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Abstract. Tuned liquid column damper (TLCD) is a kind of passive damper
that use water sloshing motion to control structural vibration in tall
buildings, wind turbines and ships. This paper presents finite element
analysis of sloshing in 2D water tank using a pressure based Eulerian
approach. The fluid domain is discretised by an isoparametric quadrilateral
finite element. The cavity was modelled with rigid contours and free surface
in order to study the decoupled liquid reservoir. Next, the cavity was coupled
to a flexible structure with free vibration and forced vibration. The numerical
results obtained by the created program were validated using experimental
results [1] presenting acceptable errors with less than 5k elements.

1 Introduction
Tuned liquid column damper (TLCD) is a kind of passive damper device that use de water
sloshing motion to control structural vibration in tall buildings, wind turbines and ships [2].
The principle of a passive control device (secondary system) is to reduce the dynamic
response of a structure (primary system) when its natural frequency is tuned very close to the
dominate mode of primary system. TLCDs have been investigated extensively by many
researches [3-7]. Masuda et al [8] show an application of semi-active TLCD using magneticrheological fluid controlled by magnetic fields. But in most of bibliography reference, TLCD
is modelled as a reduced 1DoF non-linear (or stochastically linearized) differential equation.
Lagrangian, Eulerian and mixed Eulerian-Lagrangian descriptions are used to modelling
2D/3D sloshing problems [9]. However, an Eulerian description [10] is an easy way to study
sloshing and fluid-structure problems implemented in most of commercial platforms.
This paper presents finite element analysis of sloshing in 2D water tank using a pressure
based Eulerian approach. The fluid domain is discretised by isoparametric quadrilateral finite
elements. The cavity was modelled with rigid contours and free surface in order to study the
decoupled liquid reservoir. Next, the cavity was coupled to a flexible structure with free
vibration and forced vibration. The numerical results obtained by the created program were
validated using experimental results [1] presenting acceptable errors with less than 5k
elements.
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2 Governing equations and formulation
For discretization of the acoustic wave equation, the water is assumed as linear compressible,
inviscid and irrotational fluid. The mean fluid flow was not considered. The acoustic pressure
is described by a perturbation at the mean pressure. The density perturbation is small
compared to the mean density.
In this way the linearized wave equation is described by:
𝛻𝛻 2 𝑝𝑝 =

1 𝑑𝑑 2 𝑝𝑝
𝑐𝑐 2 𝑑𝑑𝑡𝑡 2

(1)

The fluid domain is limited by the following boundary conditions: (a) rigid wall Γ𝑃𝑃𝑃𝑃 , (b) free
surface Γ𝑆𝑆𝑆𝑆 and (c) fluid-structure interface Γ𝐹𝐹𝐹𝐹 (Figure 1), where fluid boundary 𝜕𝜕Ω = ΓPR ∪
Γ𝑆𝑆𝑆𝑆 ∪ Γ𝐹𝐹𝐹𝐹 . Being the free surface condition the most important of this work that aims to
evaluate the sloshing effect.

Figure 1. Fluid domain and boundary conditions of sloshing problem

The appropriate boundary conditions for these boundaries are as follows:
i.
Free surface boundary condition (Γ𝑆𝑆𝑆𝑆 ):
ii.

iii.

𝜕𝜕𝑝𝑝
1 𝑑𝑑 2 𝑝𝑝
=−
𝜕𝜕𝑧𝑧
𝑔𝑔 𝑑𝑑𝑡𝑡 2

(2)

Fluid-structure interface boundary condition (Γ𝐹𝐹𝐹𝐹 ):

(3)

Rigid wall condition (supposing 𝑢𝑢̈ = 0) (Γ𝑃𝑃𝑃𝑃 ):

(4)

𝜕𝜕𝑝𝑝
= 𝛻𝛻𝛻𝛻 ⋅ 𝑛𝑛⃗ = −𝜌𝜌𝑓𝑓 𝑢𝑢̈
𝜕𝜕𝑛𝑛⃗
𝜕𝜕𝑝𝑝
= 𝛻𝛻𝛻𝛻 ⋅ 𝑛𝑛⃗ = 0
𝜕𝜕𝑛𝑛⃗

where, 𝜌𝜌𝑓𝑓 , 𝑢𝑢̈ and 𝑔𝑔 are fluid density, normal structure acceleration at structure–fluid interface
and acceleration due to gravity, respectively.
To discretise the wave equation, we adopted approximate function p̂ that satisfy the
boundary conditions. Substituting p̂ in Eq. (1) we have:
𝜀𝜀(𝑝𝑝̂ ) = 𝛻𝛻 2 𝑝𝑝̂ −

1
𝑝𝑝̂̈ ≠ 0
𝑐𝑐 2

(5)

The weighted residues method defines the integral of residue function ε(p̂) plus
approximation function p̂ as zero:
∫ ε(𝑝𝑝̂ ) 𝑝𝑝̂ 𝑑𝑑Ω = ∫ (𝛻𝛻 2 𝑝𝑝̂ −
Ω𝑓𝑓

Ω𝑓𝑓

2

1
𝑝𝑝̂̈ ) 𝑝𝑝̂ 𝑑𝑑Ω = 0
c2

(6)
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Using the Green theorem, Eq. (6) can be rewritten as:
− ∫ 𝛻𝛻𝑝𝑝̂ 𝛻𝛻𝑝𝑝̂ 𝑑𝑑Ω + ∮ 𝑝𝑝̂
Ω𝑓𝑓

𝜕𝜕Ω

𝜕𝜕𝜕𝜕
1
𝑑𝑑Γ − ∫ 2 𝑝𝑝̂̈ 𝑝𝑝̂ 𝑑𝑑Ω = 0
𝜕𝜕𝑛𝑛⃗
Ω𝑓𝑓 c

(7)

Applying the boundary conditions (2)-(4), we obtain the following equation:
1
1
𝑝𝑝̂̈ 𝑝𝑝̂ 𝑑𝑑Γ + ∫ 2 𝑝𝑝̂̈ 𝑝𝑝̂ 𝑑𝑑Ω = 0
Γ𝑆𝑆𝑆𝑆 𝑔𝑔
Ω𝑓𝑓 c

∫ 𝛻𝛻𝑝𝑝̂ 𝛻𝛻𝑝𝑝̂ 𝑑𝑑Ω + ∮ 𝜌𝜌 (𝑢𝑢̈ ⋅ 𝑛𝑛) 𝑝𝑝̂ 𝑑𝑑Γ + ∮
Ω𝑓𝑓

Γ𝐹𝐹𝐹𝐹

(8)

Eq. (8) describes the weak form of the sloshing problem in acoustic fluid with mobile
boundaries Γ𝐹𝐹𝐹𝐹 . We have the weak form of the equation which is the starting point for
discretizing the domain of the fluid by the finite element method. If we consider an
incompressible fluid (sound velocity 𝑐𝑐 → ∞), Eq. (8) with only sloshing effect in ‘mass’
matrix results an ill-conditioned linear system. Then, as a penalty condition, Zienkiewicz and
Taylor [11] propose compressibility inclusion to work around this difficulty.
2.2 Implementation
The weak form (7) was discretized using isoparametric finite elements. The elements adopted
were: (a) isoparametric L2 (unidimensional element with two nodes) to discretize the free
surface contour and fluid structure interface, and (b) isoparametric Q4 (two-dimensional
four-node element) to discretize the fluid domain.
Assuming pressure in form of 𝑝𝑝̂ ≃ ∑𝑁𝑁𝑖𝑖 𝑝𝑝̂𝑖𝑖 , where 𝑝𝑝̂𝑖𝑖 is the nodal pressure in finite element
and 𝑁𝑁𝑖𝑖 is interpolating shape function, the discretized form of Eq. (8) can be written as:
̂+{
𝑲𝑲𝑓𝑓 𝒑𝒑

1
1
̂̈ = −𝜌𝜌𝑓𝑓 𝑪𝑪𝑇𝑇𝐹𝐹𝐹𝐹 𝒖𝒖̈
𝑴𝑴𝑓𝑓 + 𝑴𝑴𝑆𝑆𝑆𝑆 } 𝒑𝒑
2
𝑐𝑐
𝑔𝑔

(9)

̂ and 𝒖𝒖̈ are the nodal acoustic pressure in fluid domain Ω𝑓𝑓 and nodal solid
where, 𝒑𝒑
acceleration in fluid-structure contour Γ𝐹𝐹𝐹𝐹 , respectively; 𝑲𝑲𝑓𝑓 and 𝑴𝑴𝑓𝑓 is acoustic ‘stiffness’
matrix (first term of Eq. (8)) and acoustic ‘mass’ matrix (last term of Eq. (8)), respectively;
𝑴𝑴𝑆𝑆𝑆𝑆 is the free-surface boundary condition, and 𝑪𝑪𝑇𝑇𝐹𝐹𝐹𝐹 is the fluid-structure coupling matrix. In
present work, we present results of free vibration (𝒖𝒖̈ = 0).
The shape functions are linear with continuity C0 (infinitely continuous interpolation
functions inside the elements and continuous at the element interface or first discontinuous
derivative). The numerical implementation was developed in MATLAB (MatLab R2015b).

3 Results
The present study analyses the TLCD problem, as described in Figure 2, that is subjected to
free and forced (harmonic) vibration. Initially, a free-vibration analysis was carried out
varying the water column height ℎ𝑎𝑎 . TLCD’s natural frequency was compared with
experimental results [1]. Finally, TLCD was subjected to a harmonic vibration due to an
acceleration of contained liquid. The frequency response function and operational modes of
sloshing fluid are obtained.
3.1 TLCD with free vibration
Finite element meshes were building using mesh generator GMSH [12]. TLCD is divided
into seven distinct parts, as described in Figure 2b. A mesh convergence study was done
using a reference water level ℎ𝑎𝑎 . With an identical aspect ratio for all elements, we observe
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a good convergence from 20 elements (counting water level ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚). We use the same
element aspect ratio for all meshes.

(a)

(b)

Figure 2. TLCD geometric description (a) and FE mesh example (b).

Using a convergent mesh, we carry out the numerical determination of TLCD’s natural
frequencies as function of the water height level ℎ𝑎𝑎 (mm). Table 1 compare numerical
solutions to experimental results [1]. The numerical solution presents a good agreement with
experimental results. There was no discrepancy superior to 1.7%. Figure 3 shows the first
four modal shapes of fluid contained. The fundamental modal form reproduces the expected
U-tube behaviour. And the following three modal shapes behaves as two tanks with aspect
ratio ℎ/𝐿𝐿 = (ℎ𝑎𝑎 + 27)/50. We can also observe that the free surface modal shape (with low
frequencies) is uncoupled to cavity modes (with higher frequencies).
Table 1. Fundamental natural frequency (Hz) of TLCD as function of water column height

Column
height
𝒉𝒉𝒂𝒂 (mm)
35
45
55
65
75
85
95
105

Natural frequency (Hz)
Numerical

Experimental [1]

Relative
Error (%)

1.39
1.34
1.29
1.25
1.21
1.18
1.14
1.11

1.38
1.33
1.27
1.23
1.20
1.17
1.15
1.12

0.72
0.75
1.57
1.63
0.83
0.85
0.87
0.89

3.2 TLCD with forced vibration
We analyse the TLCD subjected to a forced acceleration (𝑢𝑢̈ = 𝑢𝑢̈ 𝑜𝑜 exp 𝑖𝑖Ω𝑡𝑡). Figure 4 shows
frequency response function (FRF) of a node pressure on free surface of TLCD with water
level height ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚. We observe five peaks in frequency range Ω ∈ [0, 6]𝐻𝐻𝐻𝐻. This
resonant frequency is near to the natural frequencies obtained in Section 3.1. Figure 5 shows
the first four operational modal shapes of TLCD with water level height ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚.

4 Conclusions

In the present work, we implement an isoparametric 2D finite element to analysis of sloshing
problems. This numerical model is based in a pressure based Eulerian approach. The fluid
domain is discretised by isoparametric quadrilateral finite elements.
The numerical formulation was applied to characterize the dynamic parameters (natural
frequency and modal shape) of a TLCD containing liquid water. We analyse free and forced
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(harmonic) vibration of TLCD. For free-vibration analysis, we compare the numerical
solution and experimental results of TLCD’s fundamental frequency as a function of water
column height ℎ𝑎𝑎 . The numerical solution shows a good agreement with experimental results.
Finally, a harmonic analysis was done by acceleration container liquid of a TLCD with ℎ𝑎𝑎 =
105𝑚𝑚𝑚𝑚. The frequency response function captures the first two natural frequency quite
precisely. A comparison with commercial platforms are necessary.
As perspectives, we intend the implementation of structural domain to perform fluidstructure interaction studies.

Figure 3. First four natural frequencies and modal shapes of TLCD with ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚.

Figure 4. Pressure FRF on free surface node of TLCD with water level height ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚.

5

MATEC Web of Conferences 211, 07001 (2018)
VETOMAC XIV

https://doi.org/10.1051/matecconf/201821107001

Figure 5. First four operational modal shapes of TLCD with water level height ℎ𝑎𝑎 = 105𝑚𝑚𝑚𝑚.
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