to the i-th CS. The column of projections of any vector
on the axis of the k-th CS will be marked by the superscript. For example, w; —this is the column

of the projections of the vector w; in the k-th CS. We will call this column the representation of
the vector in the k-th CS. The rotation matrix from the i-th CS to the j-th CS is to be denoted P/,

while the representations of some vector d in the i-th CS and in the j-th CS is to be related by the
formula d’ = F}jdi . For exponentiation, we will use the ~ symbol from programming. The

transpose of a column or matrix will be denoted by the superscript T.

The system of solids will be described by means of a graph on which the relationships between
bodies and coordinate systems are reflected. An example of such a graph is shown in Fig. 1.
Transitions between coordinate systems are indicated by arrows that reflect rotations around the
coordinate axes by an angle or parallel displacement along the axes. In this case, the parameters
describing transitions between bodies and CS can be known functions of time or constant values,
or generalized coordinates.

Angular values will be denoted by Greek letters, and linear ones by Latin letters. If it is
necessary to show the displacement or rotation around the non-coordinate axis, an intermediate
CS can be introduced.
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Fig.1. Graph of the system of solids. The arc arrow is a rotation around the coordinate axis indicated
below under the arrow, the straight arrow is a parallel transfer along the axes indicated below, the solid
arrow is the specified known displacement, the dotted line is the generalized coordinate.

Mass-inertial characteristics of bodies will be denoted as follows: m; — mass of the j-th
body, Fic, — the radius vector of the center of mass of the j-th body with respect to the origin

of the j-th CS, 6” — the inertia tensor of the j-th body at the beginning of the j-th SC.

For a system of bodies whose graph is shown in Fig. 1, the motion of the base and the
associated CS Bxvynzp is known; therefore, the time functions vectors r,,,v,,, W,,, ®,,,€,, and

ab?
the rotation matrix P are also known, and the problem of modeling differential equations

of relative motion of wearable bodies can be considered [2]. If the motion of the base depends
on the motion of the wearable bodies, then it is necessary to introduce generalized coordinates
of the base and to consider a more general problem of modeling the motion of the base and
associated wearable bodies. For both problems, it is possible to form the exact differential
equations of motion according to a uniform technique described below.

3 The structure of the acceleration energy and Appell’s equations



MATEC Web of Conferences 212, 06002 (2018) https://doi.org/10.1051/matecconf/201821206002
ICRE 2018

Let the system of rigid bodies with holonomic constraints have n degrees of freedom and
generalized coordinates of the system q,,q,,...,q,. The differential equations of motion of this

system in the form of Appell's equations [1-3] have the form

=Q,, (k=1.. 1
aqu( N, @

where S is the energy of the system’s accelerations, which is found as the sum of the energies
of the accelerations of the bodies entering the system (and being relative to the absolute
coordinate system AxayaZa, and Q) are the generalized forces. The expression for the energy
of accelerations has the form [2]:

n

:_ZZAqu Gix +ZZ|<Z:;K” «Gid; i +zlekq bic +ZHka

J =1k=1 i=1 i=1 k=1 (2)
+ Zaijkl a:9;G G + Z i d;dcd, + ZYqu Ay, +26 d;+S,.
i jkl=1 jki=t jki=t

In the expression (2), in contrast to [2], the indices, some notation for the coefficients, are
changed, and also terms that do not depend on generalized accelerations are shown.
After differentiation according to (1), the developed Appell equations have the form

ZAquJ+ZZKIquq]k+ZDquI+ZH ka(k 11 v)- (3)

i=l j=

All the coefficients A, , K;; ., Dy Hy 0t Bja- V. 85 S and the generalized forces Qk

ik?
depend only on the generalized coordinates g,,q,,...,q, and the time t. To compose Appell’s

equations (3), it is required to determine the coefficients Ay, Kij, «, Dik, Hx and the generalized
forces Q. In order to calculate them, we will repeatedly calculate the energy of the
accelerations of the system under consideration at the current time t, at the current position
0,,9,,---,9, and for different values of generalized velocities g,,q,,...,G, and generalized

accelerations ¢y, d,,...,¢, . For the calculated values, equations are constructed that take into

account the structure of the energy of the accelerations (2). From these equations, the required
coefficients are found.

4 Calculation of the energy of accelerations

Let us describe the procedure for calculating the energy of accelerations in a general form. If
the motion of the base and the Bxwyszn CS is known, as in the example of a system whose

graph is depicted in Fig. 1, then vectors T,,V.,,W,,, ®,,,€,, and rotation matrix P, are

defined as a function of time, and also representations of these vectors in the CS BXyybZp.
Further, moving successively along the graph of the system, we determine the kinematic
characteristics describing the position and motion of the bodies relative to each other, taking
into account the values of the generalized coordinates, velocities, and accelerations. In this
case, for clarity, the general notation for generalized coordinates g1, gz, ..., Oa is translated
into more convenient ones in the real description of the system o, 3,v,u
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1 0 O a a
R!=|0 cosa sina [oy=oy,=|0 e, =¢c,=|0]; 4)
0 —sin o cos a 0 0
cos B 0 —sin B B B
P’=|0 1 0 | o,=0,=0}¢,=¢,=|0]; (5)
sinp 0 cos B 0 0
0 cosy siny 0 0 0
rh=ri=|1 [;PP=P'=|-siny cosy 0|;@, =), =|0]; &, =¢5,=|0]; (6)
-2 0 0 1 7 ¥
0 0 0 0
r225=r255= -1 ;r556:r566: u ;V556:V566: u ;W556:W566= al. @)
-2 0 0 0

Expressions (4) - (7) reflect only nonzero elements.

To compose Appell’s equations (1) in the expression for the energy of accelerations, it is
enough to retain the terms containing the generalized accelerations, i.e. the 2™ derivatives of the
generalized coordinates. The vector formula [2] for calculating such an acceleration energy S; of
the j-th body in the notation used is written as

1 — = =N = =
Sai =M |W N24m; (W x&y) - i, + My (W, x @) - (@, % Fie ) +
(®)
1 = _ 1_ _ = _
2% 10y + (84 X 0y) O - @

If the origin of the CS associated with the j-th body coincides with the center of mass of
the body, then the calculation of the acceleration energy becomes simpler, and the expression
for the acceleration energy S, of the j-th body with respect to the absolute CS will take the
form

S -:%mj W,

aj

1 — _
’\2+Esaj-®” &

+%(§.x6aj)-6..~6-. (9)

aj

To calculate the terms of the energy of accelerations according to formula (8) or (9), the
vectors, as well as the inertia tensors of the bodies, should be represented in one CS, using the
rotation matrices for this. It is most convenient to take the CS associated with the body itself.

The energy of the system'’s accelerations is calculated as the sum of the energies of the
bodies’ accelerations entering the system. Moving along the graph, the matrix of rotation and
representation of the vectors in the required CS are sequentially determined. For example, if

the vectors I, Vi, Wy, @, &

accelerations of the j-th body is calculated, then to calculate the acceleration energy of the k-
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th body next to the graph, these parameters for are determined by the formulas of the complex
body motion [2], represented in our notation:

Wy, =W, + @, X (@ X Ty ) + 8 X Ty + 2(0 x V) + W, (10)

K_pkpi= _—= ,—= = _= ,— o= ,=
P =P P Oy = 0y + Oy, €y =€y + Oy X Oy + 8.

5 Determining the coefficients of Appell’s equations

We describe the algorithm for calculating the coefficients Ay, Kij k, Di, Hk, which determine the left-
hand side of Appell’s equations (3). Suppose that the time t and the generalized coordinates gz, gz,
.., On @re given.

5.1 Calculating the coefficients Ajk, Hk

The inertial coefficients Ay form a symmetric nxn matrix. To determine them, the kinetic
energy of the system is repeatedly calculated in [14, 15]. We show that we can use only the
calculation of the energy of accelerations.

1) We set the values of all generalized velocities and accelerations to zero.

Let’s calculate the energy of accelerations:

S =5(9,,9,,...,q,; 00,..0; 0,0,...0;t) =S, = SO. (11)
We obtain the value of the coefficient So, which we denote in the form as SO (such a
notation in the form of a set of capital letters and digits without indices will be used for the

already defined numerical values).
2) Thecyclek =1, ..., n; §, =1 (the remaining generalized accelerations are zero). Let’s

calculate the energy of accelerations:

S:%AKK+HK+SO:SKK11. (12)

G, =2; (the remaining generalized accelerations are zero). Let’s calculate the energy of
accelerations:

S =2A, +2H, +S0=SKK 22, (13)
Solving jointly equations (11) and (12), we find
A, =SKK?22-2.SKK11+S0, (14)

H, =SKK11—SO—%Akk. (15)

The diagonal elements Aw and all the coefficients Hy, (k =1, ..., n).
3) We find the remaining elements of the matrix A. The cycle j= 2, ..., n; §; =1; (the

remaining generalized accelerations are zero).
The cyclek =1, ..., j-1; §, =1 (the remaining generalized accelerations are zero except

d; =1). Let’s calculate the energy of accelerations:
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1 1
S=EAU+EAkk+Ajk+Hj+Hk+SO=SJK11. (16)
Hence we find
1 1 17
Ay = SIKL1=S0—ZA; = Ay —H, —H,. 17)

Thus, all the inertial coefficients Ay are defined, as well as all the coefficients H.

5.2 Calculating the coefficients Kijk, Dik.

The coefficients Kij, « correspond to the values of the direct Christoffel brackets [2] and
are n symmetric nxn matrices Ky, (k =1, ..., n), while the coefficients Djx are the nxn matrix
D.

1) Again, let the values of all generalized velocities and accelerations equal zero.

2) Cyclei=1, ..., n;

a) ¢, =1 (the remaining generalized velocities are zero). Calculate the energy of accelerations
S = o + By +vi +0; +S =SIL; (18)
¢ =2; (the remaining generalized velocities are zero). Calculate the energy of
accelerations
S =160y +8By; +4y; +28, +S, = SI2. (19)
b) Cyclek=1, ..., n; ¢, =1 (the remaining generalized accelerations are zero).
g, =1 (the remaining generalized velocities are zero). Calculate the energy of

accelerations

S:%Akk+Kiiyk+Dik+Hk+SI1:SIK11. (20)
¢, = 2; (the remaining generalized velocities are zero). Calculate the energy of accelerations
S=%Akk+4K”|k+2Dik+Hk+SI2:SIK21. )

Solving equations (20), (21) jointly, we find
Kiix :%(SIK 21-812-2-SIK 11+2-SI 1+ H, +%Akk), (22)
D, :SIKll—SIl—Hk—%Akk—K“Yk. (23)

We find all the coefficients Dix and all the diagonal elements Kiix (i=1,..,n; k=1, ..,
n) of the symmetric matrices K.

3) Finding the remaining coefficients Kijx .

Cyclei=2,...,n; g =1 (the remaining generalized velocities are zero).

Cycle j=1, ..., i-1; g, =1; (The remaining generalized velocities are zero, except ¢; =1; ).

Calculate the energy of accelerations
S =ay; ot o +Biii +....+Bjjj ity +9; +8j +S, =SIJ11.

Cycle k =1, ..., n; ¢, =1 (the remaining generalized accelerations are zero). Calculate
the energy of accelerations
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s :%Akk+2Kijyk+Dik+Hk+SIJ11=SIJK111. (24)

Solving equation (24), we find

Kix :%(SIJK 111-1 11—Hk—Dik—Djk—%Akk). (25)

All the coefficients Kj; k, and Dy are found. Thus, the coefficients defining the left-hand side
of Appell's equations (3) were found.

6 Computation of generalized forces

All generalized forces of the system can be divided into two parts:
Qk = le + ka- (26)

The generalized forces Q. are due to the interaction of bodies with each other. These
forces are determined by the forces of elasticity, frictional forces or other specified forces.
The calculation of these forces is determined by the design of the system and presents no
difficulties. The generalized forces Qw. correspond to gravitational forces and can be
calculated from formula

_an

Q. =

where T1=TI1(q,,q,,...,d,) — the potential energy of the gravity forces of the system, which
can be determined by the formula [2].

M=-M g'FaC:_g'ijFaCJ , (28)
j
where M is the mass of the whole system, g is the acceleration vector of free fall, r,. is the
radius vector of the center of the system’s mass, . is the radius vector of the center of mass
of the j-th body. Consequently, the generalized force can be found from:
on__o

Qe=——7—=

(@Y M ). (29)
o, o, Zj:’c’

For the calculation according to formula (29), vectors should be represented in one
coordinate system. To avoid differentiating the product of variables, they are represented in
the Axayaza IC. So, for example, to calculate the generalized force corresponding to the
coordinate, the following calculations are performed:

rall,:rz:lb+fb1+r12+r23+r34+r4c4:Fab+r23+r404' (30)

%, =AM + RO P (o) PLB)- 2+ P2 () 1, |, (31)
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orl AT a oP?
Q =—E=—m4 (9°)" R (t)Hb(a)PS(B)E“ffg- (32)
Here g =(0;0;—9,8)" — vector representation § in CS AxayaZs; the rotation matrices
P2(t),P° (), P} (B),P/ (y) are defined earlier in the formulas (4) - (6); the partial derivative

of the rotation matrix P2, with respect to the generalized coordinate, has the form

op? —siny C(?Sy 0
—2 =|-cosy —siny 0. (33)

0 0 O

The remaining generalized forces Qx. can be calculated similarly.

7 Assembling equations

Thus, all the necessary coefficients appearing in the differential equations (3) are defined. In
the matrix form, the equations are written as

AG+q"Kg+Dg+H =Q. (34)

Here A is a symmetric nxn matrix of inertial coefficients Ay; 4,6 — columns of generalized

velocities and generalized accelerations; " — a string of generalized velocities; K is a column

consisting of n symmetric n x n matrices Ky of the coefficients Kjj «; D is the n x n matrix of
the coefficients Di; H is the column of coefficients Hy; Q is the column of generalized forces
Q. We note that the second term in (34) is a column consisting of quadratic forms of
generalized velocities and has the form

G KA =(4"K\0,9"K,G,....4"K,d)" - (35)

To integrate a system of n differential equations of the second order (37) with standard
programs, we represent it in the form of a system of equations of the first order in the normal
form

{yl =Y, (36)
yz = A_I(Q_ y; Kyz - Dyz - H)v

where A is the inverse matrix, and the columns y;, y» form a column of variables y, consisting
of the generalized coordinates and velocities. For computer integration of the system of
differential equations (28), it is necessary to compile a program for calculating its right-hand
sides.

8 Conclusion

The algorithms described above make it possible to compile a complex of programs for
modeling the exact differential equations of systems of solids. The complex should consist of
the following parts:
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— the module for calculating the energy of accelerations from a given graph of the system of
bodies and their mass-inertial characteristics;

— the module for calculating the coefficients A, Kij k, Dik, Hx, entering the developed Appell's
equations (3);

— the module for calculating the generalized forces Qxz;

— the module for calculating the right-hand sides of the system (36).

To model differential equations, it is required to present a graph that reflects the
relationships between bodies and generalized coordinates, and also to describe the mass-
inertial characteristics of bodies. In this case, it is possible to model both the differential
equations of the relative motion of wearable bodies and the differential equations of the
supporting body with allowance for the motion of wearable bodies.

References

1. P. Appel, Theoretical mechanics (Fizmatgiz, Moscow, 1953)

2. Al Lurie, Analytical mechanics (Fizmatgiz, Moscow, 1961)

3. L. A Pars, Analytical dynamics (Nauka, Moscow, 1971)

4. J. Wittenburg, Dynamics of the systems of rigid bodies (Mir, Moscow, 1980)

5. V. V. Yudintsev, Dynamics of the systems of solids (Samara State Aerospace
University, Samara, 2008)

6. L. K. Lilov, Modeling the systems of coupled bodies (Nauka, Moscow, 1993)

7. M. Vukobratovich, Walking robots and anthropomorphic mechanisms (Mir, Moscow,
1976)

8. D. Yu. Pogorelov, Introduction to the simulation of the dynamics of systems of solids
(Bryansk State University of Technology, Bryansk, 1997)

9. E. L. Ignatova, N. V. Rostov, Computer simulation of executive robot systems
(Polytechnic University, St. Petersburg, 2009)

10. V. V. Velichenko, Matrix-geometric methods in mechanics with applications to
problems of robotics (Nauka, Moscow, 1988)

11. D. V. Kuzmin, Modeling of the dynamics of mechatronic systems. equations and
algorithms (Publishing House of Arkhangelsk State Technical University, Arkhangelsk,
2008)

12. P. G. Rusanov, Collection of Scientific-Methodological Articles on Theoretical
Mechanics, 19, 111-121 (1988)

13. Yu. A. Garifulin, Managed mechanical systems: collection of scientific papers, 58-64
(1985)

14. P. A. Lontsikh, Yu. A. Garifulin, I. I. Livshits, S. N. Karasev, Quality. Innovation.
Education, 9, 24-31 (2017)

15. P. A. Lontsikh, Y. A. Garifulin, S. N. Karasev, I. I. Livshitz, International Conference
“Quality Management,Transport, and Information Security, Information Technologies”
(IT&QM&IS), 136-139 (2017)



	4 Calculation of the energy of accelerations
	6 Computation of generalized forces
	7 Assembling equations
	8 Conclusion

