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Abstract. Energy harvesting is an important topic today. Complex 
monitoring systems with many nodes need energy sources and vibration 
energy harvesters (VEHs) could be one type of them. Mathematical model 
of the VEH is necessary instrument to estimate possible harvested power. 
This paper deals with piezoelectric VEH in setting as cantilever beam with 
tip mass. Traditional linear model of this type of VEH is simple, however, it 
represents the VEH only in one operating point and in another one (another 
amplitude of excitation vibrations) it could return wrong results. The 
nonlinear model of VEH is introduced in this paper with its parameters 
estimation. The nonlinear model is compared with linear model and 
experiment to demonstrate difference between them in amplitude frequency 
characteristics. Finally, the average harvested power from harmonic 
vibrations is measured experimentally and compared with prediction from 
linear and nonlinear model. 

1 Introduction 
Energy harvesting is an important topic today due to increasing numbers of IoT applications 
[1]. Complex monitoring systems with many nodes need energy sources and vibration energy 
harvesters (VEHs) could be one type of them [2]. This device uses ambient energy of 
vibration to harvest electric energy [3]. VEHs might be divided in two major groups [4]: 
piezoelectric VEHs and electromagnetic VEHs, where electromagnetic VEHs are convenient 
for low frequencies and piezoelectric VEHs are intended for higher frequencies and are 
generally smaller. This paper deals with the piezoelectric one, which is commonly composed 
from cantilever beam, piezoelectric layers and added tip mass [5]. Piezoelectric effect is 
described by matrix constitutive equations [6] that are very complex, however, it can be 
simplified for cantilever beam to two simple equations, which are used in this paper. This 
simplification reduces the model to 1 DOF oscillator with linear stiffness and linear damping 
[7]. In this paper will be demonstrated on experiment that this linear model is not precise 
enough and improved nonlinear model will be introduced. Finally, comparison of average 
harvested power estimated by linear and nonlinear model will be compared with experiment. 
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2 Linear model of piezoelectric VEH 
Cantilever beam type piezoelectric VEHs are the most frequently modelled as 1 DOF linear 
oscillator with piezoelectric coupling [8] through equations: 

 𝑚𝑚 ⋅ 𝑧̈𝑧 + 𝑑𝑑 ⋅ 𝑧̇𝑧 + 𝑘𝑘 ⋅ 𝑧𝑧 + Θ ⋅ 𝑣𝑣 = −𝑚𝑚 ⋅ 𝑦̈𝑦 (1) 

 𝑣̇𝑣 = 1
𝐶𝐶 ⋅ (Θ ⋅ 𝑧̇𝑧 − 𝑣𝑣

𝑅𝑅) (2) 

Where 𝑧𝑧 is tip displacement (in meters), 𝑚𝑚 is reduced mass (in kilograms), 𝑑𝑑 is reduced 
mechanical damping (in newton seconds per meter), 𝑘𝑘 is reduced mechanical stiffness (in 
newtons per meter), 𝛩𝛩 is piezoelectric coupling coefficient (in newtons per volt), 𝑦̈𝑦 is 
excitation acceleration (in meters per second power two), 𝐶𝐶 is capacitance of piezoelectric 
layers (in farads) and 𝑅𝑅 is resistivity of electric load (in ohms). 

 
Figure 1. Piezoelectric VEH and 1 DOF model 

Figure 1 illustrates schema of cantilever beam type piezoelectric VEH with its 1 DOF model. 
The piezoelectric VEH Mide V21Bl was used for model evaluating in this paper; Table 1 
includes parameters of this model. 

Table 1. Linear model parameters. 

Parameter Value 
𝑚𝑚 – mass 5.2 𝑔𝑔 
𝑑𝑑 – mechanical damping coefficient 0.022 𝑁𝑁𝑁𝑁𝑚𝑚−1 
𝑘𝑘 – stiffness  235 𝑁𝑁𝑚𝑚−1 

2.1 Short circuit testing 

Short circuit testing is optimal for mechanical parameter estimation because the voltage is 
zero, so the equation (2) can be omitted. Figure 2 shows comparison of simulated and 
experimentally measured amplitude-frequency (AF) characteristic for different excitation 
frequencies. Linear model could be tuned only for one amplitude of excitation vibrations. 
AF characteristic for higher amplitude of excitation demonstrates that linear model is not 
precise enough, because there is difference between model and experiment in resonance 
frequency (2 %) and in amplitude of resonance (30 %). The nonlinear model must be used to 
improve it. 
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Figure 2. AF characteristics obtained from simulations (solid lines) and from experiments (points) for 
different amplitudes of excitation vibrations 

3 Nonlinear model with cubic stiffness and cubic damping 
Linear model might be extended to nonlinear through nonlinear damping and nonlinear 
stiffness. Simple way is to extend equation with cubic damping and cubic stiffness: 

 𝑚𝑚 ⋅ 𝑧̈𝑧 + 𝑑𝑑 ⋅ 𝑧̇𝑧 + 𝑑𝑑3 ⋅ 𝑧̇𝑧3 + 𝑘𝑘 ⋅ 𝑧𝑧 + 𝑘𝑘3 ⋅ 𝑧𝑧3 + Θ ⋅ 𝑣𝑣 = −𝑚𝑚 ⋅ 𝑦̈𝑦 (3) 

Where 𝑑𝑑3 is cubic damping coefficient (𝑁𝑁𝑠𝑠3𝑚𝑚−3) and 𝑘𝑘3 is cubic stiffness coefficient 
(𝑁𝑁𝑚𝑚−3). Reduced mass 𝑚𝑚 is known and parameters 𝑑𝑑, 𝑑𝑑3, 𝑘𝑘, 𝑘𝑘3 must be estimated. 

3.1 Parameter estimation 

The nonlinear model has two novel parameters: 𝑑𝑑3 and 𝑘𝑘3, which must be estimated [9]. The 
original linear parameters 𝑑𝑑 and 𝑘𝑘 must be re-estimated, however, the linear model values 
can be used as the first approximation. Parameter estimation in this case is problem of 
searching the state space of four parameters with initial approximation of linear parameters 
and knowledge that nonlinear stiffness parameter should be negative (experimental 
characteristic is softening) and nonlinear damping coefficient should be positive, because the 
higher amplitude in experiment is more damped. Final estimated parameters are in table 2. 

Table 2. Nonlinear model parameters. 

Parameter Value 
 𝑚𝑚 – mass 5.2 𝑔𝑔 
𝑑𝑑 – mechanical damping coefficient 0.017 𝑁𝑁𝑁𝑁𝑚𝑚−1 
𝑑𝑑3– nonlinear mechanical damping coefficient 0.12 𝑁𝑁𝑠𝑠3𝑚𝑚−3 
𝑘𝑘 – stiffness  238 𝑁𝑁𝑚𝑚−1 
𝑘𝑘3 – cubic stiffness coefficient −3 ⋅ 106𝑁𝑁𝑚𝑚−3 

Figure 3 demonstrates correlation between experiment and nonlinear model. It is obvious that 
nonlinear model is more precise that linear one (compare with figure 2). There is still small 
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difference in AF characteristic for each amplitude of excitation, however, it is less than for 
linear model. The difference is less than 1 %. 

 
Figure 3. AF characteristics obtained from simulations (solid lines) and from experiments (points) for 
different amplitudes of excitation vibrations with nonlinear model 

3.2 Testing with electric load 

Piezoelectric effect is described by equation (2), which has two parameters. Electric capacity 
could be simply measured by capacity meter and its value is 18 nF. The piezoelectric coupling 
coefficient was estimates as 0.33 𝑚𝑚𝑚𝑚𝑉𝑉−1. Figure 4 evaluate nonlinear model with 
experiment. Three curves represent different resistivity of electric load with the same 
excitation vibrations. It might be said that model sufficiently represents real harvester. 

 
Figure 4. AF characteristics obtained from simulations (solid lines) and from experiments (points) for 
different electric load resistivity. 
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Finally, Figure 5 demonstrates output voltage in time domain for excitation acceleration 
amplitude 0,2 g and resonance frequency. It depicts that voltage from linear model is higher 
than in experiment by about 10 %. Average harvested power in Table 3. illustrates difference 
between model and reality. Estimated power from linear model is 19 % higher than from 
experiment and from nonlinear model is 4 % lower. It demonstrates that nonlinear model is 
more precise for estimating the average output power than linear model. 

 
Figure 5. Voltage from linear and nonlinear model in comparison to experimental data. 

Table 3. Average harvested power. 

Case Average power 
Experiment 52 µW 

Linear model 62 µW 
Nonlinear model 50 µW 

4 Conclusion 
Energy harvesting, as important topic for complex smart systems, needs accurate models to 
predict possibility of harvested power. This paper demonstrated a piezoelectric VEH and its 
models. The first model is linear model with 1 DOF. Comparison of simulation and 
experiment disclosed huge difference between linear model and experiment in AF 
characteristic. The nonlinear model was introduced as possible improvement. This model has 
cubic stiffness and cubic damping. Verification demonstrated good correlation between 
nonlinear model and experiment in AF characteristic. 

Next part of the paper dealt with output power. The nonlinear model with model of 
piezoelectric effect provided precise AF characteristic of whole piezoelectric VEH with 
various resistive loads. Finally, comparison of average harvested power from experiment, 
linear and nonlinear model was presented. It showed that the nonlinear model has error 4 % 
in average output power and the linear model has error 19 %. What is more, the linear model 
predicted higher power than experiment, while the nonlinear predicted lower power. In 
summary, it may be said that nonlinear model of piezoelectric cantilever beam VEH is not 
precise enough. 
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